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N3 NPEJUCIOBUA ABTOPA
K TPETHEMY H3IAHUIO

B nacrosiem «C6opHukey momobpaHbl U METONHYECKH paclpele-
JeHbl 3alauyi U NpUMepPhl 0 aHAIUTHYEeCKON TeoMeTpun U MaTeMaTu-
YeCKOMY aHau3y.

B mavaie wammoro maparpada npuBeneHbl GOPMYIEI, ONpeneTeHus
U Ipyrue KpaTKue TNOACHEHWA Teopuu, HeodXonuMble NJA pPellleHUuA
noclHeqyoU M 3a1ay.

B ronue rammoro maparpada «CoopHUKay TMpuBeneHbl (MOCTe Yep-
THI) 3aKavn 1A TOBTOPEHNHA, COCTABIAOIIIe OKOJIO OTHOIT TPeTn BCero
marepuaia «C6opHUEKay. JTa 0COBEHHOCTDh MOMOKET MpPenoiaBaTelo B
nonbope 3amau A paboThl B Kiacce W IJd NOMAIIHUX 3alaHuil Wian
I TTOBTOpeHU mepel KOHTPOAbHLIMU paboramu. Kpome Toro, mpu
TaKoOM paclpelielleHUH 3anay Jerko onpeneiuTb MUHUMYM, He0OX0Iu-
MBIl IJIA yCBOEHUA Kypca, KOTOPbIfi MOMHO pPEKOMEHI0BaTh 3a0UHU-
KaM MJIU 1A paboThl Ha BeuepHUX (aryjdbTeTax.

«CbopHUK» MoOmer ObITh HCIOJIb30BaH Kak [JfA paboThl MOM Py-
KOBOIICTBOM TIpenofaBarelf, Tak WU IJfA CaMOCTOATEIbHOI0 HU3yueHUdA
Kypca BbICIIell MaTeMaTHMKW BO BTy3aX, Tak Kak MOYTH Bce 3amayn
UMeIOT OTBEeTbI, a HEKOTOPble U PellleHUA M, KpoMe TOr0, KO MHOTUM
3alayaM B TeKkcTe WM B OTBeTaX [aHbl YKAa3aHUA K UX pelleHUIo.
JTOMY e CcIocoOCTBYIOT KpaTKIe MOACHEHUA Teopui.

0T PETARITHN

Wznanue nacrodiero «C6opHUKay OCYIIECTBIEHO B CBA3H ¢ MHOT'0-
YNCIeHHLIMY 3afgBRaMU, MOCTYNWBIINMHA B Hall agpec 0T MaTeMaTh-
JecKUX Radenp, 6MbAMoTeK, CTYIeHTOB U MpenogaBaTeneil pasnuIHbIX
BTy30B Poccum.

B cBasu ¢ tem, uro aBropa, Bacunua IlaBmoBuua Mmumnopcroro,
YBBI, IaBHO YiKe HeT ¢ HaMU, pelaKllud IpejebHo fepeisHo OTHe cIach
K TEKCTY, OCYIIIeCTBUB JIUIIIb HOBbIH Habop, BepCTKY U oopMileHne, He
BHOCA TIPU HTOM HUKARUX CYIIeCTBEHHBIX M3MeHeHU! B TERCT, KpoOMe
HCTpaBIeHN 3aMedeHHLIX O0TeYaTok.

Mbr cunTaem cBOMM HPHUATHBIM J0JITOM NOTAapPUTh HOBOMY MOKOJIe-
HUIO yYAIIUXCA HTOT ITHPOKO M3BECTHEBI B MaTeMaTHUeCcKOM 06pa3o-
Banuu «COopHUK», TeM Goiiee, UTO ero mpeibinyliee u3nanie 6bLI0 B
1987.



I''maBal
AHAIUTHYECKAS TEOMETPHUSA HA IJOCKOCTH

§ 1. KoopauHarel ToukH Ha mpAMoii U Ha ILIOCKOCTH.
Paccroanne Memay AByMA TOYKAMH

1°. Paccroanne d memny Touxamn A(xy) u B(zg) Ha ocu:
d= |l‘2—l‘1|: v (1‘2—1‘1)2. (1)

2°. Benuuuna AB (aJIFe6paI/I‘IECHaH) HANPABAECHHO20 ompe3rka Ha
ocu:
AB = g — X1. (2)

3°.Paccroanme dwmemny rouramu A(x1; y1) 1 B(xe; y2) Ha maoc-
KOCTH:

d=/(wz — 1)+ (v — 11)2. (3)
4° IlpoeKIH U Ha OCH KOOPIMHAT HANPASACHHO20 0MPE3KA, WIH 6EK-

mopa zﬁ Ha TI0CKOCTH ¢ HavamoM A(zy; y1) 1 KoHIOM B(Za; ¥2):

prﬁ:X:xz—l‘l, prz@:YZyz—yL (4)

1. llocrpours ma wncaosoit ocu toukn A(—5), B(+4) u C'(—2) n
naiitTu Benwuwabl AB, BC' u AC' orpeskoB ma ocu. llpoBeputsh, uto
AB+ BC = AC.

2. Boimosnunth npensiayuiee ynpamuenne 1ias touer A(+1), B(—4)
n C(—I—5).

3. lloctpouth Tpeyroabuuk ¢ Bepuimunamu A(—4; 2), B(0; —1) un
C'(3; 3) u onupenequTh €ro0 MEPUMETP U YIJIBI.

4. llorazatb, uTo Tpeyroabuuk ¢ Bepimnnamu A(—3; —2), B(0; —1)
n C'(—2; 5) npAMOyronbHBI.

5. llocrpouts Toukn A(—4; 0), B(—1;4) u toukn Ay, By, cum-
MeTpuYHbIe TaHHBIM OTHOCHTENbHO ocu Oy. Bblumcanth nepumerp
tpanenun ABBjAj.

6. Toura B cummerpuuna A(4; —1) oTHOCHTETHHO GHCCERTPUCH
nepBoro KoopaunHaTHoro yriaa. Haiitum nnuny AB.
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7. Haiitn Touky, ynamennyio na 5 emmuun rar or tourn A(2; 1),
tark u ot ocu QY.

8. Ha ocu opnmnar watitn Toury, ynamennyto ot Toukn A(4; —1) na
5 enunann. llogcHuTh mOCTpOEHMEM, TOUEMY TOJNYUaeTCA IBa perienmus.

9. Ha ocu abcumce nafitn Toury, ynamenuyio ot toukn A(a; b) na
¢ enunun. MecmenoBath petenue npu ¢ > |bl, ¢ = |b| u ¢ < |b].

10. Ha ocu Oz maiiTu TOuKy, OIMHAKOBO yIAJEHHYIO OT Havyaja
KoopimHaT u 0T Touku A(8; 4).

11. Haifitn ueHTp m paimyc Kpyra, OMHCAHHOTO OKOJIO TPEYTroihb-
uuka ¢ sepiumaamn A(4; 3), B(—3; 2) u C'(1; —6).

12. [lanbr Toukn A(2; 6) w B(0; 2); nocTponTh BeKTOp Ag, ero
KOMTIOHEHTBI Ha OCAX W BbIunCAnTh np, AB, mp,AB n namny AB.

13. B roure A(2; 5) npuiomena cuiia, npoeRunn KOTOPOil Ha ocH

koopaunat paBubl: X = 3 u Y = 3. Oupenenuth konen Bektopa AB,
300paKaloONIero Cuiy, u BeJINYHHY CHJIbL.

14. B roure A(—3; —2) npuiomena cuiia, npoernus Kotopoit Y =
= — 1, a nmpoekunsa X mnonomurenbua. Onpenennrh Konen BeKTOpa

AB, n1306pamarolero cuiry, eciin ee BellmamHa PaBHa Hy/2.

151). Ha wucuosoit ocu noctpouts touku A(1), B(=3) u C'(-2)
u naiitTn Beduunnbl AB, BC' u C' A orpeskos na ocu. lIpoBeputh, uto
AB+ BC +CA=0.

16. Ha nnockocrn nocrpouts touku A(—7;0) u B(0; 1) u Toukn
Ay u By, cumverpuunble Toukam A u B 0THOCHTENHHO 6UCCEKTPHUCH
NepBOTO U TPeThero KOOPANHATHBIX YIVIOB. BBIUMCINTEL mepumerp Tpa-
nenuu ABBj A;.

17. Ha ocu opimnar maiiTu TOYKY, ONMHAKOBO YAAJICHHYIO 0T Ha-
wana KoopamHat u 0T Touku A(—2; b).

18. Ha ocn abcunce naiitn Touky, ynamennyio or Toukn A(—2; 3)
Ha 3\/5 eMUHUI.

19. OupenenuTh HEHTP U paguyc KpPyra, ONMCAHHOIO OKOJIO Tpe-
yroibuuka ¢ Bepiimunamu A(—3; —1), B(5; 3) u C'(6; —4).

20. Jawsr Tourn A(zq; y1) u B(22; y2). B navame roopamnar npu-

Jomenbl cuiibl, n3obpamaembie BerTropamu OA u OB. lloctpontsh nx

pasrozeiicrsytomyio OC' n 10Ka3arh, 4TO HPOEKIUA PaBHOIEHCTBYIO-
ufeil Ha KOOPAMHATHYIO OCh PaBHA CyMMe IPOeKnuil coCTaBIAIIINX
Ha Ty e 0Cb.

21. Hausr Tourkn A(1;2), B(3;5), C'(5;2) u D(2; —2). B rouke

A IpUIoKEeHbI CHIIBI Ag, AC' u AD. Haiitun npoeknuu Ha ocu KOOp-
TUHAT PaBHOAEHCTBYIOIIEH CUIIBT 1 €€ BeTUYHHY.

]) B wammom maparpade mocie 4epThI TPUBEMEHBI 3aMaun, KOTOPhIe PEKOMEHIY-
FOTCA IJIA 3aTaHuA Ha IOM WM 1A MOBTODE€HMII.
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§ 2. lenenne orpe3ka B JAHHOM OTHOIIIEHHH.
Ilnomans TpeyroabHHKA M MHOTOYTOJbHHKA

1°. lemennme oTpeska B MaHHOM OTHOIIeHUH. JaHbl Tourn
A(x1; 1) 1 B(xa; y2). Koopaurarer Toukn M (x; y), nenammeli orpesor AB
B otHomernnn AM : M B = X, onpenenaforcaA 1m0 GopMyaam:

Ty + Az oyt Ay

_ 1
1+x YT T1F (1

B wacTHOCTH, TPH medeHUN MOIMogaM, T. €. B oTHomieHun A = 1:1 = 1,
T+ T2 Y1+ Y2
= —), = —. 2
5 y 5 (2)

2°. Mnomank MHOTOYTOABHUEKA c BepimuHaMu A(zy; y1), B(zg;
y2), C(x3; ys), - .., F(wn; yn) paBHa

Tn Yn

_ 1 L1 N T2 Y2
S_i_H 2‘—1—‘1‘3 y3‘+"'+ 1oy

2 T2 ¥

} . (3)

L1
L2

meaem 6mopoz2o nopadka 1).

BpraH{eHI/Ie BHIoa

Z;‘ PaBHO X1y — XY U Ha3bIBaeTCA onpedeau-

22. lloctponts Tourn A(—2; 1) n B(3; 6) u maiitu Toury M (z; y),
nenamyio AB B ormomenun AM : M B =3 :2.

23. Haunt Tourn A(—2; 1) u B(3; 6). Paznennts orpesox AB B
ornottennn AM : MB = -3 : 2.

24. B rourax A(z1) nu B(z3) ocu Oz mOMelIeHB MacChl My u M.
Hatiti nenTp macc 970l cucTembl.

25. B rourax A(zy), B(zz) u C(23) ocu Oz nomelensr coor-
BETCTBEHHO MAacChl My, Mg u mgz. IlokasaTh, uTO meHTp macc HToif
miTy + Moy + M3T3

my + mz + ms3

26. Ha worubl omuoponuoro crepmusa naunoit 40 cm u maccoit 5001
macamensl mapbl maccoii 100 uw 400 1. Onpenenaurb uenTp macce 3roit
CUCTEMBI.

27. B rourax A(—2;4), B(3; —1) u C'(2; 3) nomeliensl coorBer-
crBerno maccel 60T, 40T w 100r. Oupenennth nentp macce 3Toi cu-
CTEMBI.

28. OnpenenuTh cepeluHbI CTOPOH TPEYTOTbHUKA C BepPITUHAMHU
A(2; -1), B(4;3) u C(—2; 1).

29. B rpeyrompunke ¢ Bepmmunamun O(0; 0), A(8;0) u B(0; 6)
onpenennth niauny menuanbl OC u 6uccerrpuckt OD.

CHCTeMbl GYI[eT B TOURe ¥ =

]) 06 onpeneanTeaax moapodHO U3IoKeHo B 1. 4, § 1.



12 I'n. 1. AmaauTHdeckad reoMeTpHsa Ha IIOCKOCTH

30. Haiitu mentp macc Tpeyroabumka ¢ Bepiinmuamu A(l; —1),
B(6;4) u C'(2;6).

Yrasauue. llenrp Macc TpeyroibHUEAa HAXOTUTCA B TOUKE TEpecede-
HHUA ero MelnaH.

31. Borluncanth miomans Tpeyroibruka ¢ Bepiurmramun A(2; 0),
B(5;3) u C'(2;6).

32. Ilokazarn, uto Toukn A(l; 1), B(—1; 7) u C'(0; 4) nemar na
0IHOII MPAMOIi.

33. BorumcanTs miomann ueTbIpex yroibauka c Bepinaamu A(3; 1),

B(4; 6), C'(6;3) u D(5; —2).

34. B rourax A(—3; —1) u B(4; 6) npuiomensl mapajielbHble
cwibl, coorBercTBernno paubie 30H u 40 H. Ha orpeske AB wmaiitu
TOYKY NMPUIOMEeHNUA PaBHONEIiCTBYIOIIei.

35. B rourax O(0; 0), A(2; —5) u B(4; 2) nomelieHsl COOTBETCT-
Benno maccel 5001, 200t w 100r. Omnpemenutsb HemTp Mace 3Toil cu-
CTeMEI.

36. B tpeyroabuure ¢ Bepuimnamu A(—2; 0), B(6; 6) u C'(1; —4)
onpenenuTh niauny ouccerrpuchl AF.

37. Haiitn menTp macc Tpeyrombuuka ¢ Bepmmuamn A(zq; 1),
B(zz; y2) u C(3; y3)-

38. HaitTu menTp macc 4eThIPeXyTodbHON 0MHOPOIHON TOCKU C Bep-
mmaamu A(—2; 1), B(3; 6), C'(5; 2) u D(0; —6).

Yrazanue. Ilo hopmynam, moayueHHBIM B 3amade 37, HalTH TEHTPHI

macc TpeyroabHukoB ABC u ADC' v pasmeauts paccTodHNe MeHRIY HUMU
B OTHOIITEHUH, 06PATHOM OTHOIIEHUIO TIOMIAaTel TPeyrolbHUKOB.

39. lanst Tourn A(1; 2) u B(4; 4). Ha ocu Oz onpenennts Touky
C' raw, urobsr miomans AABC 6bita paBua 5, u noctpoutsh AABC.

40. B tpeyrombuure ¢ Bepmnuamu A(—2; 2), B(1; —4) u C'(4; 5)
Kamaad CTOPOHA MPONOMAeHa B HAaTpaBIeHn 00X01a TepuMeTpa mpo-
TUB 4acoBOil cTpelKm Ha OAHY TpeTh cBoeil Aaunbl. OupemenuTh
rouiel M, N u P npopommennii cTopon u HaiiTu oTHOIIeHnE K IJI0-
mangn AMN P & nnomann AABC.

§3. YPaBHeHI/Ie JAHHHH RAR reOMETPHYECROT0 MecCTa TOYER

YpaBHeHUEM JIUHUWU Ha3BIBAETCA YPAEHEHUE C NEPEMEHHBIMU T U
Y, KOmopomy ydos.aemsopaom xoopdunamsl 41060t mouku 5moti AUHUY U
MOALKO OHU.

Bxomarmmie B ypaBHeHUEe TUHNUN MePeEMeHHbIE & U Y HA3BIBAIOTCA MeEKY-
wumy Koopdurnamamu, a GyRBeHHBIE MOCTOAHHBIE — napamempamy. Ha-
npuMep, B ypaBHeHUU okpymHocTH (3amaua 41) 22 4+ y? = R? nepemennble
x U Yy — TeRyIWe KOOPOWHATHI, a mocToAHHaA [ — mapameTp.

Yt00B1 coCTaBUTH ypaBHeHWE JTUHUN KaK TeOMeTPUYECKOT0 MecTa TOUeK,
00J1amaroIuX OTMHAKOBBIM CBOMCTBOM, HYAHO:
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1) B3ATH NpoMsBONBHYO (TeRyIyio) Toury M (x; y) AuHNM;
2) 3ammncaTh paBeHCTBOM 00ITiee CBOMCTBO BeexX Touek M ITHHNH;

3) BXOJAIINE B 5T0 PABEHCTBO OTPERBRM (M YINbI) BHIPABHUTH Uepes TEKY-
e RoopauHAaThel Tourn M (% y) W Yepes MaHHBIE B 3a/1ade.

41. TlokazaTh, 4TO ypaBHEHHEM OKPYHKHOCTH ¢ pagmycom R u ¢
IeHTpoM B Hauaje kKoopruuaT oymer z2 4 y? = R2.

42. Hanncats ypaBuenue okpymuoctn ¢ neatpom C'(3; 4) u pammy-
com R = 5. Jlemar mu na sroii okpymuoctn Toukn A(—1; 1), B(2; 3),
0(0; 0) u D(4; 1)?

43. Hanucarh ypaBHeHme JuHuM, M0 KOTOPOH NBHMMETCA TOuKa
M (z; y), paBuoynanennas ot touer A(0; 2) mw B(4; —2). Jlemar am
ua 9roit muann toukn C'(—1; 1), D(1; —1), £(0; —2) u F(2; 2)?

44. Hamucarh ypaBuenme tpaekropun Touku M (x; y), Koropad
npu CBOeM IBHKEHHH 0CTaeTcA BTpoe mambire oT Toukn A(0; 9), vem
or Tourn B(0; 1).

45. Hamucarh ypaBuenme tpaexropum Touku M (x; y), Koropad
npn CBOeM IBHEEHnn ocTaeTcA BIBoe Ommime K Touke A(—1; 1), vem
K Touke B(—4; 4).

46. Hanmcath ypaBuennd OmcceKTpuc KOOPAMHATHLIX YIIOB.

47. Hanucath ypaBHeHHE T'€OMETPHUECKOr0 MecTa TOYeK, CymMMma
paccrofnuil 0T Kamooil m3 KoTopsIx 10 Touwer F(2;0) m Fy(—2;0)
paBua 21/5. llocTpouTh MuHUIO N0 €€ YPaBHEHHIO.

48. Hanucarh ypaBHeHHEe IeoMeTPHYECKOr0 MecTa TOYeK, PaBHO-
ynamenusx oT toukn ['(2; 2) n or ocu Oz. lloctponts nuuuio mo ee
yPaBHEHUIO.

49. Hanucarh ypaBHeHume JuHUM, M0 KOTOPOH NBHMMETCA TOuKa
M (z; y), ocraBasch BuBoe panbine or ocu Oz, wem ot ocu Oy.

50. lloctpouth muunmn: 1) y =22 4+ 5;2) y =7 — 2z; 3) y = 2z;
4)y=4;5) y=4- 22

51. OnpenennTh TOukH TNepecedennd JuHnm § = 2 — 42 4+ 3 ¢
ocAMHM KOOPIUHAT 1 MOCTPOUTH ee.

52. OnpenesuTh TOUKHM Nepecedennsd ¢ OCAMM KOOPAMHAT JWHUIL:
1) 3z — 2y = 12; 2) y = 2% + 4a; 3) y? = 22 + 4. TocTpoutrs 511
JIMHUU.

53. Hanucarb ypaBHeHnne reoMerpuyeckoro mMecra TOUeK, PaBHO-
ynamenusix or ocu Oy n or toukn F'(4; 0), mw mocTponuth JIMHWUIO TO
ee ypaBHEHUIO.

54. Hanmcarh ypaBmenme JWHHH, 0 KOTOPOH IBIKETCA TOYKa
M (z; y), paBrOynaennas 0T Havaja KOOpAnHAT u ot Toukn A(—4; 2).
Jlemar nn ma sroii muaun toukn B(—2; 1), C'(2; 3), D(1; 7)?
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55. Hanucarb ypaBuenne Tpaexropum touku M (x;y), roTOpad
Ipu cBOeM IBuKeHHH ocTaeTcs BIBoe Oimime &k Touke A(0; —1), uem
k Toure B(0; 4). [locTpouts TpaekTopuio IBmmeHUA.

56. OnpenenuTh TOuKn NepeceveHus € OCAMU KOOPIMHAT JInHMIL:
1) 224+ 5y +10=0;2) y = 3 — 22 — 2?%; 3) y> = 4 — x. llocTpoutn
JUHHUHN.

57. HanucaTh ypaBHeHue reoMeTpHUYeCKOr0 MeCTa TOUEK, PAaBHO-
yranenunx or ocu Oz m or toukn F'(0; 2), n mocTpouTs AMHUIO 0
ee ypaBHEHUIO.

58. HanucaTh ypaBHeHHe reOMETPHUYECKOI0 MECTa TOUCK, PABHOCTD
paccrofnuil 0T Kam1oll n3 Koropbix 1m0 Touek Fy(—2; —2) u F(2; 2)
pasua 4. IlocTpouTh TuHUIO 10 ee ypaBHEHHIO.

§ 4. YpaBuenue mpamoii: 1) ¢ yriaoBeIM K03 duuueHTOM,
2) obuiee, 3) B orpeskax Ha 0cAX

1°. YpaBuenue npAmMoil ¢ yraoBeiM Ko3pdumUEHTOM
y=kr-+b. (1)

TMapamerp & paBeH TaHreHCY yria « HakadoHa npAmoii & ocu Oz (k =
= tg«) 1 HASBIBAETCA Yed06biM KOIPPuyUeHMoM, U NHOTIA HAKAOHOM

mpamoit. Iapamerp b — Beawumna orpeska Ha ocu Oy, WIH HAUAALHAA
opdunama.
2°. Obmee ypaBHeHHe UNpAMOH
Az + By+C=0. (2)
Ocobbie cayuamn:
aynpuC' =0 y = —5 ¥~ TIPAMA NPOXOUT Uepes HAUAI0 KOOPIHHAT;
6) mpu B=0 z = —-{ = @~ UpAMad mapalielna oci Oy;
B)yupu A=0 y= —5= b — mpamada napamiessra ocu Ox;

r)ipu B=C=0 Az =0, 2 =0 — ocp Oy;
mumpun A=C=0 By=0,y=0—ocs Ox.
3°. YpaBHeHHWe mpAMON B OTpe3Rax Ha 0CAX

)
242 -1 3
— 4= (3)

rie a n b — BeJIUYMHEL OTpe3KOB, OTCERAaEMEIX HpHMOfI Ha 0CAX KOOpOoHHAT.

59. llocrpours npaAmylo, orceratoiyto ma ocu Oy oTpe3ok b =
= 3 u cocraBasmuyio ¢ ochio Oz yrom: 1) 45°; 2) 135°. Hamwucars
ypaBHEHUHA HTUX NPAMBIX.

60. [loctpours npaAmylo, orceratoiyto ma ocm Oy 0Tpe3ok b =
= — 3 u cocrasndaomyo ¢ ochio Oz yrom: 1) 60°; 2) 120°. Hamucars
ypaBHEHUHA HTUX NPAMBIX.
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61. Hamucars ypaBuenue mpamoit, mpoxoasmnieil uepes nHauaio Ko-
opomHAT u cocraBnAoieil ¢ ochio Oz yrom: 1) 45°% 2) 60°; 3) 90°;
4) 120°; 5) 135°.

62. [locTpoutsh MpAMYT0, MPOXOTAIIYIO Uepe3 HAUAT0 KOOPIUHAT U
uepe3 TouKy (—2; 3), n HANKCATh €€ ypaBHEHHe.

63. Oupenennth napamerpbl k u b 1iid Kamnoil n3 NPAMBIX:

x

1) 20 —3y=6; 2)20+3y=0; 3)y=—3; 4) Z+%:1.

64. IlocTponThb NpAMBIE:

1)324+4y=12; 2)32—-4y=0; 3) 2z —5=0; 4)2y+5=0.

65. Onpeneanrth napamerpbl k m b npawmoii, npoxoudieil vepes
touky A(2; 3) u cocraBastomeit ¢ Ox yrom 45°. Hanncath ypaBuenne
JTOH NPAMOIA.

66. YpaBuenuda npambix: 1) 2z — 3y = 6; 2) 32 —2y+4 =0
MPUBECTH K BUAY B OTPE3KaX Ha OCAX.

67. daunr Tourkn O(0; 0) u A(—3; 0). Ha orpeske OA nocrpoen

napajesiorpamMm, InaroHajin KoToporo nepecekawrcd B Touke B(0; 2).
Hanmucarh ypaBuenus cTopon u mAuarouaiefl mapasierorpaMma.

68. Harmucars ypaBuenne npamoii, mpoxonduieii vepes toury A(4;3)
U 0TCeKalolleli 0T KOOPAMHATHOTO YIiia TPeYrodbHUR TI0IIAaIbio, PaB-
Hoit 3.

69. llpambie y = —2 u y = 4 nepeceraror npamyio 3z —4y—5 =10
coorBercTBenno B Toukax A m B. lloctpouth Bektop AB, onpeneintsb
€T0 IJMHY U ero TPoeKIuu Ha 0CU KOOPAMHAT.

70. Jlemar nu roukn A(3; 5), B(2; 7),C(—1; =3) u D(—2; —6) na
npAMoil ¥ = 22 — 1 WiIn Ke OHM «BLIIE) WJIM (HUAEE» DTOH MpAMOiiT

71. KakoB reomerpuyeckufl CMBICT HEPABEHCTB:

Ny>32+1;2)y<3z+1;3)2e+y—4>0;4) 2a4+y—4<0?

72. TloctpouTh obnactu ), KOOPIHHATHI TOUCK KOTODHIX YAOBIIe-
TBOPAIOT HEPABEHCTBAM:

Dy<2-—2z, x>-=2, y>-=2

Qyy>2—z, z<d4, y < 0;
Ty
3)Z+§<1, yzax+2, x> -4

73. Toura M (x; y) nBumercsa Tak, 4TO PA3HOCTH KBAIpPaTOB pac-

crosauuil or nee 1o touek A(—a; a) u B(a; —a) ocraerca pasuoii 4a?.
Hamucars ypaBuenue ee TpaekTopuu.

]) Ci0B0 «0b6aCThY 3IeCh 03HAUAET YacTh MAOCKOCTH ¥y, KOOPAWHATHI KakI0it
TOUKH KOTODOH yIOBIETBOPAIOT HEKOTODPHIM yCIOBHAM (HalpuUMep, HepaBeHCTBaM).
O6acTh Ha3bIBAETCA 3AMKHYMOL, €CTN B Hee BRIOUEHBI TOYKH, Jemalllie Ha Tpa-
Hute obgactu. B mpotuBHOM ciiyuae 061acTh HASBIBAETCA OMKpPbmo.
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74. Hanncath ypaBuenme tpaexropun Toukn M (z; y), npoeriuns
KOTOpO#i Ha och O IBUEETCA CO CKOPOCThIO men/c, a na och Oy —
co cropocThio n en/c. Hauanbnoe nonomenne tourn Mg(a; b).

75. [locTponuTh npsAMble, 3ananuble napamerpamn: 1) b= —2, ¢ =
=60°nu 2) b= —2, ¢ = 120°, u manucaTh uX ypaBHeHUH.

76. Onpeneanrth napamerpbl k m b npawmoii, npoxoudieil vepes
touky (—2; 3) m cocraBasmoueii ¢ Oz yrox 45°. lloctponTs npAmyo
U HaMuCaTh ee ypaBHEHUe.

77. PaBuobenpennas Tpamnenus ¢ 0CHOBAHUAMY 8 CM 1 2 CM UMeeT
ocTpoiit yroa 45°. Hanmucarh ypaBuenusd CTOPOH Tpamenuu, TPUHAB 32
ocb Oz Gonbliiee ocuoBanme un 3a 0chb Jy — 0Ch CAMMETPHH Tpalelun.

78. Hanucarh ypaBuenud cTopon pomba ¢ muaronansamu 10 cm
u 6 cm, npuHAB 6OMBINYI0 Tuaronaib 3a och O W MEHBIIYIO — 3a
ock Oy.

79. Harucars ypaBrenne npamoii, mpoxonsAieii uepes Toury (—4;6)
u OTceKatoliell oT oceff KoOpIuHAT TPEYrOIbHUR TIOITANLIO 6.

80. Hamucath ypaBHeHue JTunuu, MO KOTOPOHl MBuUMKETCA TOuKa
M (z; y), ocraBasch BiBoe nanbine ot ocu Oz, yem 0T npAMOit @ = —3.

81. lIpamele @ = —1 u & = 3 mepecekator npAmyio y = 2z + 1 B

toukax A m B. Omnpepenunts nawuny Bekropa AB um ero npoexiwnn ma
0CH KOOPIMHAT.

§ 5. Yroa Memay mpAMBIMH. YpaBHeHHe NMydYKa MPAMBIX,
MPOXONAIIHX Yepe3 NAHHYI0 TOYKY. YPaBHeHHe MpAMOii,
npoxonAauieli 4epe3 ABe NaHHbIE TOYKH.

Toura mepecedyeHUA NBYX MPAMBIX

1°. ¥Yroa ¢, orcunTaHHBIN TPOTHUB YacOBOM CTPEIRH OT TPAMON Y =
= kix + by mo mpamoit y = kox + bs, onpenenderca dopmymoi

ko — ky

tgp= 21 1
&Y T T kyks (1)

IlnA IpAMBIX, 3aTaHHBIX YpaBHEHIAME
Az + Biy+Ci =0 u Asx + Boy+ Cs =0,

¢popmyra (1) npumer BuR

Ay By — A3 By
tgp= 12 271
A1 Ay + BB
A B
Yeaosue napaaseabrocmu: ki = ke man A—l = B_l
2 2

1
Yeaosue nepnendukyaaprocmu: ko = e mm Ay As + B1Bs = 0.
1
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2°. YpaBHeHUe MydYKa HPHAMBIX, TPOXOIANINX Yepe3d TaHHYIO TOY-
Ky A(xy; y1):

y—u = k(z —z1). (2)

3°. YpaBHenue npamMoil, npoxonAmieil yepes3 AIBe DaHHBIE
rouku A(z1; y1) u B(xe; y2):

Yy—%H _ r—* (3)
Y2—0n T2 — X1
4°, Yrobel HAlTH TOUYKY HepecedyeHUA HeNapalIeIbHLIX IPAMBIX
Are+ By +Cy =0 u Asx + Boy + Cy = 0, HYMHO PEITUTL COBMECTHO MX
ypasaenus. Ioayunm:

—Cl B] Al _Cl
_|=C2 B Az Oy
v A, By YT A By

Az Bs Az Bs

82. QupenenuTh yroil Mem1y TPAMbIME:
1
1) y =2z — 3, y:§x—|—1;

)

2)br—y+7=0, 20 -3y+1=0;
3)2z4+y=0, y=3z—4;

4) 3z 4+2y=0, 6z+4y+9=0;
5) 3z —4y =6, 8x 4 6y=11;

x oy x
6) a T b 1 b

83. Cpenum npambix 3z—2y+7 =0, 62—4y—9 =0, 6x+4y—5 =0,
22 4+ 3y — 6 = 0 yrasaTb napajijiefibHble U NepleHIuKyIfAPHBIE.

84. HamucaTh ypaBHeHue Tyuyka TPAMBIX, TPOXOIAINIUX Yepe3 TOu-
Ky A(2; 3). Boibparh u3 9T0r0 nyuka npAamble, COCTABIAIOIINE C 0CHIO
Oz yrasr: 1) 45°; 2) 60°; 3) 135°; 4) 0°, u MOCTPOUTH HX.

85. lloctpouth Toury A(—2;5) u mpamyio 22 —y = 0. Hamwu-
caTh ypaBHeHUE MyYKa MPAMbBIX, IPOXONAIINX yepe3 A, u BbIGpaTh u3
nyuka: 1) MpAMYI0, MapaiIenbHyI0 TaHHOM; 2) TPAMYIO, TepIeHInKy-
JAPHYIO K TaHHOIA.

86. B Tourax mepeceuenus mpamoit 2z — by — 10 = 0 ¢ ocAmu
ROOPIMHAT BOCCTABIEHBI MepIeHTuRYIAPEI K 9T0it mpamoit. Hanucath
uX ypaBHeHUH.

87. Hamucarh ypaBuenue TpAmoil, MPOXOAAIIell uepe3d TOuRHU

A(-1;3) u B(4; —2).

+ ¥y,
a
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88. B tpeyroabuure ¢ Bepiummaamu A(—2; 0), B(2; 6) u C'(4; 2)
mpoBefienbl Bhicota B m menmmama BJ/. HamumcaTh ypaBmenms cTO-
poubt AC', menmanbl BE u Beicotsl BD.

89. Haiitw BHyTpemmme yIVIbI TpPEyroiibHUKA, CTOPOHBI KOTOPOTO
3ananmbl ypaBuenusavu ¢ +2y =0, c +4y—-6=0,  —4y — 6 = 0.

Yrazanue. UYrobol HaliTW BHYTpeHHUE YTILI TPeYTOILHURA, HYHRHO
YIJIOBEIE HOBq)q)I/IHI/IeHTIJI CTOPOH BEINIHCAThL B MOpAOKE y6bIBaHI/IHZ ]{71 > ]{72 >

ki—ky ko —k3
14 kiks’ 14 koks’

YbenuThbcA B 9TOM U3 YepTeka, MOMECTUB ONHY W3 BEPITUH B

> k3, 3aTeM BBIYUCIATL TAHTEHCHI YIJIOB 110 (GOpMYyIaM
ks — ky
14 kiks’

HavaJle KoopouHaT.

90. Hamucath ypaBuenud IpAMBIX, TPOXOIANINX YePe3 HAYal0 KO-
opouuaT nom yriaom 45° K mpamoii y = 4 — 2.

91. HamucaTth ypaBHenus TPAMBIX, MPOXOAAMINX uvepe3 TOURY
A(=1; 1) mom yrmom 45° & mpamoit 2z + 3y = 6.

92. 113 tourn A(5; 4) BEIXOIHUT JIyu cBeTa MOA YIIOM ¢ = arctg?2
k ocm Ox m or mee orpamaerca. HanmcaTh ypaBuenms namgaloiiero u
OTPameHHOro Jayyveii.

93. OupenenunTsh BepIllinHbl W YIJIbl TPEYrOIbHUKA, CTOPOHBI KOTO-
poro 3amaubl ypaBuenuamu £ + 3y =0, 2 =3, * — 2y + 3 = 0.

94. Orpesor upamoit 3z + 2y = 6, orcevemnblii ocAMm KOOP-
IUHAT, CIYMUT TUIOTeHY30ff paBHOOENPEeHHOTO TPAMOYTOILHOTO Tpe-
yroapuuka. HaliTu Bepiiuuy mpAMOTo yIa, ecliu U3BECTHO, 4TO OHA
JeMUT (BBLIIIe» TaHHONW NMPAMOII.

95. [lan Tpeyrombuuk ¢ Bepimmnamu A(—2; 0), B(2; 4) u C'(4; 0).
Hanucarh ypaBmenmwms cTOpOH TpeyroiibHuKa, menmanbl AF, BbICOTHI
AD n maiiTn nnuny menuannl AF.

96. Hanucarb ypaBmenwms CTOPOH W HaiiTwm yINIBI TPEYroJbHUKA C
Bepiinuamu A(0; 7), B(6; —1) u C'(2; 1).

97. llpamasa 22 — y + 8 = 0 nepeceraer ocu Ox mw Oy B TOYKax
A wun B. Touka M penmr AB B ornomienun AM : MB = 3:1. Ha-
nucaTh ypaBHeHHe IMepleHiukyIapa, BoccTaBieHnoro B Touke M K
npamoiit AB.

98. lloctpouTh TPeyrojibHWK, CTOPOHBI KOTOPOTO 3alaHbl ypaBHe-
vuAMu £ +y =4, 32—y =0, x —3y—8 = 0; waliTu yriabl u nJjollaib
TpeyroibHIKA.

99. Haiitu TouKy nepeceuenund MelmaH W TOUKY [epecedeHud Bbi-
COT TpeyrolibHuKa, Bepinubl Kotoporo A(—4; 2), B(2; —=5) u C'(5; 0).

100. 13 Tourm A(—5; 6) BBIXOTMT JIyu CBeTa TON YIIIOM ¢ =
= arctg (—2) & ocu Oz n orpamaerca or ocu Ox, a 3aTeM OT OCH
QOy. Hanucarb ypaBmenud Bcex Tpex lyueii.
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§ 6. HopmansHoe ypaBHenue mpamoii. Paccroanue
OT TOYKH /0 IpAMoii. YpaBHeHHA OHCCERTpHC.
YpaBHeHHe MyYKa MPAMBIX, IPOXOIALINX Yeped TOUKY
nepecedeHHA NOBYX TAHHBIX IPAMBIX

1°. HopManbHOe ypaBHeHHEe MPAMOIMA
zeosf+ysinf—p=0, (1)

rie p — OIWHA TMEepIeHINKYIApa (HOpMauli), OMyIIeHHOr0 M3 Havaia Koop-
OUHAT Ha MPAMYIO, a [ — YroJ HARIOHA HTOT0 HEepPIeHTURyIApa B ocu Ox.
Yrober mpusectn obiiee ypasaenue npamoit Az + By + C' = 0 & HOpMauib-
HOMY BHUIY, HYAHO BCE WIEHBI €r0 YMHOAUTE HA HOPMUPYOWUl MHOEUTEND

M = +————, B3ATHIN cO 3HAKOM, ITPOTUBOMOIOKHLIM 3HAKY CBODOI-
2 2
A2+ B
Horo uiena C'.
2°. Paccroanme d o1 ToukuM (Zp; Yo) MO TMPAMON Hatdem,
eCAU 6 AEBYI0 YACTML HOPMAALHO20 YPASHEHUA NPAMONU HA MECTMO MeERY-
wur Koopduram nodemasum rkoopduramul (Xo; Yo) U NOAYUEHHOE NUCAO
603bMeM 1o abcoaromuotl seaunune:

d = |xgcos B+ yosin § — pl, (2)

nJiIn
. |A$0+By0+0|
VAZ L BZ

3°. YpaBHeHusa OucceRTpuc yriaoB memmy mpambivu Az + By +

+C=0u A e+ By+ Cy =0:

d

(2')

Ar+ By +C _iA1l‘+B1y+C1
VAZ + B2 VA?+B?

4° YpaBHeHUWe NydYKa MPHAMBIX, TPOXOIANINX YePE3 TOURY TEPe-
CEUeHMA IBYX HAHHBIX NMPAMBIX:

(3)

a(Az + By + C) + B(A1z + By 4+ C1) = 0. (4)

MosHO mOMOAUTE v = 1, HCKIIOYMB 5THM M3 TyYka (4) BTOpYIO U3 AaH-
HBIX OPAMBIX.

101. [IpuBecTn K HOpMAILHOMY BuIY ypaBHEHHUA NMPAMBIX:

1)32—4y—-20=0; 2) 2+y+3=0; 3) y=ka +b.

102. IlocTponTh MpAMYIO, eciim JJIMHA HOpPMAIm P = 2, a yToa
§ marmona ee & ocu Ox pasen: 1) 45°% 2) 135° 3) 225°% 4) 315°.
Hamucarh ypaBHeHuA dTUX TPAMBIX.

103. Haittu paccrosuua or touek A(4; 3), B(2;1) u C(1;0) no
npamoit 3z 4+ 4y — 10 = 0. IocTpouTh TOuRu u TPAMYIO.
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104. HaiiTu paccTodnme oT Hauyaja KoopAmuaT mo npAmoiit 12x —
-5y +39=0.

105. Ilorazarh, uTo mpAmbie 22 — 3y = 6 u 42 — 6y = 25 mapad-
JeJbHbl, 1 HAWTH PACCTOAHNE MEKIY HUMMU.

Yrazanue. Ha ogHoit 13 mpAMBIX B3ATH MPOU3BOILHYTIO TOURY U HAfiTH
paccToAHMe OT Hee [0 OPYroit mpAMOi.

106. Haiitu k£ u3 ycaoBus, uro npamas y = kx + 5 ynajema or
Havajla KooOpauHaT Ha paccroguue d = /5.

107. HanucaTh ypaBHeHue TeOMeTPUuYecKOT0 MeCTa TOueR, YIaleH-
ubixX 0T npamoit 42 — 3y = 0 ma paccroanme d = 4.

108. CocraButh ypaBHeHue MpAMOit, yranennoii or Tourn A(4; —2)
na paccroduue d = 4 n napamiaenbuoil npamoit 8x — 15y = 0.

109. Hamucarh ypaBHenmdA OuCCEOKTPHMC YIVIOB MEMIY NPAMBIME
224+ 3y = 10 u 32 4+ 2y = 10.

110. Hamucarh ypaBHenmdA OuCCEOKTPHC YIVIOB MEMIY NPAMBIME
3 +4y=12u y = 0.

111. Hanucath ypaBuenue tpaexropum touknm M (z; y), KoTOpas
Ipu CBOEM NIBUMEHWN OCTaeTCA BTpPOe Nalblile 0T npAmoil y = 2z — 4,
yem 0T mpAmoit y = 4 — 2x.

112. Hamucarh ypaBuenue TpAmMoil, mpoxondineti uepes Touky M
nepeceuerud NpAMbIX 22 +y + 6 = 0 u 3z 4+ 5y — 15 = 0 u uepe3
toury N (1, —2) (me naxons Toukn M).

113. Hamucarh ypaBuenue mpAmoit, mpoxondineti yuepes touky M
nepeceuernd NpAMbIX 5 —y + 10 =0 u 8x + 4y + 9 = 0 u napan-
nenbroli npamoit « 4+ 3y = 0 (me maxonsa Touku M).

114. HaiiTu nnwmny BeICOTHI B B TpeyroiibHuke ¢ BeplluHAME
A(=3;0), B(2; 5)u C(3; 2).

115. Hamucath ypaBuenue TpAmoi, TpoxonAlieif uepe3 TOURy
A(2; 4) n ynamennofi oT navaga KoopauHat Ha paccrogume d = 2.

116. Ilposeputh, urto Touknm A(—4; —3), B(=5;0), C(5;6) u
D(1; 0) crymar BepiimHamMu Tpamenun, 1 HAHTH ee BBICOTY.

117. Yepes navano RoOpAuHAT MpOBedeHa TPpAMAasd HA OTMHAKOBOM
paccrosuun or Touek A(2; 2) u B(4; 0). Haittu a0 paccrosume.

118. HanmmcaTh ypaBHeHnA reoMeTpryeckoro MecTa To4ek, yiajleH-
HBIX OT IpAMoil o + 2y — 5 = 0 ma paccTosinme, paBuoe /5.

119. Hanucath ypaBuenue tpaexropum touknm M (z; y), KoTOpas
Ipu CBOEM [BUMEHNUM 0CTaeTcA BIBOe Jajblile 0T NPAMO y = ¥, yeM
0T OPAMOIi Yy = —x.

120. Hamucarh ypaBuenue TpAmMoit, mpoxondineti yuepes touky M
nepeceuerns NpAMbIX 22 —3y+5=0u 32z +y — 7 =0 u nepnennu-
KyaApuoil K mpamoii y = 2z (me maxona tourn M ).
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§ 7. CmelraHHbIe 3aMa4d Ha MPAMYIO

121. Yepes navano RoOpAMHAT NPOBECTu NPAMYI0, 00pa3yionIyio ¢
NPAMBIME & 4+ i = @ 1 2 = () TPeyrolbHUK IIOIIANI0 a°.

122. Janer Toukn A(—4; 0) u B(0; 6). Yepe3 cepennny orpeska
AB npoBecTtn npAamy, orceratlnyno uma ocu O 0Tpe3ok, BiBoe 60ib-
inmii, wem wa ocu Oy.

123. Jaubt Toukn A(—2; 0) u B(2; —2). Ha orpesre O A nocrpoen
napamienorpamm O AC' D, nmaromaim KOTOpOro nepecekalTCHd B TOTKe
B. Hamucatb ypaBHeHuf CTOPOH, Muarounajiell mapajierorpamma u
maiitTu yroa CAD.

124. HatiTu yraol u nioians TpeyroilbHuka, 00pa3oBaHHOTO TPHA-
MbIMH Y = 2%,y = -2z my =z + b.

125. 3 navana KoopauuaT TpOBeIeHLI TBe B3aUMHO TepHeHIuKy-
JApHble IpAMble, obpasytouue ¢ npamoit 2z +y = a paBaobeIpeHHbIH
Tpeyronbuuk. HafiTu miaomianb 3Toro TpeyroldbHUKA.

126. HaiiTn BHyTpenHue yIIIbI TPeyrodbHnKa, eciiu Tanbl ypaBHe-
uusl ero cropon: (AB) 2 —3y+3=0u (AC) 2 +3y+3=0mn
ocunoBarne D(—1; 3) Borcorst AD.

127. llanbl ypaBHenud OOKOBBIX CTOPOH pPaBHOOEIPEHHOT'0 Tpe-
yronbunka 3z +y = 0 u 2 — 3y = 0 u Toura (5; 0) ma ero ocHoBaHuUM.
Hatitu mepumeTp u NIoIIamb TPeyroIbHUKA.

128. B tpeyroabuure ABC maumbr: 1) ypaBuenne cropoust (AB)
3z 4 2y = 12; 2) ypaBuenwue Bbicotsl (BM) z + 2y = 4; 3) ypaBuenne
Boicotbl (AM) 42 +y = 6, tme M — Touka Tepecedenns BHICOT.
Hanucars ypaBmenus cropon AC, BC w Bbicotst C'M.

129. JIBe cTopoubl mapajienorpamMma 3aMaHbl YPaBHEHUAMU Y =
=2 —2uby=2x+46. luaronanu ero nmepeceraTcd B Hauaie ROOP-
nunat. HamucaTh ypaBuenusa IBYX IPYTUX CTOPOH Tapalienorpamma
U ero nuaroHajei.

130. [lan Tpeyrombuuk ¢ Bepimmaamu A(0; —4), B(3; 0) u C(0; 6).
Haiitu paccrosmme Bepiiiunbl C' o1 6mcceRTpuchl yria A.

131. Hanucarp ypaBmenne Tpaekropum Tourm M (z; y), DBumy-
1ieiicA Tak, 4TO CyMMa paccTOAHUI 0T Hee [0 NPAMBIX Yy = 2T u
y = —a/2 ocraeTcA MOCTOAHHON U PaBHOM \/5

132. llocTponTh obslacTh, KOOPAMHATHI TO4EK KOTOPHIX yIOBIIETBO-
PAIOT HepaBeHCTBaM:

lJza-2<y<0maz>0; 2) 2<y<a<

3)2<2e+y<8ax>0my>0.

133. Cropoust AB u BC' napanienorpamma 3ajilanbl ypaBHEHUAMHI
20 —y+5=0u2z—2y+4 =0, tuaronanu ero nepeceraTcHd B TOUKEe
M (1; 4). HaiiTe 1IuHBL €T0 BBICOT.

134. Haittm BepIimuBl TPAMOYIOJIHHOT0 PABHOOEIPEHHOTO Tpe-
yroibuuKa, ecin gana Bepiimua npamoro yria C'(3; —1) m ypaBme-
HuUe runorenyssl 3z —y + 2 = 0.



22 I'n. 1. AmaauTHdeckad reoMeTpHsa Ha IIOCKOCTH

135. Janbr nBe Bepuinubl Tpeyroabuuka A(—4; 3) nu B(4; —1) un
Touka mepeceuennusd Beicor M (3; 3). Haittu tpersio Bepunny C.

136. BoluncauTh KoopauHATHI BepIIuHLI poMba, ecliu u3BECTHBI
ypaBHeHUA NBYX ero cropou: = + 2y =4 u x + 2y = 10, u ypaBuenne
onuoit u3 ero muaronaieii: y =z + 2.

137. CocraBuTh ypaBHEHUA CTOPOH TPeyroJbHWKA, 3HAA OIHY ero
Bepiinny A(0; 2) u ypasmenns Boicor: (BM) z+y =4 u (CM)
y = 2z, rne M — Touka Tepeceuenusd BBICOT.

138. Haubr mpamad  + 2y — 4 = 0 u toura A(5; 7). Haiitm:
1) npoerunio B toukn A wa namuyio npamyo; 2) orpamenne C' TOUKRH
A B mannoil mpamoii.

Yrazauue. Hamucas ypaBHenme meprnennuryiadpa AB u pemwus ero

COBMECTHO ¢ ypaBHeHUeM TaHHOM mpaMoil, Haiimem Toury B, KoTopad ecTh
cepenunra AC'.

139. lana npamvad 2z +y — 6 = 0 u na meii nBe Toukn A w B ¢
opaunatamu y4 = 6 m yp = —2. Hanwmcarp ypaBmenme Bbicotht A
tpeyroiibuuka AO B, maiitn ee nauny u ZDAB.

§ 8. OrpyxmHOCTE

YpaBHeHHe ORpY#®HOCTH c ueHTpoM B Touke C'(a; b) 1 panmycom,
paBHBIM [:

(r—a)®+ (y—b)* = R%. (1)
Ecmu B ypaBuernu (1) pacKpbITh CROGKH, TO OHO IPUMET BT
2?4+ +mr+ny+p=0. (2)

Yro6bl 0T ypaBHeHUA (2) OMATH HepeliTH K ypaBHeHMO Bifa (1), Hy®HO
B JIeBOil 4acTH ypaBHeHUA (2) BBIIEIUTH TOJTHBIE KBaIpaThL:

(+3) + o+ 3) =T +5-r ®

I
|

+
|
|

bS]

140. Hanucars ypaBuenwe okpymuoctn ¢ nenrpom C'(—4; 3), pa-
nuycom R = 5 u mocTpouth ee. Jemar du Ha 970t ORPYHRHOCTU TOURU
A(=1; —1), B(3; 2), 0(0; 0)?

141. [lana toura (—4; 6). Hanucars ypaBuenne oRpymHoCTH, THa-
MeTpoM KoTopoil caysur orpesok OA.

142. Hocrpouts okpymmocru: 1) 22 + y2 — 4z + 6y — 3 = 0;
2) 22 +y2—8x=0; 3) 2?2+ y?+4y=0.

143. lloctpouts okpymuocts 22+ y? 4 5z = 0, npamyio 2 +y =0
U HAWTH TOUKM WX NepeceyeHus.

144. HanucaTh ypaBHeHne OKPyHHOCTH, Racalollleiica ocefl Koop-
InHAT u NpoxondAiei yepes toury A(1; 2).
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145. HatitTi yroa memay paimycammn OKPYMHOCTH 22 4+ y2 4+ 4x —
— 6y = 0, npoBeleHHLIMH B TOYKH HepeceueHns ee ¢ ochio Oy.

146. Hamucarh ypaBHeHnue OKPYMHOCTH, TPOXOIAIIell yepes TouKu

A(-1;3), B(0; 2) u C'(1; —1).

Yrazauue. Hammcars ypaBHeHHe HCROMOM OKPYMHOCTH B BUIe 2 +
+ y2 + mx 4+ ny 4+ p = 0, moncTaBUTHL B HETO ROOPAMHATHI KamImoil TOURN T
3aTeM HailTu m, n U p.

147. Hamucarh ypaBHeHue OKPYHMHOCTH, TPOXOIAIell uepes TouKu
nepecevenns okpymuoctu 2+ y? + 4z — 4y =0 ¢ npamoit y = —2 u
uepes Toury A(4; 4).

148. OupenennTh 061aCTh pacnonomenna KpuBoil y = —/ —x2 — 4.
IlocTpouth KpuBYyIO.

149. HamucaTh ypaBHeHue KacaTelbHBIX K ORpYmHOCTH 22 + 32 —
— 8z — 4y + 16 = 0, npoBenenHbIX U3 Havajla KOOpIUHAT.

150. [lana Toura A(a; 0). Toura M nBumercs tax, uro B AOM A
yroa OM A ocraerca npambim. QupeneinnTh TPaeKTOPUIO IBWKEHUH
Touku M.

151. Hawmbr toukn A(—6;0) u B(2; 0). Haiitu reomerpuuecroe
MECTO TO4eK, u3 KoTopbix orpeskm OA m OB Bulebl M0l PaBHBIME
yriamu.

152. Onpenennts Tpaekropuio Toukn M (z; y), nBumyliefica Tag,
4TO CyMMa KBAaIpaToB paccTosnuii ot nee 1o touer A(—a; 0), B(0; a)
n C'(a; 0) ocraercs paBuoit 3a2.

153. Onpeneauts Tpaekropuio Toukn M (z; y), nBumyLiefica Tag,
4TO cyMMa KBaIpaToOB paccTodnuil 0T uee Mo 6GUCCEKTPUC KOOPIMHAT-
HBIX yIIIOB OCTaeTcs paBuoll a?.

154. [lana okpymuocth 22 + y? = a?. U3 ee toukn A(a; 0) npo-
Bejlenbl BCeBO3MOMHBIE X0pibl. QmpeneiuTh reoMerpuyeckoe Mecro
cepeluH HTUX XOPI.

2

155. [lannt Toukn A(—3; 0) u B(3; 6). Hanuncars ypaBuenue ok-
pyHHOCTH, THaMETPOM KOTOpOii caymutr orpe3ok AB.

156. Hafiti menTphl n pamnycel okpymHuOCTeil: 1) 2?4+ y% — 6z +
44y —23=0;2) 224y + 5 —Ty+2,5=0;3) 22+ 2 + 7y = 0.
MocTpouth oBpymHOCTH.

157. Oupysxuocth Kacaercda ocm Jx B mavalle KOODIWHAT W NPO-
xomuT wepe3 Toury A(0; —4). Hamucarh ypaBHenme OKPYHHOCTH u
HallTW TOYKHU NepeceueHud ee ¢ DMCCeRTpucaMn KOOPIUHATHBIX YIVIOB.

158. Hanucarh ypaBuenue OKPYMHOCTH, TPOXOAAIIeN uepe3d Ha-

JaJlo KOOpIuHAT U uepe3d TouKku nepecevennd npAmoit z +y+a=0c¢

ORpyHHOCTLIO 22 + y? = a?.
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159. HanmucaTh ypaBuenusd KacaTelbHLIX, TPOBEIEHHBIX U3 Ha-
yajla KOOpIMHAT K OKPYEHOCTH, MpoxonsAmieii uepe3 tourn A(1l; —2),
B(0; —1) u C'(-3;0).

160. Haiitir yroaq memny pagmycamm OKpymuocTn 22 4+ y2 — 4x +
+ 6y — 5 = 0, mpoBeiennbiMu B TOUKHU Tepecedennd ee ¢ ocbio Oz,

161. [lorkazath, uTo Toura A(3; 0) JemENT BHYTPH OKPYHHOCTH z? 4
+y? —42+2y+1 =0, u manucaTh ypaBHeHue Xopibl, eJdlleiica B
TOuKe A monoiaam.

Yraszauue. Hcromas xopna nepnernuryisapiaa k C'A, rme C' — 1enTp
OKPYAHOCTH.

162. Toura M (x; y) nBumeTcsa Tak, 4TO CyMMa KBalpaTOB PaccTo-
Annil oT Hee 10 Havasa KoopowHAT W 10 Toukn A(—a; 0) ocraerca
paBuoit a?. OupenenuTs Tpaexropuio nBumenud Touku M.

163. Jama orpymuocts 22 + y2 = 4. U3 Touku ee A(—2; 0) npo-
Bejlena xopna AB w npononxena ma paccroaume BM = AB. Omupe-
TeTUTh TeoMeTpuueckoe MecTo Touek M.

164. Orpesor AM = a nepemernaerca no miaockoctu xQy, ocTa-
BafAch MapajienbubiM (Jx, Tak, uTO JeBBIH KoHel ero A CROIB3UT
no orpymuoctu z2 + y2 = a?. OnpenenuTh TPaeRTOPUIO IBIMEHMI
Touku M.

§9. dnaumnc

DIMUTMCOM Ha3BIBAETCA 2€0MEMPUUECKOE MECTNO MOUEK, CYMMA Pac-
emoanuti om Kaxcdotd us Komopwulr do deyr dannvir mouwex F u Fy (dowry-
COB) ecmb NOCMOAHHAR 6eaununa 2a, 60avwan F1F.

Karnonuueckoe (mpocreiiniee) ypaBHeHHe 3ILTHAICA

22 N y?

a?z = b2

dnnwnnc, sajaHHBIN ypaBHeHHeM (1), CHMMETPHYEH OTHOCHTENBHO oceit
roopruHat (puc. 1). Iapamerphbl a U b HA3BIBAIOTCA ROAYOCAMU BIIIHICA.

~ 1. (1)

M(x; y)

Puc. 1

Iycts @ > b, Torma dorycer F' u Fy HaxomATcA Ha ocu Ox Ha pacCTOAHUHU

c
¢ = Va? — b2 or uenrpa. OTHOmEHne — = € < | Ha3BIBAETCA SKCUEHMPU-
1
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cumemonm amannca. Paccroauuda ot Tourn M (z; y) smnunca mo ero Gorycos
(Porasvrvie paduyc-sexmopsl) oNpenedArTCA GopMyIaMu

r=a—exr, T =a-+exr. (2)

Ecmm me a < b, To Qorychl HaxomaTcea wHa ocu Oy, ¢ = Vb2 —a?, e =
r="5b=tey.

¢
b bl

165. lloctpouts smaunc 2 4+ 4y? = 16, naiitTu ero GoRyCH u HKC-
HEeHTPUCUTET.

166. Hanucarh KamoHuueckoe ypaBHeHue HINuUICA, 3Hagd, 4TO:
1) paccroanme memny Qorycamm paBHO 8, a majiad moayoch b = 3;
2) 6onbinas moayoch ¢ = 6, a srcienTpucurer € = 0, 5.

167. Haiitn manyto monyoch b u DRCUEHTPUCUTET € HIIINICA, TMe-
IOIIIer0 6OIBINYI0 MOAYOCh @ = 5 n mapamerp ¢, paBubiii: 1) 4,8; 2) 4;
3) 3;4) 1,4; 5) 0. IloctponTh RKamubIfi 13 HIINICOB.

168. 3emuid IBumeTCH 10 BIJIUICY, B OMHOM u3 (HOKYCOB KOTOPOI'0
naxonurea Conmine. Hammenbiiiee paccrodnme or 3emam 1o Cosmia
paBuO npubiudutenbro 147,5 miu KM, a Hauboublliee 1525 MIH KM.
Haiitw 6onbiryio modyoch u BECIeHTpucuTeT 0pouThl 3emin.

169. dasnunc, cCiMMETPUYHBIN OTHOCUTEIBHO OCeil KoopAnHaT, NPO-

xomuT wepes touku M (2; v/3) u B(0; 2). Hanmucats ero ypaBmenue u
mafitn paccroAanua or Toukun M 10 (OKyCOB.

170. Sauunc, cuMMeTpUUHBIH OTHOCHTENLHO oOceil KoopimHar,
(GoKychl KoTOpOro maxomArca ma ocu (Ox, NPOXOAUT uyepe3 TOURY

M (—4; v/21) m nmeer SKCUEHTPUCUTET € = 1 Hamucarh ypaBuenue

junuica u HaiiTu QoRANbHBIE Pamuyc-BeRTOPHI Touku M.

171. Haiire miney xopasl sinunca z2 + 2y? = 18, neaseii yroa
MEeH Y OCAMHU T0T0JIam.

172. HaitTu dKCUIEHTPUCHTET 3IITUICA, eCIu PACCTOAHUE MERIY
(hoKrycaMu pPaBHO PACCTOAHMIO MEHRIY KOHIaMu 001blI0H u Manoit mno-
JIyoceii.

173. B sanunc 22 4 4y? = 4 Boucan TpPaBHIbHBII TPEYyrONbHUE,
OllHA W3 BepIIWH KOTOPOTO COBIalaeT ¢ KOHIOM O0JbIION ToJdyoCH.
OmpepennTh KOOPIUHATHI IBYX IPYTUX BepIWH TPeyrolibHUKA.

Yrazanue. Hamucats ypaBHeHMe 0MHOM M3 CTOPOH, UMETOTIIEN HAKIOH
k = tg30°, u HaMiTH TOYRU €€ MEPECEUEHUA C HILIUICOM.

174. Ha sanunce 922 + 25y? = 225 maiiTu TOUKy, paccTOSHIe OT
KOTOpoOiil o mpaBoro ¢okryca B gueTbIpe pa3a 00Jbllle PaCCTOAHUA 0T HEe
1o JieBoro ¢okyca.

175. OpaunaThl Beex Touek okpymuocTn 2 4 42 = 36 cokpalliensl
Brpoe. HammcaTh ypaBuHenme mojyuenuoil HOBOIW KpuBOii.

176. Oupenennuth Tpaekroputo Touku M, KOTOpad npu CBOeM IBH-
mennn ocraercd BaBoe Ommme K Touke F'(—1;0), wem K mpAmoii
= —4.
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177. Orpesor AB nocroammoil miwubl @ + b IBwmeTcd Tak, 4To
ero komenl A croib3uT 1o ocu Oz, a komen B — 1o ocw Oy. Omnpe-
IeauTh TpaerTopwio NBumenud Toukm M orpe3skra, mendineil ero ma
vactt BM = a mw M A = b (snnuntuuecknit unpryas Jeonapno ma
Bunum).

178. llauw! okpymuoctu 22+ 42 =02 u 224 y? = o? (b < a).
[Iponssoabubiit 1ya OB A nepecekaer mx COOTBETCTBEHHO B Toukax B
u A, U3 KOTOPbIX NMPOBeJleHbl MPAMbBIe, Mapajjelbuble 0CAM KOOPIM-
mar, 10 nepecevenud mx B Touke M. OupenenuTh reomerpumuecroe
mecTo Touek M.

179. HanucaTth mpocTeiilllee ypaBHeHue HIIUICA, ¥ KOTOPOTO pac-
CTOAHUA OT OIHOr0 u3 (QOKYCOB 10 KOHIIOB 00JIbIION ocu paBHbI 5 u 1.
180. dasimnc, CiMMETPUYHBIH OTHOCUTEIBHO OCeil KoopArHAaT, NPO-

xonut wepes Touku M (2v/3; v/6) u A(6; 0). Hamucath ero ypaBuenue,

HaliTu HRCUEHTPpuUcUTeT u paccTofuusd oT Touku M 1m0 QORycoB.

2 2
181. HaiiTu niuny XOpIbI BIaulica — + Jo_ 1, manpaBnennoit

a b2

10 NmaroHaln NPAMOYIoJbHUKA, TOCTPOEHHOT0 HA OCAX DILIIHICA.

182. Haiitu obimiue Touku pinnca z2 4 4y? = 4 u okpymmocr,
npoxolndiieil wepe3 QOKYyChI 3Jaulca U uMelolleil eHTp B ero «Bepx-
Heil» BepIllIuHe.

183. Ha mpamott x = —5 naiiTu TOuKy, OMuHAKOBO YHAIEHHYIO OT
«TeBOTO» (hOKyca u OT «BepXHelly BepIImHBI dIuNca 2 + 5y? = 20.

184. Ha panunce 22 + 5y? = 20 maiite TOYRY, palmyc-BeKTOPLI
KOTOPOil MepleHIuKyJIAPHbI.

Yrasauue. McroMmble Toukm CYThb TOYRKH IIepecedyeHMA C 3IJJIHUIICOM
OKPY#&HOCTH, NPOX0nAIell depe3 (POKYCHI 3INUICA U UMemollell HeHTp B Ha-
JaJjie RoopouHar.

185. AGcuucehl Touer ORpymHOCTH 22 + y2 = 4 yBellwueHbl BIBOE.
OmnpenennTh NOTYIEHHYIO KPUBYIO.

186. Oupenenuth Tpaekroputo Touku M, KOTOpad Npu CBOeM IBU-
mennn ocraercda Brpoe Onnme K Touke A(1; 0), wem r mpaAmoit @ = 9.

§10. T'unep6oaa

F'nmepbonoil Ha3LIBAETCA 2E0MEMPUNECKOE MECTIO TMOYER, PAZHOCTID
pacemoanut om kaxcdol uz Komopwir do deyr dannvir mouex F u Fy (dpo-
KYCOB) ecmb nocmosannas eeaununa 2a (0 < 2a < i F).

Karnonuueckoe (mpocreiiniee) ypaBHEHHe THIEPOOITHI

1‘2 y2
L=t (1)
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§ P

Tunepbona, sananHad ypapHeHHeM (1), CHMMeTPHYHA OTHOCHTEIRHO 0Cel
roopruHaT (puc. 2). OHa nepeceraer ock Ox B Tourax A(a; 0) u Ay(—a; 0) —
BepIINHaX TUIepboabl 1 He nepecekaer ock Oy. llapamerp ¢ HazbiBaeTca se-

wecmseennoti Moayocklo, b — wmnumott noayockto. Ilapamerp ¢ = /a2 + b2

y
__________ M(x; y)
I I
1 7 b 7 | ¥
Fi 0 ¢ F X
Puc. 2

c
ecTh paccroguue or Qoryca mo nentpa. OTHomeHne — = e > 1 Has3kIBaercA
a

IKCYermpucumemom I‘I/IHEp6OJII:I. HpﬂMI:Ie Yy = +—x Ha3BIBAIOTCA ACUMN-

a
momamu tunepbonsl. Paccroarnda ot Touru M (x; y) rumepbost mo ee do-
KycoB (forasvHbie paduyc-6exkmoput) OMPENENAOTCA GOPMyTaMu

r=lex —al, ry=lex+al. (2)

l'umepboaa, y ®oTopoit @ = b, HA3LIBAETCA PABHOCMOPOHHEY, €€ ypaBHE-

2 2
¥
ane 2 — y? = a?, a ypaBHeHHA acUMITOT ¥ = +2. ['HIep6oIEl T 1
a
y? 22
u 2z 1 Ha3BIBAIOTCA CONPAANCEHHBIMU.
a

187. [loctpouts runep6ony 22 —4y? = 16 u ee acumnrorel. Haiitu
(DORYCBI, DKCIEHTPUCUTET U YIOJ MEHIY acuMITOTaMMU.

188. Ha runepbone 22 — 4y? = 16 B3sata Touka M c opiumatoil,
paBuoit 1. Haittu paccrodnue oT uee 0o GORYCOB.

189. Hanucarh KawmoHuyeckoe ypaBueHue rullepboIbI, 3HAA, 4TO:
1) paccroanme memny orycamn 2¢ = 10, a MemIy BepiimHamMu 2a =

= 8; 2) BemiecTBeHHadg MOIYOCh @ = 21/5, a HRCUEHTpUCHTET € =
=+/1,2.
190. 'mnepboia cumMmMeTpruYHA OTHOCUTENHHO 0Cceil KoopauHaT, Ipo-

xomuT uepes Toury M (6; —24/2) u mmeer mMEmMyI0 Toayoch b = 2.
Hamucarh ee ypaBuenune m mafitTm paccroAnmaA oT Toukm M 10 QoOKy-
COB.
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191. HanucaTh ypaBuenue rullep0oIbl, nmeloleil Bepiiunubl B Ho-

2
vy _
Kycax, a POKyChl — B BepIIuHax HIIuUIICa 75 + =1

9
192. Hamucath ypaBuenue rullepbobl, nMeloleit SRCIeHTPUCHTET
e = /2, TpoxonAIeil uepe3 TOURY (2a; a\/g) n CUMMeTPHYHOI 0THO-
CUTEJNbHO 0Ceii KOOpIWHAT.
193. 11 6 2 = 4?4 22, nail
. Hocrpours runepbony y* = a* + x°, waliTy KOOpPIMHATHI ee
(DORYCOB ¥ YroJ Memly acuMITOTaMMU.
194. Hanucarh ypaBHenns KacaTedbHBIX K Tumepbore z2 — 4y? =

= 16, mpoBenennbix u3 Toukn A(0; —2).

2 2
x
195. Haittm paccTodnme oT GpoKyca ruliepdoibl — — g _ 1 1o ee

2 2
a
aCUMIITOT U YIOJ MEKIY acuMITOTaAMM.
2
. x
196. HaiiTu cTopomy KBagpaTa, BIMCAHHOTO B Imiepbosy — —
a2

y2

— b—2 = 17 n ucc/jielloBaTb, B RKakue FI/IHGPGOHBI MO HO BluCaTb KBallparT.

197. HatiTu sKcuenTpucuTeT rullepboibl, acuMITOTa ROTOPON Co-
craBiifieT ¢ BellleCTBeHHOI ockio yroa: 1) 60°; 2) a.
198. Ompenenuthb 06acTh pacuosome-
y Hufa Kpuboit ¥y = —v 9+ 22, Ilocrpouth
A KPHUBYI0.
199. OupenennTh TPAEKTOPUIO TOUYKH
M (z; y), ®oTopasd Tpm CBOeM IBHEEHHH
ocraeTcd BIBoe bimme K npAmoit x = 1,
uem & Touke F(4; 0).
0 C o 200. Jaust roukn A(—1; 0) u B(2; 0).
Tourka M nBumerca tak, uto B AAMB
b yroia B ocraerca BuBoe Goabiiie yria A.
B OmpenenuTh TPAeKTOPHUIO JIBUKEHHUA.
201. [lana toura A(a; 0). Ilo ocun Oy
mBmkercAa Touka B. Ha npawmoit BE, na-
pasnenbuoit O, OTKIANBIBAIOTCA 0TPe3KH
Puc. 3 BM w BM,, paBusie AB. Oupenenutsb
reomerpuyeckoe mecto Touek M u M.
202. Jausr npavsie @ = +b nu @ = +a (b < a). Ilpon3Bonbubrit
aya OA (puc. 3) mepeceraer npamyio ¢ = b (nin © = —b) B Toure B
u npamMyo ¢ = ¢ (mam @ = —a) B Toure A. Pammycom OA omuncana
ayra, nepeceratwtiiad Oz B Touke C. W3 touer B w C' npoBenenbr
npAMbIe, Tapajieibubie coorBercTBerno Oz n Oy, 10 nepecedenus B
touke M. OnpenenuTh reomerpuueckoe mecto touek M.

203. Hamucarh RaHoHumyeckoe ypaBHeHue TullepdoIbl, 3Had, 4TO
paccroAuuA OT ONHON u3 ee Bepllun 10 (HoOKycoB paBubl 9 u 1.
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204. HaifTi TOURH TepeceyeHNs aCHMITOT THNepbonsr 22 — 3y? =
= 12 ¢ oxkpymHOCTHIO, UMetollell IeHTP B TpaBoM (oryce Tunepdodbl
" TpoxonAnleil yepe3 Havyalo KOOpAUHAT.

205. ['mmep6omna mpoxonnt vepes roury M (6; 3v/5/2), cummerpid-
Ha OTHOCWTEILHO Ocell KOOpIWHAT W WMeeT BellleCTBEHHYIO MONYOCH
a = 4. Hanmcath ypaBHeHWA MepHeHIWKYIAPOB, OMYIIEHHBIX W3 Je-
BOr0 oKyca runepdoILl Ha ee aCHMITOTHI.

206. Ha runep6osne 922 — 16y% = 144 maiitu Touky, paccTogHue
OT ROTOPOM M0 MeBoro GoKyca BABOE MeHbIIe, YeM 10 MPaBoro.

207. Ha runep6one 22 — 42 = 4 HaiiTi TouRy, (ORaTbHBIE paLIIyC-
BEKTOPBI KOTOPOil MepleHANKyIAPHBI (CM. yRa3aHHe K 3amave 184).

208. Toura M penuT paccToAHHe MemAy (QOKycaMH THIEPOOIHI
922 — 16y? = 144 B ornowenun FyM : MF =2 : 3, rne Iy — neBbrit
doryc runepbonsi. Yepes Troury M npoBenena mpaMas mom yriaoM 135°
k ocu Oz. Haiitu Touku nepeceueHus HTOH MPAMOI ¢ aCHMITOTaMU
TUNepOOoITHI.

209. Oupenenurh TpaekTopuio Touku M, KoTopas NBHMKETCH Tak,
4TO OCTaeTcA BIBOe naiblme oT Toukm F'(—8; 0), dem or mpAMoOi
T = —2.

210. Jamsr roukn A(—a; 0) u B(2a; 0). Touxa M nsumercsa rax,
qro yroa M AB ocraercda Brpoe menbliie BHenrHero yria AMC 1pe-
yroiabuuka AM B. Onpeneiautb Tpaekroputo npumeHud touru M.

§ 11. Ilapa6oaa

MapaGomoll Ha3bIBaeTCA 2€0MEMPUNECKOE MECTRO MOUEK, OJUHAKOE0
ydaaennnir om dannot mouku (doryca) u dannoti npamoti (IAPERTPHUCH).
Kanonuueckoe ypapHeHHe Iapabosbl UMeeT IBa BIA:

1) y? = 2px — mapabosa cuMMeTpiYHa oTHocHTenbHO oclt O (piic. 4);
2) 2% = 2py — mapabosa cHMMeTpiHYHa oTHOcHTenbHO octt Oy (pHc. 5).

=

JupexTtpuca
o )ors

Jupexrpuca
Puc. 4 Puc. 5

B oboux cayyaax sepwuxa Mapabonabl, T. e. TOYKa, Jemalllad Ha ocH
CUMMeTpUH, HaXogUTcA B Havdase KoopAMHAT.
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Mapaboaa
y? = 2px
P, _ P "
nMeer doryc F 3’ 0) u muperTpUCy = = —5 (dboraTBHEIN pamlyc-BEKTOP
Tousn M (x; y) Ha Heli r = 2 + g
Mapaboaa
x? = 2py
P _ b, .
nMeer doryc F {0; 3 W TUPEKTPUCY Yy = —5 (dboraTBHEIN pamlyc-BEKTOP

tousn M (x; y) Ha Heit r = y + g
211. CocraBuTh ypaBHeHIe TeOMeTPUYECKOr0 MeCcTa TOYeR, OIUHa-

KOBO yrameHHBIX oT Toukn F'(0; 2) u or npawmoii y = 4. Hafitn Tousn

nepeceueHud T KPUBOIL ¢ 0CAMU KOOPIUHAT W MOCTPOUTH ee.

212. CocraBuTh ypaBHEeHIe TeOMeTPUYECKOr0 MecTa TOYeR, OIUHa-
KOBO yIalleHHBIX OT Havajla KoopiuHaT u oT npamoit @ = —4. Haiitu
TOYKH TlepecevdeHtd ITol KPUBOi ¢ OCAME KOOPIUHAT U MOCTPOUTD ee.

213. lloctponth mapaboisl, 3amaHHbIe ypaBHeHUAMA: 1) y? = 4a;
2) y2 = —4wx; 3) 2% = 4y; 4) 22 = —4y, a Takme UX QOKYCHI U
IUPEKTPUCHI U HANUCATh ypaBHEHUA TUPEKTPUC.

214. Hanmcats ypaBHeHne napabosbl: 1) npoxonsAiieii vepes TOURH
(0; 0) u (1; —3) u cumMerpuyHoil orHOCHTenbHO ocu Ox; 2) TpPoOXO-
naefi geped roukn (0; 0) u (2; —4) u cUMMETPHYHOM OTHOCUTENLHO
ocu Oy.

215. Hanat moxmBecHoro mocta mmeer (opmy napaboasr (puc. 6).
Hamucarb ee ypaBHeHHe OTHOCHTENbHO YKa3aHHBIX Ha UepTeie oceif,
ecau nporub ranara OA = a, a nauna npoiera BC' = 2b.

216. Hanucarb ypaBHeHHe OKPY#HOCTH, MMerOIIIeil HeHTp B QoKyce
napabonnl 42 = 2pzr u Kacawolleiica ee nuperrpuchl. Hafitu Touku
nepeceuyeHud napaboiabl U OKPYHHOCTH.

217. Hanucarb ypaBHeHue napabollbl U ee THPEKTPUCHI, €CIH Ta-
paboia MpOXOMMT uepe3 TOYKU mepecedeHus nupamoit z +y = 0 u

|
Vi i

Puc. 6

orpymHOCTH 22 4 y? 4+ 4y = 0 U cUMMeTpHYHA OTHOCHTeIbHO ocu Oy.
[MocTpouth oKpymHOCTE, IPAMYIO U Mapabomy.
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218. Ha mapa6one y? = 6z HalfiTu Touky, (QORAILHEIN pammyc-
BEKTOD KOTOPOIl paBeH 4,5.

219. 3epraibHad MOBEPXHOCTh NpPOMKEKTOpa obpa3oBaHa Bpalile-
HUeM Tmapabodbl BORPYT ee ocu cuMMerpun. Huamerp 3eprama 80 cm,
a raybuna ero 10 cm. Ha raroM paccToOAHWW OT BepITUHBLI Tapadoswl
HY#HO MOMECTUTh MCTOYHUK CBeTa, eclly [JA OTpameHUd Jydeil ma-
pajljieJbHbIM MYYKOM OH HOJ#eH ObITb
B doryce mapaboiubi?

220. OQupenenutsb 06acTh pacnoio-
meHnuda RpuBoit y = —+/—z. Iloctpo-
UTh KPUBYIO.

221. U3 BepumInHE Tapabonsl y? =
= 2px NpOBeleHbl BCEBO3MOMHbBIE XOD-
nul. HamucaTh ypaBHeHUe TeoMeTprye-
CKOT'0 MecTa cepeliiH 3TUX XOpl.

222. OnpeneiuTb reoMeTpuuecKoe
MecTO LEeHTPOB OKpPY#HOCTell, Kacalo-
muxed okpymuoctu z2 4 y? = 2azx u
ocu Oy.

B, B, By B, B

oot

223. Naust roukn A(0; a) u B(a; a). Puc. 7
Orpeskun OA u AB pa3neienbl Ha n
paBHBIX uacteil Toukamn Ay, Ag, As, ... u By, B, Bs, ... (puc. 7).

[lycte My — Toura nepecedenns ayda O By ¢ npamvoit AxM||Oz. Ilo-
Ka3aTh, 4TO Takme Toukn M) Temar Ha mapabore y? = az. [locTponts
9THM mpueMoM Tapabonnr y? = 4z, y? = bz, y? = 3z.

224. CocraBuTh ypaBHeHIe TeOMeTPUYeCKOro MecTa TOYeR, OIUHa-
KOBO yHaJeHHBIX 0T Hauajla KoopiuHatT u oT mnpamoii @ = 4. Haiitu
TOYKH TlepecevdeHtd ITol KPUBOi ¢ OCAME KOOPIUHAT U MOCTPOUTD ee.

225. CocTaBuTb ypaBHEHUE IeOMeTPUUYeCKOro MecTa TOYeK, OfiH-
HAaKOBO yIaleHHBIX oT Touku F'(2; 0) m or mpamoit y = 2. Haiitn
BepIINHY mapaboiibl, TOUKH TepecedeHud ee ¢ O U MOCTPOUTH ee.

226. Hammcats ypaBHeHne napabosbi: 1) npoxonsiiedi vepes ToURH
(0; 0) u (—1; 2) u cummerpuyHoil orHocuTenbHo ocu Ox; 2) MpoOxo-
namefi gepes roukn (0; 0) u (2;4) u cuMMeTpuYHOH OTHOCUTENLHO
ocu Oy.

227. Hanucarb ypaBHeHue napabollbl U ee THPEKTPUCHI, €CIH Ta-
paboia MPOXOIUT Yepe3 TOUKM IepeceuyeHUd MPAMOI y = & U OKPYy#-
nocr @2 + y2 + 62 = 0 u cummerpuuna orHocutenbho ocu Ox. Ilo-
CTPOUTH NMPAMYIO, OKPYHHOCTb U mapaboiy.

228. B mapabony y? = 2z BUHcaH TPABUILHBEIN TPeyroibHUK.
OmnpenennTh ero BepIIMHEL (CM. yKa3aHie k 3amade 173).
229. Hanucarh ypaBHeHHA RacaTelbHBIX K mapabome y? = 8z,

nposeneHHbIx u3 Touxu A(0; —2).
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230. Yepes oryc mapaGonsl y? = —4z mpopemeHa mpAMag IO
yraom 120° & ocu Oz. Hanucarh ypaBHeHue npAMOil U HallTu IIUHY
obpa3oBaBulelicA XOPIHI.

§ 12. lupekrpucel, THaMeTPLI U KacaTeIbHbIE
K KPHUBBIM BTOPOr0 HOPAIKA

2 2
L Y
1°. IupexkrphHcaMu suimnca — + 2= 1 (mpw a > b) 1 rumepboIHI
a
22 g2
Pl y i 1 HaswbIBarOTCA MpAMBIE, TapaiIeabHble oc Oy U OTCTOAIIHE OT
a

a
Hee Ha paccToAHHe —, Tle € — 3KCHeHTPUCUTeT KpUBOU.
e

YpaBHeHUA OUPEKTPHUC:
a
r=4-. 1
: (1)

CBO#CTBO MUPERTPUC: OMHOWEHUE PACCTOAHUL OM MOUKU KPU-
sotl do oryca u do coomeememayioueld JUPERMPUCHL PAEHO IKCYEHMPU-
cumemy kpusot

J=c (2)
2°. ImaMeTpoM KpHUBOH BTOPOTO MOPANKA Ha3bIBACTCA 2€0-
Mempuueckoe mecmo cepedun napadieaviuir ropd. JlnaMerpaMu pinhtnca
U TUNepGOIbl OKA3BIBAIOTCA OTPe3RW W YUYW TPAMBIX, TPOXOIANINX Uepesd
HeHTp, a AuaMeTpaMy apaboibl — JIyUN, MapajiedbHbie ee 0CH.
YpaBHeHHUe aWMaMeTpa, AEIANEr0 TOMOIAM XOPAbI ¢ HAKIOHOM
tg o = k, Oymer

22 2
IJ1A KpUBbBIX P + i 1:
b2
y= :le‘; (3)
1A mapabodsl y? = 2pz:
P
== 4
v=7 (4)

[IBa mraMerpa pamnnca W TUNEPGONLI, U3 KOTOPBIX KaMIBIM TEJUT T0-
moliaM XOpIbl, HapajieldbHble TPYroMy, HazbhiBAIOTCA G3AUMHO CONPANCEH-
Hotmu. Vx yriaoBele kosd GUINMEHTH k U k1 cBA3aHBI 3aBUCUMoOCThIO kk1 =

b2 2
= - (y snamnca) 1 kky = — (y rumepbodsr).
a a

3°. YpaBHeHWA KacaTeabHOIM:

2 2
x ¥y _ TLo | YYo _ ..
K BJLTHIICY <a2 + )z = 1) =t = 1;
2 2
Yy N zro  yyo _
R rumnepbose <a2 — = 1) 2 2 = 1;

k mapabose (y? = 2pz) yyo = p(x + o), rae (xo; yo) — TOUKA KacaHHUA.
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2 y2

N _I_ z
25 9 .
paccToOAHNA OT TOUKM BJIUIca ¢ abcuuccoit @ = —3 1o npaBoro ¢okryca
1 NpaBoil NTUPERTPUCHI.

231. IlocTpouTh HamUIC = 1, ero nuperTpuchl U HalTH

2 2

232. llocTpouTh runepbdoIy 69 = 1, ee TUpPERTPUCHI U HAUTH

paccToAHNA 0T TOURN Tunepbodibl ¢ abciuccoit x = 5 1m0 jeBoro gokryca
1 J1eBo#l TUpPEeRTPUCHI.

233. HanncaTh kaHoHWYeCROe ypaBHeHWe IIUINCA, THPERTPUCAMT

ROTOpOro cjaymaT npsaMble T — +— u Gogapiras IOJIyOoCb ROTOpPOro

V3
paBHa 2.

234. Hanuncarh ypaBHeHHe THNepboJibI, aCHMIITOTHI KOTOPOil y =
= 4 2, a guperrpuchl = = £/6.
x
235. [loctpouts sanunc 22 4 4y? = 16, quamerp y = 5 1 comps-

MeHHBbII eMy onamMeTp u HaliTh NJIWHBI a; u b] NIOCTPOEHHBIX MOJIY-
JAnaMeTpoB.

236. Illoctpouts rumepbony z2 — 4y = 4, muamerp y = —z o
CONpAMEHHbINl eMy TUaMeTp W HaliTW yrosa MemIy AuameTpamMu.
2 2
" vy _ "
237. Haiitu nauHy TOTO MMaMeTpa HITUINCA ZtE= 1, KoTopbIit
a
paBeH CBOEMY CONPAHKEHHOMY NUaMeTpy.
22 2
¥
238. AcumMnToTa rumepdoIn 22 = 1 cocraBager ¢ ocbio Ox
a

yroa 60°. Hamnucarb ypaBHeHle nuaMerpa, CONPAMEHHOI0 C JHUaMeT-
poM y = 22. BribpaB mpou3BOILHO OTPE30K G, MOCTPOUTH KPUBYIO,
IuaMeTpbl U XOPIbl, NapajiielbHble TaHHOMY NHUaMeTpy.

239. OupenenuTh reoMerpruvecKkoe MeCTO Cepelnnt Xopi napabolb
y? = 4z, cocrapngromux ¢ Oz yroa 45°.

2 2
x

240. Haun saaunc Y + yz =

XOpHy, HedALYIOCcH B BTOH TOUKe MomoJaM.

1. Yepes toury (—2; 1) mposecrn

241. Jana napa6omra y? = —4z. Uepe3 Toury (—2; —1) mposecrn
XOpIy, OeNAamIyiocsa B 9TOM ToOURe TOTMOIaM.

242. Ha npuwmepe 3anauu 235 mpoBeputh TeopeMmy AMOJIIOHUA:
a% + b% = a® 4+ b% u aybysing = ab, rme @y U by — IAUHEL co-
MPAMEHHBIX MOJIYIHaMeTpoB, ¢ U b — mojdyocu siiiunca, a @ — yroi
MEEIY COMPAKEeHHBIMU IHaMeTpaMu.

243. Hanncath ypaBHeHHA KacaTelbHbIX K KPHUBBIM:

1) 22 4+4y% = 16; 2) 322 —y? = 3; 3) y% = 22 B Toure ¢ abeuuccoit
g =
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244. llokasarb, uro ecau npamaa Az + By + C' = 0 ecrb raca-

2 2
x
TelbHaA K JIIHICY — + Z_Z =1, o A%a% 4+ B?b? = C?.
a
YrazaHue. W3 mponopudoHadbHOCTH K03 OUIINEHTOB ypaBHeHMi
xw
—20 + % = 1u Ax + By + C = 0 ompenequth &g U yg U TOACTABUTH
a
2?2
UX B ypapHeHHe — + = = 1.
a b2

245. HanucaTh ypaBHeHIA RacaTeIbHBIX K amnnmcy x2 +4y? = 20,
napaliielbHbIX OUCCERTPUCE MEPBOI0 KOOPIMHATHOTO yIJa.
246. Hanucarh ypaBHeHIA KacaTelbHBIX K 3amncy z2 + 2y? = 8§,

nposenenubix u3 rouku (0; 6).
PRI
247. Hanuncarn ypaBHeHue KacaTelbHOH K amiuncy — + — = 1,
a2

h2
oTCekatollell Ha 0CAX KOOpPIUHAT PaBHble MOJOHUTENbHbBIE OTPE3KU.
248. llorkasath, uro ecau npamasd Az + By+C = 0 ectb KacaTeib-
2 2
x
Haf K THnepbore — — i 1, ro A%2a? — B2b? = (2 (cm. yrasanue
a
K 3amaue 244).
249. Hanucath ypaBHeHHA KacaTelbHBIX k THIep6oie 422 — 9y? =
= 36, nepneHINKYIAPHBLIX K npamoil  + 2y = 0.
250. [TorazaTb, UYTO HOpPMAalb K JIIUINCY €CTh OMCCeKTpHca yria
MeHIy paluyc-BeKTOpaMu COOTBETCTBYIOUIEl TOUKM BIJIUICA.
251. [orasaTh, 4T0 RacaTenbHad R TUTepboie ecTh OHUCCERTpHCA
yraa MemIy paiuyc-BeKTOpPaMU TOYKW KacaHUA.
252. [loka3aTh, UTO JYYW, BRIXOAAIINEe U3 (GORyca mapaboiwl, oT-
pamatorcAa 0T mapabodibl 10 NPAMbBIM, NapajljlellbHbIM €€ OCH.
YrazaHue. HymHo HamlicaThb ypaBHeHKe HopManu M N | HaifTH TOYRY

N mepecedyeHNd ee ¢ ockbio mapabonabl U mokasaTh, UYtTo F'M = FN rme F' —
doryc mapadoabl.

22 2

253. Hatiti Touku nepeceyeHUA aCAMIITOT THIEPOOIb T =
C ee UPERTPUCAMU.

254. lloctpours saaunc 22 4 4y? = 16, ero nuamerp y = = u
CONpAMEHHbIN eMy THaMeTp U HaliTh yrosa Memay 5TUMHU TuaMeTpaMu.

255. OnpeneiuTh reoMerpuYecKoe MeCTo cepelut Xop runep6osb
2?2 — 4y? = 16, cocrapasaomux yroa 45° ¢ ocwio Oz.

256. Jlana runep6ona 422 — y? = 4. Yepes Toury (2; 2) mposecrn
XOpHy, HedALYIOCcH B BTON TOUKe MoMoJaM.

257. Ha sanumnce 22 + 2y? = 6 B3aTa Touka M c opinmmHatoil 1
U oTpuiarenbHoit abcumccoti. Hafitu yroa racaTenbHol K HIATUNCY B
touke M ¢ npamoit OM.
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258. llokasarb, uro ecau npamasa Az + By + C' = 0 ecrb raca-
TembHag K mapabome y? = 2px, 10 B%p = 24C (cM. ywazaHMe K
3anade 244).

259. HanucaTn ypaBHeHue KacaTelbHoil k mapaboie y? = 8z, na-
pannenbHoit npamoit x + y = 0.

§13. IIpeobpazoBanue TeKAPTOBBIX KOOPIHHAT.

Mapaboamr = 24 + u = 24 4+ .
I'nnep6omxa =

1°. RoopnuHate! (#; y) B maHHOM cHcTeMe TpeobpasdyoTca K KOOpIWHa-
taM (X; Y) B HoBoil cHcTeMe 10 dopMyTam:
1) npu napaaseavronm cdsuee oceti U mepeHeceHUW Hadada KoopnUHaT
B Toury O1(o; )
r=X+a, y=Y+35 (1)

2) npu nosopome oceti Ha yroa
r=Xcosp—Ysing, y=Xsinp+ Y cosp. (2)

2°. YpasHeHUe y = a(r — )? + 3 nepeHocoM Hauala KoOpAUHAT B
roury Oj(cv; 3) upuBomurea & Bumy Y = aX? W, caegoBaTenbHo, omnpene-
ader napaboay ¢ epuHOH Oj(«; §) W 0CcbI0 CUMMETPHUH, MapalienbHoit
Oy (puc. 8). YpasHeHUe y = ax? + bz + ¢ BbileneHHeM B npaBoii JacTi
MOJTHOTO KBampaTa MPUBOAUTCA K HPEIBIOYIIEMY W M03TOMY TOME OIPEIeTAeT
napaboay. Ilpm a > 0 mapaboma oT BepITMHBI HamlpaBieHa «BBEpPX», MPHU
a < 0 — «BHU3».

3°. YpaBHeHWe ay = k mpH moBopoTe oceil KoopmiMHAT Ha yrod
¢ = 45° mpuBomuTea & BuAy X2 — Y2 = 2k u, clemoBaTelbHo, oIpeeisaeT

¥ Y

Puc. 8 Puc. 9

PASHOCTNOPORNIOI 2unepboay, acHMIITOTAMH KOTOPOI CIymaT ocH KOOpPIOH-
Hat (puc. 9). YpasHeHWe (# — «)(y — §) = k mepeHocoM Hadasia KOOpIHHAT
B Touky O1(a; ) npuBonHred k BUAY XY = k W M03TOMY TOMe ONMpPENeNAeT
PaBHOCTOPOHHIOK TUIEp6OITy.
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260. 1) Toura A(3; 1) mpu mapamieqbHOM cABHTe oceil KOOPIMHAT
nony4uiaa Hoere KoopuuHater (2; —1). [locTpouTsh TaHHbBIe I CMeleH-
Hble OCH KOOpAHHAT U TOUKy A

2) Haiiti ocTpsrit yrom moBopoTa oceil KOOpIMHAT, PN KOTOPOM
touka A(2; 4) nonyunt HoBywo abcumecy 4. Iloctponts obe crmcrembr
KOOPIUHAT U TOUYRY A.

261. llepenecennemM Havyajla KOOPAMHAT YIPOCTUTHL YpaBHEHUA:

(=27 (96+3) =12

1) +y+1)?= 2) = b
3) (y+2)2 =4z - 3); 4) 2y = — (2 +2)%
5)96 +4y? — 62 + Sy = 3; 6) y? — 8y = 4u;

7) 22 —4y? + 82 — 24y = 24; 8) 22+ 62 + 5= 2y.
[MocTpouth crapblie U HOBBIE OCH ROOPIMHAT U KPUBLIE.

262. lloBoporom oceit koopaunar Ha 45° ynpocTuTh ypaBHeHUHA:

1) 522 — 62y + 5y% = 32; 2) 322 — 102y + 3y2 + 32 = 0.
[MocTpouth crapblie U HOBBIE OCH ROOPIMHAT U KPUBLIE.

263. [loctpouth Mo TOUYRAM KpPHUBYIO £y = —4 W TOBOPOTOM oceil
Ha yroun ¢ = —45° npeobpasoBaTh ypaBHeHUe.

264. [leperocom Havyaja KOOPIMHAT NPUBECTH K BUILY 2y = k ypaB-
HeHUA KPUBbIX:

1) 2y — 2z = 6; 2) zy— 22 —y+ 8 =0;

3)zy—ax+2y=6; 4)ay+ 2z =3y.

YrazaHUe. YpaBHeHUe zy + Az + By + ' = 0 MomHo HamWcath B
sune (¢ + B)(y+ A) = AB—-C.

265. [loctponTth mapabombl:

Dy=(-2?% 2)y=(r-2)?2+3;

By=(+2?% Hy=(+2)?°-

266. [loctponTth mapabombl:

Hy=2a?—4o+5; 2)y=a?+2x+3;

3)y=—a2+42z -2,
BBINEJIUB B MPaBbIX YacTAX ypaBHeHU! NMOJHbIe KBaapaThl.

267. [loctponth mapabombl:

1) y=4dz —2?u?2)2y=3+2r—a?
Halid UX TOUKH mepeceueHud ¢ ocbio Oz,

268. Crpyda Bonbl oHTaHA NOCTUTAaeT HaUbGObIed BBICOTHI 4 M Ha
paccroguuu 0,5M or Beprukanu, npoxoudiieil uepes Toury O BbIXOIa

crpyu. Haiitu BbIcoTy cTpyu Ham ropudoHTambio Oz Ha pacCTOAHUN
0,75M ot Touru O.
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269. CocraBuTh ypaBHeHUe Tapaboiibl, CHMMETPUYHONH OTHOCHTeb-
Ho ocu Oy 1 oTceralolieil Ha Heil oTpe3ok b, a Ha ocu O — oTpe3Ku
au —a.

Yrazanue. B ypasHeHum mapatoxs! uma y = Ax? 4+ Bx + C moz-

CTaBUThH KOOPIMHATHI TaHHBIX Ha mapabose Todek (—a; 0), (a; 0) u (0; b) m
3areM Haittl A, B u C.

270. Ilapabona y = ax? + bz + ¢ IPOXONUT Uepe3 TOUKH 0(0; 0),
A(—1; =3) u B(—2; —4). Hamucars ypaBHeHHe OKPYKHOCTH, THaMeT-
POM KOTOPOil caiymuT orpe3ok ocu Ox, oTceyeHHbII mapadosoii.

271. Ha raroii yros Hy#HO NOBEPHYTH OCH KOOPAMHAT, YTOOBI HC-
ye3 ylleH, collepkalinii Xy, B ypaBHEHUAX:

1) 22 —zy+y% -3 =0; 2) 52?2 — 4oy + 2y? — 24 = 07

[MocTpouth crapblie U HOBBIE OCH ROOPIMHAT U KPUBLIE.

272. Oupenenurh TPAGKTOPUIO [BUMKEHUA Myau, GPOIIEHHON MoK
YIIIOM (0 K TOPUB0HTY € HauallbHOM CKOPOCThIO vg. OnpenenuTrb Takke
MaIbHOCTh TOJ€Ta MyIH W HAWBBICIIYIO TOYKY TPaeKTOPHH (COMpPOTH-
BIIEHHEM BO3[yxa mpeHeGpedn).

273. Hanucatsb ypaBHeHNe reoMeTprieckoro Mecra touer M (z; y),
OTHOIIIEHTe PaCCTOAHMIT 0T KOTOPBIX 10 Toukn F'(4; 0) K paccTogHUAM
o npAMoit * = —2 paBHO 2.

274. llora3arh, UYTO MepeHOCOM Havaja ROOPAMHAT B JIEeBYI0 Bep-
2

ITNHY HJIHUICA 2 + Z—Z = 1 uaum B TNpaByl0 BePLINHY TUNepdOobl

$2 2

Z 1 0ba ypaBHeHHA NPUBOIATCA K OIMHAKOBOMY BHIY: 4% =
b2

=2px+qr’,rmep=—,aq=¢e*—1.
a
275. Ilo pegyabraTam 3amaum 274 ompenenuTh HKCIEHTPUCHTET U

1 1
tun kpusoit: 1) y? = x—1$2; 2) y? = x—|—1$2; 3) y? = z. Tlocrpouth

KpUBbIe, HallIf [JIA MepBbIX IBYX TOYKM MepecedeHud X ¢ ochio Ox
U mapaMmerpwl ¢ u b.

276. BoinenmenneM TOJTHLIX KBaApaToB W MepeHOCOM Hadala ROOP-
IUHAT YIPOCTUTh YPaBHEHUA JTUHUIM:

1) 222 + 5y — 122 + 10y + 13 = 0;
2) a2 —y? + 62 +4y—4=0;

3) y* + 4y = 2z;

4) 2?2 — 10z = 4y — 13.

HOCTpOI/ITb CTapble N1 HOBbIe OCH W KpUBLIE.
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277. lloBoporoM oceii koopauHat Ha 45° yIpocTUTh ypaBHeHUe
322 — 22y +3y? — 8 = 0. OnpenenuTs KOOPIHHATEL (hOKYCOB B CTAPOIl
cucTeMe KOOpIUHAaT.

278. HanucaThb ypaBHeHUe ORPYHRHOCTH, THAMETPOM KOTOPOit cay-
RHIT OTPe30R, oTcekaeMbIil Ha ocu Oz mapaGomoit y = 3 — 22 — z2.
Mocrponth obe BpuBLHIe.

279. HanucaTh ypaBHeHUe ORPYHRHOCTH, THAMETPOM KOTOPOit cay-
HMUT OTpe30K npAMoit x + y = 6, orceueHHbIt runepbonoit xy = 8.
[MocTpouts Bce Tpu NWHUH.

280. Toura A — Bepuinna napabount iy = z2+ 62 +5, B — Touka
nepeceuenud mapaboiubl ¢ ochio Oy. Hamucarb ypaBHeHUe nepneHiu-
KyJifipa, BOCCTaBIEHHOI0 M3 cepelnHbl oTpe3ra AB.

281. CocraBuTh ypaBHeHUe apaboiibl, CHMMETPUYHONH OTHOCHTEb-
Ho ocu O u oTceraroliieil Ha Heil oTpe3ok —4, a Ha ocu Oy — oTpe3Ku
4n —4.

YrRazaHHe. YpaBHeHHe Hapabosibl HOMKHO HMeTh BUI & = ay’ + c
(moueMy?).

282. llocTpouth Mo ToOUYKRAM TepecedeHMsA ¢ 0CAMU KOOpPOWHAT Ia-
paboJbr:

1) 3y=9-22% 2)y? =9 - 3u;
3 yl=4+a; 4)a?=4+42y.

283. Hanucarsb ypaBHeHMe reoMerprieckoro Mecra touer M (z; y),
OTHOIIIEHTe PaCCTOAHMIT 0T KOTOPBIX 10 Toukn F'(4; 0) K paccTogHUAM
mo mpamoii @ = 10 paBHo 1/2.

§ 14. CMenraHHbIe 3aMaYd HA KPHUBBIE BTOPOTO MOPATKA

284. HanucaThb ypaBHeHHe ORPYHRHOCTH, THaMETPOM KOTOPOit cay-

HMUT OTPEe30R mpAmMoit — + b= 1, orceueHHBIHT 0CAMU KOOpPAMHAT.
a

285. Hatitim paccTofAHte 0T IeHTpa OKPYMHOCTH 22+ y2 +ay=20
mo npAMoit y = 2(a — ).

286. Uepes nenTp okpymuocTH 2 4 y? = 2ax mpoBeneHa mpAMasd,
napainenbHaa npAMoil x + 2y = 0 u mepeceramIasg OKPYHEHOCTH B
tourax A m B. Haiitn mnomane AAOB.

287. [lorasaTh, 4To reoMeTprHUecKoe MecTo Touek M, KoTophle yaa-
JeHLI B M pas Hajlbllle 0T AaHHOH TOYKKH A, YeM oT Ipyroil maHHOii
Toukd B, ecTh npAMad npu m = 1 u OKpymHOCTH mpu m # 1.

288. Orpesor AB pasnenen wa yactu AO = a u OB = b. lloka-
3aTh, 4TO reOMeTpHYecKoe MeCTO TOYeK, U3 RoTopbix orpeskn AO u
OB BumHbI N0x paBHLIME yIIaMH, €CTh IpAMad NP ¢ = b U ORPYiEk-
HOCTh Tpu @ # b (aHO.H.HOHI/IeBa Opr}EHOCTB).
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289. Onpenenuth Tpaexropuio Toukn M (z; y), nBHmyLIeiicA Tag,
4TO CyMMa KBaJpaTOB PacCTOAHUIT OT Hee 10 MPAMBIX y = kx u iy =
= — kx ocraercsa MOCTOAHHOIN W paBHOIl a.

290. Jsuruinc, CUMMETPUYHBIN oTHOCHTeNbHO ocu Oz W mpAMoOit
& = —5, mpoxonut yepe3 tourn (—1; 1,8) u (—=5; 3). Hanucars ypas-
HeHUe BJIJIUICca U MOCTPOUTH €ro.

291. Haftty miommamb paBHOCTOPOHHETO TPeyTrolbHWKA, BUHUCAH-
Horo B runepbony r? — y? = a.

292. Hatity yrom Memny nuaroHaldMy NPAMOYTOIbHIKA, BePIIMHE
KOTOPOr0 HaXOATCA B ToOUKaxX Iepeceuenud piauinca z2 + 3y? = 12/2
u runepbonnt 2 — 3y? = 612.

293. OKpy#HOCTb € LEHTPOM B Hauaje KOOpPAMHAT NMPOXONUT Ye-
pes dorycn runepbonst x2 — y? = a?. Haiitu Toukn nepeceuyenns
OKPY#HOCTH ¢ aCUMIITOTaMU T'UTepPOOoJibl.

294. lloctpours rumepboiant zy = —4 u 22 — y? = 6 u naiirtu
mmomanh AABC, e A 1 B — BepmuHbl AByX TepeceRaronnxca
BerBeil rumep6on, a C' — TouKa mepecedeHUd IBYX APYIUX BerBeit
runepbour.

295. [lokasaTh, UTO MPOU3BeNeHNe paccTOAHNN m000it TOUYRU TH-

a®b?
nepboJibl OT ee aCUMINTOT eCTh BeJMYMHA MOCTOAHHAsA, PaBHaA oz

296. Hafitu namHy W ypaBHeHWe MepIeHINRKYIApPa, OMYIIEHHOTO

2

u3 ¢oryca napabouabl y = -y Ha MPAMYIO, OTCEKaloUIyl0 Ha OCAX

KOOpIUHAT oTpe3ku ¢ = b = 2.

297. locrpouts snunc z2 + 4y? = 4 u napabony 22 = 6y u
HallTu WIOIIamb TpamelWd, OCHOBAHWAMHN ROTOPOH caymar Ooabirad
0Cb BJININCA U 0b1Iad XopHa HIunca 1 napabosbl.

298. 113 qokyca mapaGoael y? = 2pz, Kak U3 LeHTpa, ONHCAHA
OKPY#HOCTb TaK, 4To 0011ad Xopla KPUBLIX ONMHAKOBO ylajeHa OT
BepINHLI U 0T hoKyca napabonanl. HanmcaTh ypaBHeHNe OKPYHEHOCTH.

299. Haiitu navHy u ypaBHeHNe NepPIeHANKYIAPa, ONYIIeHHOTO U3
BepIInHbI napabons by = v2+2ax+a?4-b? Ha NpAMYIO, OTCEKAIONTYIO
Ha 0CAX KOODIMHAT OTpe3Ku « u b.

300. lMocrpoutsh Mo ToURaM TepecedyeHMA ¢ OCAMU KOOpPOWHAT Ia-
pabonsl 4y = 12 — 22 n 4z = 12 — 42 W HalTH IIWHY UX 06IIei
XOPIbI.

301. Hafitu numomanh 4eTsIpeXyrolbHUKA ¢ BepITHHAME B TOURAX
nepeceueHns mapabonsl y = 4 — 22 ¢ ocsio Oz U ¢ npaMoil y = 3.

302. Hanmcarh ypaBHeHWe ORPYMHOCTH, TPOXOAAllell Yepe3 Ha-

JaJI0 RoOpAMHaT M 4Yepe3 TOYKM IIepecedyedHMd Hapaﬁonm y= — -
a

— 22 4+ a ¢ ocAMY ROOpAUHAT.
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303. [lan saaunc 22 + 4y? = 16. U3 ero epuunnt A(4; 0) npo-
BeleHbl BCeBO3MOHbBIe XOpabl. OuUpereluTh reoMerpuyeckoe Mecro
cepelrH STUX XOPI ¥ MOCTPOUTH KPUBLIE.

304. Onpenenuth Tpaexropuio Toukn M (z; y), nBHmyLIeiicA Tag,
YTO PasHOCTh KBAApPaTOB PACCTOAHUIT OT Hee 10 OMCCEKTPHC KOOPIH-
HATHBIX YIJIOB OCTaercd paBHOil 8.

305. CocraBuTh ypaBHEHHE TeOMETPHYECKOT0 MecTa IeHTPOB OK-
pymHOCTefi, npoxondamnx Yeped Touky A(3; 4) u racawounxed ocu Oz.

306. BoinenenneM MOTHBIX KBaJpaToB M MepeHOCOM Hayaja YIpo-
CTHTH ypaBHeHne auHNH 22 —y% —42 —6y—9 = 0. IlocTpouTs cTapsie
1 HOBBIE 0CH KOOPIMHAT W KPUBYIO.

307. Haiitn reoMerpuyeckoe MecTo cepeiint (HORAIbHLIX pagHyc-
BEKTOPOB, NMPOBEIeHHBIX U3 NMPaBoro (pokyca KO BCeM TOYKAM THIEp-

2
6011 . - 1
9 16

308. Hanucarh ypaBHeHHe DIUIHICA, MPOXONAIIEI0 Yepe3 TOUKY
A(a; —a), ecn hoKych ero HaxonATcA B Toukax F(a;a) u Fy(—a; —a).

YOpocTuTh ypaBHeHMe TOBOPOTOM oceil koopuuHar Ha 45°.

1
309. IToBopoTom oceit KoopauHAT Ha yrod ¢ = arctg 3 YIPOCTUTh

ypasHenue muann 3z2 + 8zy — 3y? = 20. HocTpouts cTaphle U HOBLIE
0CW ROOPIUHAT U RPUBYIO.

310. Hamucarh ypaBHeHHe TeoMeTpPHUYECROTO MecTa TOYER, pas-
HOCTb KBalpaToB paccTOAHUI 0T KOTOPBIX Ho npamoit 3z + 4y = 0
u o ocu Oz ocraeTcd MOCTOAHHON U paBHOi 2, 4.

311. Hanucats ypaBHeHHe reoMeTprieckoro Mecra touer M (z; y),

" p
OTHOILIEHIIe PACCTOAHUIT 0T KOTOPBIX 10 Touku F (?, 0) & pac-
€
T p
CTOAHUAM [0 MPAMOHl & = —————— paBHO €.
e(e+1)

312. llocTpouTh obiacTi, KOOPANHATHEI TOUEK KOTOPBIX YIOBIETBO-
PAIOT HepaBeHCTBaM:

1) R2 < 2?2+ 4? <4R?u 22 > R%/4;

2) 22 —y? > a? n 2? < 4a?;

3) 2y > a® u |z +y| < 4a;

4) 20 <y 4dyma?+y?4+4x+4y <O.

§15. O0miee ypaBHeHHe JHHHH BTOPOTO TMOpPAIKA

1°.IuHMe#t BTOporo mopAIKa HazblBaeTcA JUHUA, OIpeneaAeMant
ypaBHeHNeM 2-if cTelleHM, KOTOpOe B 00IlleM BHie MOMKHO HamuhcaTh TaK:

Ax? 4+ 2Bzy + Cy?> + 2Dz + 2FEy+ F = 0. (1)
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CocraBnM 13 Ko PUIHEHTOB ypaBHeHNA (1) mBa ompeneqnrels:

A B D
6:‘§g,A:B(1E.
D E T

Omnpenenurens A HasbiBaeTcA duckpumunanmom ypasnenus (1), a6 —
JUCKPUMUHAHMOM CIMAPUWUT €20 uAcHO8. B 3aBUCUMOCTH 0T 3HaUeHWH § 1
A ypapHeHHe (1) onpemender caeayoniii reoMeTpIHUecKIii 06pas:

A#£0 A=0
d > 0 | dnmmnc (meficreurensHerit i | Todka
MHWMBITH)

4 < 0 | T'muepboaa Tapa mnepecerarommxca TmpA-
MBIX

6 =0 | Mapaboaa ITapa mapamaenbHBIX TPAMBIX
(meficTBUTENBHBIX TJIM MHH-
MBIX )

2°. MlpeobpasosaHme ypapHeHWA (1) r nmeHrpy. Ecam § =

A B
= ‘B C" # 0, To TUHUA UMeeT TEHTP, KOOPIMHATHI KOTOPOTO HAXOTATCA
13 ypaBHeHU

Py (x,y) =0, Py(z, y) =0, (2)
rne ®(x, y) — neBaa dacth ypasHeHHA (1). IlepeHecAa Hadamo B IEHTp
O1(x0; yo) (puec. 10), npuBeneM ypaBHeHHe (1) ® BUmY

Ax? + 2Bryy + Cy2 + Fy = 0, (3)
rie
A

3°. Mlpeo6pasopaHrWe ypaBHeHNA (3) K 0cAM CUMMeTpHH.
TosoporoM oceit 0121 1 O1y; Ha Hekoropsrit yroa ¢ (puc. 10) ypaHeHMe
(3) mpEBOANTCA K KaHOHWYeCKOMY BUMY:

AXZ OV R =0. (5)
Rosdpdunuenrsr A; n O ABAAIOTCA KOPHAMH ypaBHeHWA
M (A4+CO)A+3d=0. (6)
Yron moBopoTa ¢ HaxomuTcdA mo dhopMyie
B
tgp=—-—+ (7)

Ay —C7
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4° TNIpeobpasoBaHWe ypaBHeHWA JIWHWUM BTOPOTO MOPHAI-
Ka, He UMetomeit meHTpa. Ecou § = 0, To AWHUA He WMeer HeHTpa
WU He MeeT onipeleleHHOTo TleHTpa. Ee ypaBHeHUe MOKEHO ToTma 3amuicaTh
B BHIe

(x4 By)> + 2Dz + 2By + F = 0. (8)
Cayvait 1. D m F uponopiMioHansHel o U 3: D = ma, E = mf.
YpasHente (2) npumer sun (ax + By)? + 2m(ar + By) + F = 0, orkyna
ar+ By = —m v/ m2 — F — napa npaMbIX.

Caydvai 2. Du E He nponopiHoHaabHel o« 1 §. YpasHeHNe (8) MomHO
nepenyicaTh B BUIE

(ax—i—ﬁy—i—n)z—i—Qm(ﬁx—ay—l—q) =0. (9)

IlapaMerpsr m, n W ¢ HalioyTca cpaBHeHHeM Koa(pGHUNEHTOB B ypaBHe-
HuAx (8) u (9). Mamee, mpiHAB 3a ock 01X mpamyio ax + By +n = 0, 2a
ar+ fy+n

et B

. Tocaie sroro ypasrerue (9) npumMer sin Y2 = 2pX | rae

ock O1Y mpamyio Sz — ay+ ¢ = 0 (puc. 11), Hajinem: YV =

_ Br—ay+q

Iy

X

y Ut

Y X

N
(o ot
0 X

0 X @

Puc. 10 Puc. 11

||

p = ————. Ocb O X HampaBaAercA B Ty MOJYIIOCKOCTh, B KOTOPOIt
/o2 + 62

Bx — ay + ¢ HMeeT 3Hak, TPOTHBOMOMOAHLIN 3HaKy M, Kak 5T0 CJaenyeT H3

ypasHeHTA (9).

313. BrrAcHNUTL reoMeTprHUecKil CMBICT YpaBHeHHIA:
1) 422 —y2 = 0; 2) 42 + y? = 0;

3) a2 +y? + 22 +2=0;

4) 22 +y? — 62 — 8y +25=10; 5) a2+ ay=0;

6) y2—16=0; 7) 22— 3zy+2y2=0.
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314. Hattitu neHTpsl ¥ Tpeobpa3oBaTh K MeHTPY YpaBHEHUA TUHUN:
1) 222 4 3y? — 4o + 6y — 7 = 0;

2) 22 —y? —da + 2y — 4 = 0;

3) 222 + by + 2y? — 62 — 3y — 8 = 0.

315. TloBopoToM oceit koopanHAT Tpeobpal3oBaTh ypaBHEHUA K Ka-
HOHUUYECKOMY BUIY M MOCTPOUTb KPUBBIE:

1) ba? — 4oy + 2y% = 24; 2) 222 + day — y? = 12.

316. [IpeobpasoBaTh K RAHOHMYECKOMY BUIY YpPaBHEHWA U MOCTPO-
UTh KPUBbIE:

1) 322 — 22y + 3y% — 42 — 4y — 12 = 0;

2) 22 — 6oy +y? — 4v — 4y + 12 = 0.

317. lIpeobpasoBaTh K RAHOHWYECKOMY BUIY ypaBHEHUA JUHUIL:
1) 22 + 4oy + 4y — 20z + 10y — 50 = 0;

2) a2 —day +4y? — 62+ 12y +8 =0

1 NOCTPOUTH UX.
318. llo muckpuMuHanTaM ¢ W A ONpegequTh TeOMeTpHUecKui
CMBICI ypaBHEHMUIi:

1) 22 — 4oy + 3y — 82 + 14y + 15 = 0;

2) 2?2 420y +4y? — 22 +4y+4=0;

3) 22 4 dzy+ 4y + 32+ 6y+2=0.

PeminB nmepBoe u Tperbe ypaBHEHHA OTHOCHTENLHO Y, MOCTPOUTH JIH-
HUH, oNpeelseMble STUMI YpaBHEHUAMHU.

319. llpuBecT K KaHOHHYECKOMY BHIY ypaBHeHWe KpUBOH y —
32?2 — 12044
N 4z — 8

320. Hanucarb ypaBHeHMe KPUBOIi BTOPOro MoOpsAika, MMeromieii
nentpom toury Oj(1; 2) u mpoxondAuieil Yepe3 Havyan0 KOOPIMHAT W
gepes rourn (0;4) u (1; —1).

321. llorasars, 4TO ypaBHeHHe /T + VY = \/@ ompenenser IyTy
napaboiibl, TOCTPOUThL Napabony U HaliTH ee BepIIMHY.

1 IMOCTPOUTH ee.

YrazaHue. [loBepHyTh 0cH RoOpAMHAT Ha yroa ¢ = —45°.

322. Hanucatsb ypaBHeHNe reoMeTprieckoro Mecra touer M (z; y),
OTHOIIIEHTe PACCTOAHUA OT KammIoil M3 KOTOpbIX 10 Toukm ['(m; n)
R paccTodHWIO OT Hee M0 mpaAMoit zcosa + ysina — g = 0 pasHo
e. O6o3HauuB KodhGUIMEHTHI NOJIyUeHHOr0 ypaBHeHusa uepe3 A, B,

C, ..., onpenenuth naBapuantel A + C' 1 & ‘é g .
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323. BrrAcHNUTL reoMeTpHUecKil CMBICT YpaBHeHMIA:
1) 22 — 4942 = 0;

2) 22+ 2y + 42 — Sy + 12 = 0;

3) 2% + bazy — 6y% = 0.

324. lpeobpasoBaTh kK RAHOHUYECKOMY BUIY YpaBHEHWA U MOCTPO-
UTh KPUBbIE:

1) a2 —ay+y?— 22 -2y —2=0;
2) 322 + 10zy + 3y% — 122 — 12y + 4 = 0.
325. lIpeobpasoBaTh K RAHOHMYECKOMY BUIY ypaBHEHUA:
1) 22 — 22y + y? — 102 — 6y + 25 = 0;
2) a2+ 22y +y? -4 —4y+3=0
1 MOCTPOUTh JUHUM, U300pamaeMble UMHU.

326. [lo muckpuMuHanTaM ¢ W A ONpegeqnuTh TeOMeTpHUUecKui
CMBICI ypaBHEHMUIi:

1) 22 —2zy+y? —da +4y +3=0;

2) a2 — 22y — 3y% + 62 + 10y — 7 = 0.
Pewus kamnoe ypaBHeHne OTHOCHTENbHO ¥, TOCTPOUTh JHHUIO, ONpe-
JeJIFIeMyT0 UM.

327. Hanucatsb ypaBHeHNe reoMeTprieckoro Mecra touer M (z; y),
OTHOIIIEHTe PaCCTOAHMIT 0T KOTOPBIX 10 Toukn F'(3; 3) K paccTogHUAM

mo npAMoit @ + y = 0 paBHO: 1) e = 3 2) e=2.

328. Hanucarb ypaBHeHUe reoMerpruueckoro Mecra rouer M (x; y),
OMMHAKOBO yIaleHHbIX 0T Touku ['(a/2; a/2) u or mpamoii z +y = 0,
1 IPUBECTH ero K KaHOHHYeCKOMY BHIY.

329. Hanucarh ypaBHeHHe TeOMETPHYECKOr0 MecTa TOYer, pas-
HOCTb KBaipaToB PacCTOAHMUI OT KOTOPBIX 10 NpAMOH x — 2y = 2
u 1o ocu Ox ocraercsa mocrogHHON 1 paBHoil 3,2. IIpeobpasoBarhb ero
K KaHOHIMYECKOMY BHIY U NOCTPOUTH KPHUBYIO.

§ 16. IlonapHbie KOOPIHHATHI

Ilycts Ha maocrocTW maHa Todywa O — momtoc W ayd OP — moasApHad
ock (prc. 12). Torma nosmomeRne ToUrM M Ha TMITOCKOCTH OTMPETENTTCA:

1) noaspuvin yeaom ¢ = LMOP;
2) daunoti r paduyc-eexmopa Oﬁ: r= |qu |.

Ilpy n3yyeHUW ypaBHeHU, CBABLIBAIONIUX T U (o, OBIBAET MOJE3HO pac-
cMaTpUBaTh MOJAPHBIE KOOPAWHATHI ¢ U 1 HPUHUMAIIIUMN Kakle YromgHo
TMOTORATENBHBIE U OTpUIIaTeTbHBIe 3HauYeHUA. IIpu sTOM oTpUIIaTeTHHBIE
YTIBL (0 OTCYHUTBIBAIOTCA 110 YacoBoll cTpenke, a oTpUUaTedbHEIE T OTKIAIbI-
BaTcA He M0 JyYy, a 10 €ro IMPOHoJIHeHHUI0 3a IOJI0C.



§16. Ioaapraere KOOpJUHATEI 45

Ecau npuHATE modioc 3a Hayasio HeKAapPTOBLIX NMPAMOYTOIBLHBIX KOOPIHU-
HaT, a moaApHyio ock OP — 2a ock O, To IeKapTOBBI KOOPAWHATHL (X; Y)
ToUKN M T ee moJNApHBIE KOOPIWHATHL (5 1) Oy- yT

OyT cBA3aHbI 3aBUCHUMOCTBIO M(gp; )

T =rcosp, y=rsingp; (1)
y
r=Var P tgp=2 2)
P
—
Ecay nprHATE (GoKyC 2IINMICA, THIEPOOIBl U () X

mapabosbl 3a modioc, a (QoKATBHYI 0Chb CHMMe-
TPUN 3a HOJAPHYIO OCh, HampaBleHHYIO B CTO- Puc. 12

pOHY, NpOTHBONOJNOMHYIO OiMmatinieil Bepiilie, TO ypaBHeHIe BCEX TPeX
KPHUBBIX B HOJIAPHBIX KOOpIUHAaTaxX 0ymeT onMHAaKOBBIM:

p
r= ) (3)
1—ecosep
Ioe € — BKCIeHTpUcUTeT, a p — mapaMerp. J[aa snxmumca U rumepboas

b2
p=—
a

330. B nonsApHoit cucreme koopmmHAT (¢; ) MOCTPOUTH TOYKH
A(0; 3), B(x/4; 2), C'(7/2; 3), D(m; 2), E(37/2;3).

331. lloctpours Toukn A(w/2; —=2), B(—7/2;3), C(—=r/4; —4),
D(2x/3; —3).

332. lloctpouts aunnio r = 2 4+ 2 cos ¢.

Ywrasanue. CocraBurs Tabanuy sHadeHWH r nas ¢ = 0; +7/3; £7/2;
+27/3; 7.

333. lloctpouts anuun (cm. c. 334 u 335, puc. 80, 81 n 86):

1) r=ayp (apxmMenoBa cIupaib);

2) r=a(l —cosy) (rapamonma);

3) r2 = a?cos2¢p (meMHUCKaTa);

) r=alp (rumepbornyecKas CIIpaib);

5) r=ua(l+2cosy) (ymurka [lackansn).

334. llocrpours nunuu: 1) r =a; 2) ¢ = Z; 3)r=—o0m1u
4 sin

335. Hanncath B MOMAPHBIX KOOPIWHATAX ypaBHeHHA: 1) MpAMOI,
oTceKarollell or MoaApHOIl 0CH O0TPe30KR ¢ U NMepHeHINRYIAPHOIl K Heil;
2) mpaMoii, mpoxonAiieil yepes toury A(a; @) m mapamnenbHOIT m0-
JApHOIl ocu.

336. HanmcaTs B monApHBEIX KOOpAWHATaX ypaBHeHNe TpAMoil, Tpo-
xonsAieil gepe3 Toury A(q; @) m cocraBidAoIIeil ¢ MOTAPHOH 0CHIO
yroa 3.

337. HanucaTh B moJAPHLIX KOOpOUHATAX ypaBHEHWEe OKPYMHHOCTH
¢ meatpom B toure C'(0; @) n panuycoMm, paBHBIM @.



46 [n. 1. Apaanrudeckas reoMeTpHA HA MJIOCKOCTH

338. llocTpouth KpuUBHIE:
1) r=3—2sin2¢p; 2) r =2+ cos3y;
3) r=1-—sin3e.

YraszaHue. OnpemeJlTh YIIbl, TPH KOTOPBIX UMeEM Tmax U Tmin-

339. lloctpouts auuun (cM. c. 334, puc. 82 n 83):

1) r = asin 3¢ (TpexienecTkoBasg po3a);
2) r =asin2¢ (uernlpexienecTroBasg po3a).

340. TIpeocbpa3oBaTh K MONAPHBIM ROOPIWHATAM ypaBHEHUA IH-
HUii:

1) 2% — y? = a2 2) 22 4 y? = a2

3) zcosa+ysina—p=0; 4)y=uz;

5) 22 +y? = ax;

6) (22 + %)% = a?(2? - y?).

341. MpeobpazoBarTh K TeKapTOBLIM KOOpIMHATAM ypaBHEHWA IH-
HUIl U TOCTPOUTDL JUHUU:

1) rcosp=a; 2)r=2asiny;
3) r?sin 2¢ = 2a?;

4) rsin (c,o—l— %) = av/2;

5) r=a(l+cosp).

342. Hanwcarh raHoHWYecKHe ypaBHEHUA KPUBLIX BTOPOTO TO-
pAnKa:

9 9
Nr=——; 2)r=——;
5—4cosyp 4 —>5cosp
3
hr=—>0 .
1 —cosep

343. Kouxouma. Yepe3 toury A(w/2;a) mpoBemeHa mpamad,
napaiienbHad noudpHoit ocu. IlpousBonbubiit ayu OB nepeceraer
9Ty npAMyio B Touke B. Ha nydue or Touku B mno ofe ee cTOpPOHBI
otno#enbl orpesku BM = BM, = b. Oupenenurb reoMerpuyeckoe
mecto Touek M u My B NoiApPHBIX KOOpPIUHATAX U NOCTPOUTH KPUBYIO.

344. Ctpodouna. llpamaa x = a nepeceraer ocb Ox B Touke A
u npousBoibHbIL nydy OB B Touke B. Ha ayue or touku B 1o obe ee
CTOPOHBI oTiomenbl orpe3kun BAMy; u BM,, pasusie AB. Hanucarh
ypaBHeHUe TeoMerpuyeckoro mecra touek M; u My B monfpHBIX u
NeKapTOBBIX KoopamHaTax (puc. 84, c. 335).
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345.0Ban Haccunu. Toura M (p; r) nBumercda Tak, 4T0 mpo-
u3BeleHne paccroanuii or Hee g0 touer F'(0; a) u Fy(7; a) ocraercs
paBHBIM b%. HammcaTh ypaBHeHHe TpaeKTOpUH IBHmeHHA TOuRH M B
MOJIAPHBIX KOOPIMHATAX.

346. Hapnuouna. Ha npousBonbrom ayue OA or Touu A ne-
peceueHUA ero ¢ OKPY#HOCTbIO ' = @ COS¢ OTKJaubiBaeTcd mo obe
croponbl orpe3ok AM = AM; = a. CocraBuTh ypaBHEHUE IeOMeTpU-
qeckoro mecra touek M u M; B NONAPHBIX U J1eKapTOBbIX KOOPIUHA-
Tax.

347. Kapnunonna (nuwunkmaomna). Kpyr nmaverpa a ka-
TuTcA 6e3 CKONbMEHUA M0 KPYLY TAKOro e THaMeTpa CHapymu ero.
Hanucarh ypaBHeHHe KpHBoil, omncarHoil Toukoit M KatdAllelicA ok-
PYHHOCTH, €ClIi 3a MOJI0C U HaualbHOE Mojiomen e Touku M TpUHATH
TOYKY KacaHUd KPYroB, a MOIAPHYIO 0Cb IPOBECTH Yepes 1eHTPhbl KPy-
roB (B HAYaIbHOM TOJOMEHNN).

348. lloctpouts KpuBbie: 1) r = 3+ 2cos2¢p; 2) r = 3 — sin 3¢;
3) r = acos2¢p (cM. ykazaHnue k 3anade 338).

349. MlocTponts:

1) r=4(14cose); 2) r =2 — sin .

350. Hamnucarb B 0JIfIpHEIX KOOPIMHATAX YPaBHeHHe MPAMOIt, Ipo-
xonsAueit yepe3 nanunie Tourn A(a; a) u B(f; b).

YrazaHUe. PaccMorperh 3aBUCHMOCTh MY MIOMIATAMU TPEYTOTh-
HIKOB AOM, BOM n AOB, tne M (yp; r) — mpoWaBodbHadA ToURA MPAMOIL.

351. Hanwcarh raHoHWYecKHe ypaBHEHUA KPUBLIX BTOPOTO TO-

pAIKa:
Dr=— L
r= ;
2 — /3cos g
1
2)r= ———;
) 2 —VBeosg
1
3)r=_——————.
) 2 —2cosyp

352. lemuncrara bepuyann. Toura M(p; r) nBmmerca
Tar, UTO Npou3BeleHue ee paccroguuii or touer F(0; ¢) u Fy(7; ¢)

0CTaeTCHA paBHbIM CZ. Hanucarn YpaBHeHHe TpaeRTOpHUN NBUMEHUA B
MOJAPHBIX U HeRapTOBbBIX KOOpAMHaTax.

Yrazanue. Ilo TeopeMe mocunycoB FM? = r2 4 ¢ — 2rccosp 1
FyM? = r2 + % 4 2rccos ¢, mpuieM 1o yeaosmo FM?2 - FyM? = ¢4,
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353. Yauurra llackanda. Ha npousBonbrom iyue O A o1 TOUKH
A TepeceueHHUA ero ¢ OKPYHKHOCTHIO ' = @ COS o 10 00e CTOPOHBI OTJI0-
wenbl orpe3kn AM = AM; = b. CocraBuTh ypaBHeHUEe TeoMeTpUYe-
cKoro Mecta Touek M B MOJAPHBIX KOOpIMHATAX.

354. YernipexnenecrkoBad posa. Houusl orpeska AB =
= 2a CHOJB3AT M0 0CAM JIeKapToBbIX Koopnuunat. W3 wauama koop-
nuHar onyiied Ha AB nepnennukynap OM. Hanucarh ypaBHeHUe
reoMeTpHuYecKoro Mecta touer M (2 y) Mpn BCEBO3MOMHBIX IOJIOMHE-
HUAX oTpe3ka AB.

§17. Anrebpanveckne KPHBBIE TPETHET0 H BBICHINX NOPATKOB

355. [loctpouts Kpusbie (cM. c. 332, puc. 66-69):

1) y=23/3 (rybuyeckas mapaboia);

2) y* =a° ( . oa)
nosyKkyonueckas mapabosa);

3) y° =2

4) y* = z(x — 4)? (mewneBas mapaboma).
356. [loctpouth KpuUBHIE:

1) 223 4 213 = ¢2/3 (acTponma paBHOCTOPOHHHAA);
N\ 2/3 y 2/3
2) (—) + (Z) =1, b# a (acTponma HepPaBHOCTOPOHHHAHA).
a
YrazaHue. Haifthl TousM mepece4eHUs KpUBEIX ¢ ocAMU Oz u Oy U
MepBOM KpUBOIl ¢ NPAMBIMU y = =+, a BTOpoit — c NpAMBIMHA §y = £—=x
a

(prc. 78 Ha c. 334).

357. lloctpouts Ha orpeske [—1; 1] kpussre: 1) y = 227+l 2) y =
= 2% 3) 22" + y?" = 1 npu n = 1,2,4. K karum JoMaHbIM
NPUOIMKAIOTCA HTH KPUBBIE, Korjga n — 0o?

YrazaHue. HaliT TOURU TlepeceYeHUA TepBOM KPUBOL ¢ MpAMOit y =

x
= o’ BTOpPOM KpUBOIL ¢ mpAMOl y = o N Tperbell KpUBoil ¢ mpAMoll y = x.
n n

3a emMHUIY Maciiitaba TpuHATH 10 RiIeToK RKaeT4aToil OyMari.

358. Acrpouna. Kouusr orpeska AB = a CKOIb3AT 10 0cAM
neraproBbix koopauHar. llpambie AC u BC, napainieibHbie ocAM
KoopnuHat, nepecexatworcsa B Touke C'. U3 C onyuien va AB nepren-
nurynsap C'M. Hanucath ypaBHeHHe TeOMeTPUYECKOr0 MecTa TOUeR
M (z; y) npu BCeBO3MOMKHBIX TONOMEHNAX oTpe3ka AB.
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359. llocTpouth KpuUBHIE:

3
1) y?= aac_ - (umcconna, puc. 85, c. 335);
2) y= _ 8 (mokou, puc. 76, c. 333).
22 + 4a? ' '

360. Hamnas touka P(zo; yo) mapaboasr y? = 2pz cMelleHa Ta-
pannensHo ocu Oz Ha paccrosnune PM = £OP. Haiitu reomerpu-
Jeckoe MecTo Touer M.

361. Crepmenn O A = a Bpaltaerca BOKpyr Hauaia koopauHat O.
B rouke A K HeMy npuUEKpeIlieH [lapHUpOM crep#edb AB = 2a, KoHell
koroporo ckonb3ut no Oz. Hanucarh ypaBHeHHe JUHHUM, KOTOPYIO
Oyner onuchiBaTh npu dToM cepenuna M orpesra AB.

362. Unuccomnma. Ilpomssonbusrit mya OA (puc. 85, c. 335) me-

peceraeT ORPYRHOCTH 22 + 2 = ax B Touke A W IpAMYIO T = a B
touke B. Ha nyue orrnanwsiBaerca orpesok OM = AB. (CocraBuTh
ypaBHeHUEe TeoMeTPHUIecROT0 MecTa Touek M.

363. [IpousBoabubii 1yd OB (puc. 85) mepecekaer mpAMyIo & = @
B Touke B. (' — mupoeruus touku B Ha och Oy u M — npoeriusd
toukn C' Ha npamyto OB. llokazarb, uTo reoMeTpuvecKoe MeCTo TOUEK
M ecth mMucconna.

364. Ecau u3 Bepinnbl napaboasl 42 = —4ax onyckaTh nepleH -
KyJApbl Ha KacaTelbHble K 3TOH KPUBOil, TO reoMeTpUYECKUM MeCTOM
OCHOBaHU MepNeHINKYIAPOB 6yIeT mucconma. HokasaTh.

365. Jorou. IllpousBonbubiit nydy OA mnepecexaer OKpPY#HHOCTh
2?2 + y?> = 2ay u npamyo y = 2a B ToukaXx A U B, U3 KOTOPHIX
MpoBelNeHbl NpAMbIe, TapajliielibHble cooTBeTcTBeHHO ocu Ox U ocu
Oy no nepecevenus B Touke M. Oupenenuth reoMerpuieckoe Mecro
Touer M.

366. lexapros auct 23+ 43— 3azy = 0. llokasaTs, uT0 HTO
ypaBHeHUe MOBOPOTOM ocefl koopauHaT Ha 45° mpuBoOMTCA K BUIY

Y2_X3(3b—X) b % 1

= 36+ X) , Tne b = \/5 OCTPOUTH KPUBYIO, OIpeleuB B
HOBOJl cHCcTeMe KOOpIWHAT 00J1aCcTh PacloyloeHWA KPHUBOI W ee CUM-
MEeTPHIO, TOYKN TlepecedeHns ¢ mpAMoit y = z (T. e. ¢ HOBOIl 0CbIO
OX) u acumnrory. Iloka3ath, 4To ypaBHeHNe aCHMITOTHI B HOBOi
cucteMe koopaunat 6ymer X = —b, a B crapoit z +y+a = 0 (CM.
puc. 79, c. 334).

§ 18. TpaHcueHTeHTHbIE KPHBLIE

367. lurnouna. Kpyr panuyca ¢ warurca no npamoit OX 6Ges
cronbienud. CocraBuTh mapaMeTpuuecKHe ypaBHEHUH KPHUBOiL, omu-
caHHoit Toukoit M OKpYEHOCTH, TPUHAB 3a MapaMeTp ¢ yrod MoBOpPOTa
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RaTAIIErocA Kpyra 1 moJomwuB, uto npu ¢t = 0 Toura M HaxomuTcd B
Havalle KOOpAUHAT.

368. PasBeprra rpyra. Hurh, HaMoTaHHaA Ha ORPYMHOCTH
2?2 + y? = a?, pasmarbiBaercs, ocrabadch HaTAHyToil. CocTaBuTh Na-
paMeTpuYecKHe ypaBHeHUd KPWBOIl, oMMcaHHO! KOHIOM HUTH, €ClH
BHaUajle KOHell HUTH HaxonntcA B Touke (a; 0). 3a mapamerp ¢ mpu-
HATH IIUHY CMOTAHHO Iyrn (B panmycax).

368. Ksanparpuca. llpousBonbusiii nyy OM, cocraBiaawouimit
¢ oceio Oy yroa ¢ (B pannaHax), mepeceraer MpAMYIO & = al B TOUKe
M. HamucaTh ypaBHeHWe reoMeTPHUUECKOT0 MecTa Touer M.

370. 9nuuukaoua. Kpyr panuyca r kaTutcsa 6e3 CKOIbKEHUHA
o kpyry panuyca R cuapysu ero. CocraButh napaMerpuveckie ypas-
HeHHUA KpWBOif, omncanHoil Toukoit M RarAmieficA OKPYMHOCTH. (HpI/I
r = R snunukionna obpainaerca B kapnuonny. Cm. 3amauy 347.)

371. Tunonuraouna. Hpyr pamuyca r RatutcAd 6e3 CROIbLKe-
HUA 10 Kpyry pamuyca IR > r Bayrpu Hero. CocraBuTh nmapaMerpude-
CKHe ypaBHeHWA KpHBoii, onucaHHoil Toukoit M KaTAlelicA oRpy#®HO-

cru. (Ilpu r = R/4 runounkmnonmna obpaimaerca B acTpoOn 1y 223 4
+ 4?3 = a2/3.)



I'maBa 2
BEKTOPHAS AJTEBPA

§ 1. CnomeHHe BEKTOPOB. YMHOMKEHHE BEKTOpa Ha CKAIAP

1°. Onpenenenusa. Bekmopom Ha3BIBAETCA HANPAEAEHHBIY OMPEIOK

AB (puc. 13), B KoropoM Touka A paccMaTpuBaeTcA KaK HAud.40, a TOYRA
B — wrar xoney. BerTop obo3HavaeTcA MM yKa3aHUEM eT0 Havasa M KOHIIA

AB co cTperoil HaBepxXy, WJIH 0THOIT Kakoi-HUOY b OyKBOI, BRIIEIEHHON Mo~
TyRUPHBIM MpHdTOM, HanpuMep a. Modyap (nunnHa) BekTOpa 0603HaYaETCA

|AB|, nau |a|, unu AB, wau a. Bewropbl, napasieibHbie OfHON MPAMOIL,
Ha3bIBAIOTCA KOAAUHEAPHBIMY. BeKTophbI, mapaiiedbHble OTHONW TI0CKOCTH,
Ha3bIBAIOTCA Komnaanaprvimu. [IBa Bekropa a u b (puc. 13) HaswBaroTcA
PasHbiLMU, €CI OHW: 1) UMEIT pasubie Mmodyau; 2) KoaduHeapHvl; 3) Ha-
MPAaBIEHBI 6 0JHY CIMOPOHY.

2°. YMHo®eHUe BeKTOopa Ha ckauadap. Ilpoussedenuem 6ck-
mopa a Ha uucao (CRAIAD) M HABBIBAETCA HOBBI BEKTOD, HMEONITHIT TIHHY
a|m| m HanpaBIeHHBIN onMHAKOBO ¢ & (pr m > () WK TPOTHBOTOIOKHO a
(mpu m < 0).

3°. Caomenne BeRTOpOB. Cymmoti 6exmopos a+b-+c HaswiBaeTcA
BerTop R = 07 (puc. 14), samerratormuit tomanyio O ABC, mocTpoeHHY0

B

Puc. 13 Puc. 14

13 MaHHBIX BEKTOPOB. B YacTHOCTH, B MapajlieqorpaMMe, TTOCTPOEHHOM Ha
oA oC
naubbix BerTopax OA = a u OB = b, onna Berrop-nuarorass OC' ecthb

cymMma a + b, a gpyraa BA ecth pasHocTh a — b JaHHBIX BEKTOPOB.

4° Ilpoeruua BeKTOpa Ha och. IlycTh BeKTOp a cocTaBiAeT yroil
@ c oceio Oz. Torna npoekyus eexmopa Ha 3my och onpenenderca HopMy-
oM

e —
np,a = |a|cos = acos(a, Ox).
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Hpoe}quﬂ CYMMmbl 6EKMOPOG Ha OCb pasHA CYymme npoe}fuud CoCTaBJIA-
IOIMUX BEKTOPOB Ha Ty Me OCh:

np,(a+b) = mp,a+ mp,b.

372. Tlo croponam OA 1/1 OB npamoyroasunka O AC'B onomens
eInHUYHBE BeKTOPHI 1 n j (puc. 15). Beipa3uth wepes i u j BeKTOpPHI

jﬁ@@O?HB ,ecim OA=3n

373 Tlycrs na puc. 15 M — cepennna BC
1 u N — cepenmna AC. Onpeneiutb BEKTOPbI
OM\ OW N)HpI/IOAZSI/IOB:ZL

T N $74. Ha naockocTn 1ambl TowKm A(0; —2),
B(4; 2) u C'(4; —2). B navane xkoopiuuar npu-
I JIOJKeHDI CHJIILI O—fi, @ u O? Mocrpours ux

paBmoneiictBytomyio OM, naiitn ee mpoeknum
0 i A Ha 0cu KOOPAMHAT U BeIUYUHY. BLIpa3uTh cu-
Puc. 15 JIbL O—%i O O? u OW uepe3 efInHNYHbIE BERK-
TOPHI 1 1 j KOOpI[I/IHaTHbIX ocefi.
375. lau®l Tpu ROMnIaHapHBIX eIMHUYHBIX BERTOpa m, n u p,
npruem (M, n) = 30° u (1, p) = 60°. IlocTpouTsh BerTOp U = M +
+ 2n — 3p u BBIYKUCIUTH €0 MOIYIb.

Yrazanue. B momamolt, mocTpoeHHO! W3 BEKTOPOB m, 2n m —3p,
TPOMONIFRUTE MePBOe 3BEHO M0 TIepeCeueHUs ¢ TPEThUM.

B M C

376. llpoBepuTh anainTuuecKku u TeOMeTpuyeCKl BEKTOPHBIE TOM-
necTBa: b b b b
—a a—+ a—+ a—
1 = 2 — = .
Jat —5 ;o Da-—3 2

—
377. Ha tpex mekommiamapubix BekTopax QA = a, @ =bumu

OC' = cnocTpoen mapaiseienunell. YKa3aTh Te ero BEKTOP-Inaronain,
KOTOpPBIE COOTBETCTBEHHO paBHBI a+ b —¢c,a—b+c,a—b —cn
b—a-—c.

378. C nomolbio uepresa 3anaun 377 TPOBEPUTH MePEMECTHTEN b
HO€ CBOMCTBO BEKTOPHOI CYMMBI

a‘+tb—-c=a—-c+b=b4+a—-c=b-c+a.
379. Manwr BeRToprO—fi = au@ =bh. BeKTOpO? = ¢ — Melu-

ana AOAB. PaznomuTh analnTuyecKn u reoMeTpuyecku: 1) BeKTOp
C 10 BeKTOpam a u b; 2) BekTOp & mo Bekropam b u c.

380. B npamoyronbuuke OAC'B (puc. 15) M uw N — cepennnbt
cropon BC' = 3 u AC = 4. Pasnomurh reoMerpuyeckn u analiuTu-
geckn Bekrop OC' = ¢ mo Bekropam OM =auw ON = b.

Ywrasanmue. B ycmosue ¢ = ma + nb noncrasute Bbipamenua a, b u
¢ vepe3 1 M J U CpaBHUTEL K09 GUIMEHTEI clieBa U CIpaBa MPH 1 U j.
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381. /lam npaBmabubiil mectuyroibuuk OABCDE co croponoit
OA = 3. Obo3naunB equnmunbie BeKTOphl mampabienunii OA, AB,

BC' yepes m, n u p, yCTAaHOBUTH 3aBUCHMOCTh MERKAY HUMHE (HAUpH-
mep, paccmorpennem tpamenun O ABC). Beipasuth 3atem uepes m

U 1 BEKTOPbI @, B?7 ﬁ7 53 u 17}4

382. B pasuobenpennoii Tpanemnn O AC'B (puc. 16) yron BOA =
= 60°, OB = BC =CA =2, M u N — cepenunst cropou BC

u AC. Beipazurb Berropsr AC, OM\, B M C
Oz@2 u MN yepes m u n — enunuy-

uble BekTophl manpasiennit OA u OB. N
383. llannr BekTOpnI & m b, yrox 60°

meEIy KoTopbimu 120°. [locTpoutsh Bek- ,

top ¢ = 2a — 1,5b u oupemesuth ero O W 4

MONYIb, eciiw ¢ = 3 uw b = 4. Puc. 16

384. Ha umockocTu maubl TOUKM
A(3;3), B(—3;3) u C'(—3;0). B mauame xoopimHaT npmioKeHbI
CUITBI O—fi, OB u OC. llocrpoutsh paBmopeiictBytoiyto OM, maiitn
ee NPOEKIMHU HA OCU KOOPIMHAT M BeluuuHy. Boipasuth cuibl OA,
OB, OC u OM uepe3 emunnuHbIe BERTOPHI 1 1 j KOOPIMHATHBIX OCeii.

385. 1) B tpanemnn OACB uvmeem BC' = OA/3 u BC||OA. Pas-
JOMUTH TEOMETPUUECKH U aHaTuTuuecku BekTop O A = a no BeKTopam
O? =cmu @ = b.

Yrazsauue. Uz AOBC wmomHO ¢ Bhipasuth uepes b u a u 3artem
PEITUTh MOMYyYeHHOe YPABHEHUE OTHOCUTEIHHO A.

2) Toura B nemaunt nyry okpymuoctn AC'= 90° B ornomennu 1 : 2.
O — nentp okpymuocTu. PasiommTh BEKTOD O? = € TO BeKTOpam

OA=auOB=h.

§ 2. lIpamoyroabHbBIe KOOPAHHATHI TOYKH H BEKTOPA
B IPOCTPAHCTBE

1°. Onpenenenwne. Illycrs maubl Tpu B3aMMHO HePIEHIMKYIAPHBIE KO-
opIOWHATHEIE ocH ¢ 0bmuM Havamom O u naHa touka M (puc. 17). IIpoexyuu

ee paduyc-eekmopa qu = r Ha ocu woopauraT OM; = ¢, OMs =y u
OMs3 = 2z Ha3BIBAIOTCA NPAMOY20AbHBIMU Koopdunamamy Touru M wian

BerTopa r = O
2°. Paguyc-BeKTOp TOuKMU B mpocrpaHcrBe. Modya niam

nnuna paduyc-eekmopa OM = r:

P VTP M)
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Epvnudnbie BeRTOPBI ROOPAMHATHBIX oceil 1, J u k HaswiBatoTCA opmamu.
Pammyc-BerTOp BhIpamaeTcA Yepeld OpPThI:

r=zxi+yj+zk. (2)

3°. Bewrop, samaHHBIN KO0OD-
IMHaTaMW Havada u Kownia. Illycrs
maubl TouRH A(21; y1; 21) 1 B(22; ya; 22).

j IIpoerunu Berkropa u = AB Ha ocu Koop-
" ouHaT OyIoyT:
prﬁ =X =xy— 21,
prﬁ =Y = Y2 — W, (3)
Puc. 17 szﬁ =/ =1z9— 21.

MosHo Hamcats GopMyIbl, aHamornuHble Gopmynam (1), (2):

u=vVX2+Y2472= Ve —21)2+ (y2 — y1)2 + (22 — 21)%, (4)

w=AB = Xi+Yj+ 7k (5)
Ecau o, 8 u v — yranI Bekropa u = AB ¢ ocann KOOPIHMHAT, TO
X Y
cosae = —, cosff=—, cosy=—, (6)
u u u
npryeM
cos? a 4 cos? f +cos?y =1, (7)

T. €. CYMMA KEAOPAMOE HANPAEAKIOUUT KOCURYCOE Gekmopa pasHa 1.

N3 popmya (4)—(6) caemyer, 4T0 BEKTOP W BIIOJNHE OMPENENAETCA TPEMA
yncaamu: X, Y u Z — ero npoeRIUAMU WK ero koopdunamamu. Ilosromy
UHOTIA THUIIYT WK TOBOPAT: maH Bertop u{X;Y; Z}.

386. lloctpouth Toury M (5; —3; 4) u ompemenuth IAWHY U Ha-
mpaBieHue ee paTuyc-BeRToOpa.

387. lloctpouth BekTOp T = OW = 2i+ 3j + 6k u ompemenuTh
ero ImHy u Hanpasienue (IpoBeputh 1o hopmyie cos? a + cos? 3 +
+ cos?y = 1).

388. Bekrrop cocrasaser ¢ ocamu Oz w Oz yrawt 40° u 80°. Haittu
ero yroi ¢ ocbto Qy.

389. Panmuyc-Bektop toukm M cocraBudger ¢ ochio Oz yroa 45° m
c ocbto Oy yroa 60°. Huwma ero r = 6. OmpenesnTh KOOPIUHATHI
Toukn M, eciim ee KoopiwHaTa z OTpUIATENbHA, W BRIPA3UTh BEKTOD
—~ ..

OM = r gepe3 opthl 1, J, k.
390. [ausr Tourn A(1;2;3) uw B(3; —4; 6). Iloctponts Berrop

AB = u, ero npoekluy Ha 0OCH KOOPIWHAT U ONPEIeduTh IJIUHY U HA-
mpaBienue BekTopa. [locTpouTh YIILI BEKTOPa U C 0cAMU KOOPAUHAT.



§ 3. CkanspHoe mpoH3BefeHUe [BYX BEKTOPOB 55

391. llocTpouTh mapanienorpaMmm Ha BeRTOpax O—1>4 =itju @ =
=k — 3j u onpenenuTh €ro HaroHaIu.

392. B roure A(2; 1; —1) npumomena cuma R = 7. 3mada 1Be
ROOpIUHATEL 9T0i cunbl X =2 u Y = —3, onpelenuTh nanpaBieHue

1 KOHEIl BeKTOpa, n300pamkalomiero cuiy.
393. Ha mnocroctn #Oy nanmsl Tourkn A(4; 2), B(2; 3) u C(0; 5)

U TOCTPOEHBI BEKTOPBI OZ =a, OB =b u OC = c. Paznomurs
TeoMeTPUYeCKY U aHaTuTHUECKH BEKTOP a 1Mo BekTopam b u c.

394. [lausr Tourn A(2;2;0) uw B(0; —2; 5). Iloctponts Berrop
AB = u u onpenenuTh ero IIWHY U HalpaBlIeHIe.

395. Berrop OM = r cocraBifer ¢ ocAME KOODIWHAT PaBHbIE
octpbie yriubl. OnpeneiuTs 3Tu yIJbl U NOCTPOUTH BEKTOP T, €CIHU ero
IJrHA paBHA 2V/3.

396. Berrop cocraBader ¢ ocamu Oy u Oz yrabt 60° u 120°. Karoit
yrod om cocrasiser ¢ ochio Ox?

397. llanbl Tpum MocienoBaTelbHbIE BepPIINHBI NapajienorpamMma
A(l; =25 3), B(3;2;1) u C(6;4;4). Haittu ero uerBepryio Bep-
muny D.

Yrazanue. 13 paBeHcTBa Al3 = B<> CJENYET, UTO PABHBI U UX KOOP-
muHaTel: £ — 1 =6 —3 u T. 1.

H .
398. Ha nnockoctn 2Oy nocrpoutsb BekTopel OA = a = 2i, @ =

=b =31+3ju OC = c¢ = 2i+ 6j. Pasagomurh TeomMeTpuuecku u
aHAIMTHYECKI BEKTOP € N0 BeKTopam a u b.

§ 3. CranapHoe TMpou3BedeHHE BYX BEKTOPOB

1°. Ompenenenne. CkaaspHbin npoussedenuem TBYX BEKTOPOB Ha-
3BIBAETCA Npoussedenue ur modyaetl, YymMHoONMEN-
HOE HA KOCURYC Y2aa MeNCY HUuMU. B
(CranApHOe TPOM3BeNEHNE BEKTOPA A HA BEK-
Top b obosravaerca a - b. Urax,

a-b =abcosp. (1)

Wz puc. 18 Bumpno, uto bcos ¢ = np,b. Moaromy ¢

a-b=abcosp=amp,b=bup,a. (2) o beosp [C A

2°. CBoiicTBa CRAJAPHOTO MPOMBBeE-

JeHund: Puc. 18
I[.a-b=b.a— nepemecmumevnuiti 3aroH.

Il.a-(b+c)=a-b+a-c— pacnpedesumenvrviti 3ar0H.
1. Ecau a||[b, 10 a-b = dab. B uacrHoctu, a? = a-a = aacos0® = a

OCTIOOa
a=Val. (3)

2.
’
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IV. Ecima L b, o a-b = abcos90° = 0.
V. CragApHoe Mpou3BENEHNE OPTOB!

ij=0, j-k=0, i-k=0, i-i=1, j-j=1, k- k=1

VI. Ecan Berroper a u b 3agmambel roopouHaTaMu af{dg, dy, ¢,} I

b{b:l:a bya bz}a TO

a-b=azby + ayby + a,b,. (4)
3°. Yrom Mem®Oy BeKTOpaMuU:
b xbx b zbz
cosp= Lo dede by ¥ o . (5)
ab \/ag+ag+ag\/bg+bg+bg
by by b,
YcaoBue napaadesprocmu: b = ma wim — = =+ = — =m.

ey Uy Gy
Yenosue nepnenduryasprocmu: a-b = 0w agby + ayby + azb, = 0.

399. Onpenenuth yroa mMemay BerTopammu a = —i+ju b =1 —
— 2j+2k.

400. Onpenennts yrast AABC ¢ Bepimnavn A(2; —1;3), B(1;1; 1)
u C'(0;0;5).

401. Jausr Toukn A(a; 0; 0), B(0; 0; 2a) u C'(a; 0; a). Ilocrponts

BEKTOPBHI O? u AB w maiitu yroi MemIny HuMu.

402. Ha nnockoctn nam tpeyrombuuk ¢ Bepmmuamu O(0; 0),
A(2a; 0) u B(a; —a). Haiitu yrom, obpasoBanubiii croponoit OB u
mefnnanoit OM 3TOr0 TpEyrojibHmKA.

403. Haiitu yroa memuny 6uccexrpucamu yriuoB xQy n yOz.

404. W3 Bepimuubl KBagpaTa TpoBedeHbl NpAMbIe, NeJIAIIue TPOTuU-
BOTIOJIORHBIE CTOPOHEI Momoiam. HaiiTu yrom Memny sTumMu TPAMBIMU.

405. HaiiTu yroq memay TuaroHajdmu TapajiejorpaMmma, MoCTpo-

eHHoOro na BegTopax a—2i+ju b= -2j+ k.
406. [lanwr Bextopet a =i+ j+2k u b =1 —j+4k. Oupemenuts
npa u np,b.

407. PackppITh CKOOKM B BHIpaKeHUN
(2-§) -5+ G- 2K) - k+ (i - 2K)%
408. Borancauts: 1) (m+n)2, ecin m u n — efuananble BEKTOPbI
¢ yrom memay muvm 30% 2) (a— b)% ecin a = 2v/2, b = 4 u
(a, b) = 135°.
409. PackprITh CKOOKM B BHIPAKEHUAX:
1) (a+b)%  2) (a+b)?+(a—b)?

U BBIAACHUTDL IeOMEeTPUYeCKuil CMbICH TNOJNYIeHHBIX (HOpPMYII.
410. Jaunb! KomIIanapublie BeKTOpb &, b u ¢, npuuem ¢ = 3, b = 2,

c=25, (;Ta) =60°u (b/,\c) = 60°. lloctpouts BekTOp U =a+b —c¢
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U BBIUHCIUTDL €r0 MONY/Ib 10 (hopmyse

u= T h o

411. HaiiTn Belwuuny paBHOIeHCTByOMIell yeThIpex KomIJIaHap-
HbIX CW, NPUIOHEHHBIX K Touke (J, ecim BelwdwHa KamIoil Cuibl
paBua 10H, a yroaq memny mBymsA MOCTeNoBaTelbHLIMU CUIAMH Pa-
Ben 45°.

412. Oupenenuth IJIUHbI Iuaronaieil mapaiiejorpaMmma, NOCTpo-
€HHOI0 Ha BerTopax a = 2m+nu b = m — 2n, Tie m w n —
elMHUYIHbIE BEKTOPhI, YIOJl Me#IY KoTopbimm 60°.

413. llan BeRTOp @ = 2mM — n, TJle M 1 N — eIMHUYIHBIE BEKTOPhI

——— ——
¢ yraom 120° memay wumu. Haiitu cos (&, m) u cos (&, n).

414. OnpepnesuThb yroi memny 6uccekTpucaMu IBYX INIOCKUX yTI0B

MPaBUIbHOIO TeTpPasipa, NPOBENeHHbIMHU U3 OIHON ero BepPILINHbI.

Yrazanue. Ecitm m, n u p — eIWHUYHbIE BERTOPEI pebep, To m + n
U m + P — BEKTOPHI, HAllpaBJeHHEBIE 110 DUCCeRTpUCcaM.

415. Ha ocax Oz, Oy u Oz omiomuTrb paBuble oTpe3ku ¢ = 4 m
Ha HUX TMocTponTh Kyb. Ilyctsb M — mentTp Bepxmeit rpanm, a N —

menTp npasoit 6okoBoit rpanum kKy6a. Onpenenunts BertTopsl OM u O
U YTOI MEEITY HUMU.

416. [laubl BeRTOPEH O—/>l =au @ = Db, npuuem a =2, b =4, a
(a, b) = 60°. Onpenennts yroa memay mexnanoii OM Tpeyronbunka

AOB u croponoit O—/>l

417. 113 BepliuHBl TPAMOYTONbHUKA €O cTopoHamu Gcem u 4cm
MpoBeleHbl TpAMbIe, NeIAlIre TPOTUBOMONOMHBIE CTOPOHELI TOTMOIaM.
Hatitu yrom ¢ mMemny Humu.

418. Jlaubl Tpu NoCJeNoBaTelbHbIe BePIINHBI MapallesorpaMma:
A(=3; =2;0), B(3; —=3; 1) u C'(5; 0; 2). Haiitu ero uerBepryio Bep-

mnay D uw yron memny Bextopamu AC' u BD.
419. [laner tourn A(3;3; —2), B(0; -3;4), C(0;=3;0) n

D(0; 2; —4). Iocrpouts Berropsr AB = a nu CD = b u naiitn
np,b.

“420. B paBuoGenpennoit Tpanennn OACB (cm. puc. 16) M n
N — cepenunst cropon BC' =2 uw AC = 2. Ocrpsiii yroa Tpanennn

60°. Oupenenurs yroa memny Bexropamu OM uw ON.
421. Hajitu yros memny BekTtopamMu a = 2m +4n u b = m — n,
rie m u n — eTuHUYHBIe BEKTOPLI, o0pasyiomiue yroa 120°.
422. Tlora3aTh, 4TO YTOI MEMmOY AUATOHAIAMU TPAMOYTOIbHHURA,
MOCTPOEHHOr0 Ha BekTopax a m b (a L b), onpenenserca dopmyimoii
ia2 — b2
Cos © PR
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423. [Ipoeknnn mepemelliennd S IBHEKYIelcA TOUKM HA OCH KOOP-
IuHAT Sy = 2M, 5, = 1M, s, = —2wm. Ilpoerunun neiicTBylomeii
cunel F na ocu koopnunar pasuwl F, = 5H, Fy =4H u F, = 3H.
Boruncauts pabory A cuaet F (A = F - s) n yron memny cumoit F ou
nepeMelleHneM S.

424. K Bepitiuse NpaBulbHOTO TeTpadipa ¢ pebpom a MPUIIOEEHB
Tpu cmiibl, m3obpamaembie ero BekTop-pebpamum. Oupenennth Belim-
YUHY paBHOIEHCTBYIOIIeii.

Yrazanue. Neromad BennunHa paBHa ay/(m +n+ p)2, rme m, n u

P — €IUWHWYHBIC BEKRTOPLI JaHHBIX CHUJI.

425. KBampat pasmenen na Tpu TOMOCKHI OTUHAKOBO MTUPUHEI U 3a-
TeM CBePHYT B MIPaBUILHYIO TPEYTOAbHYI0 Tpudmy. HaliTu yroma memmy
IBYMA CMeHHBIMH 3BeHbAMH JIOMaHOil, 00pa3oBanHON Mpu 3TOM Tua-
roHajlbio KBajpara.

§ 4. BerkropHoe mpousBeneHHe IBYX BEKTOPOB

1°. Onpenenenue. Bexkmopuvim npouzsedenuem BEKTOpa a Ha BER-
top b HazbIBaercA Takol mpemud eexmop ¢ (puc. 19), KoTopbrii:

1) umeer Modyab, UNCTEHHO PABHBIU NAOWAOU NAPAAAEAOSPAMMA, TIO-
CTPOEHHOTO Ha BEKTOpax a u b;

2) nepnenduryaaper K TUIOCKOCTH MapallesorpaMmMa;

3) Hanpasier 6 Maxyw cMopoHy, ¢ KOTOPOIT KpaTuaiiiiee spauexue om
a & b paccMaTpuBaeTcA COBEPIIAIIIMMCA NPomus uacosoti cmpearu. Takoe
pacmosokeHE BEKTOPOB a, b 1 ¢ Ha3kIBaeTcA
npasoti ceA3koU.

BerropHoe mpomsBemeHne 0003HAYAETCA
a x b. Hrax,

axb=c,
ecan:
1) ¢ = |a x b| = absin g,
Pnc. 19 2)cLlamnclb,

3) a, b, ¢ cocTaBIALT Npasy CBASKY.
2°. CBoificTBa BEKTOPHOTO NMPOMW3BENEHUA:
[.Laxb=-bxa.

Il.ax (b+c)=axb+axc— pacnpedeaumetvrviti 3aKoH.
III. Ecam a||b, To a x b = 0; B wactHoCTH, & X a = (.
3°. BekTopHbBIE MPOU3BENEeHUA OPTOB:

ixj=k jxk=1, kxi=j. (1)
Boobie mpomsBemeHme TO6BIX TBYX CMEEHBIX BERTOPOB B MOCTENOBA-
TeJNLHOCTH
ey
ijkij
TaeT clIenyoInii BEKTOP CO BHAKOM +, a B 00paTHOMN MOCIeI0BATENLHOCTI —
cO BHAKOM —.
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4°. BeipameHHe BERTOPHOTO MPOM3BENEHHWA Yepesd KOOD-
mnuHaThH coMHOmHUTexel afdg, ay, az} uwb{bg, by, b,}:

i j ok
axb=|a;, ay a,|. 2
be by b, )

5°. Ilaomans TapadienoTpaMMa, MOCTPOEHHOTO Ha BEKTOpax
aub:

Sg:|a><b|, (3)
a maomaingb TPEeYTOJbBHHMNEKA, IOCTPOECHHOI'0O HAa BERTOpax a u b:

1
Sa = 5laxbl. (4)

426. OnpenemnTh 1 MOCTPOUTH BeKTOp ¢ = a X b, ecan: 1) a = 3i,
b=2k;2)a=1i+j, b=1i-j; 3) a=2i+4+3j, b = 3j+ 2k.
Haiitu B Rammom ciyyae TIOMIanh MapaiienorpaMma, MTOCTPOEHHOTO
Ha BeKTopax a u b.

427. BerumcanTh miomans Tpeyronbuuka ¢ Bepimnnamu A(7; 3; 4),
B(1; 0; 6) u C'(4; 5; —2).

428. llocTpours mapammenorpamm Ha Bexropax a — 2j+ku b =
=1+ 2k u BBIUMCIUTH €T0 TMIOIIAAb U BHICOTY.

429. PackpbITh CKOOKHM m YIPOCTHThH BBHIpameHnd:

1) 5 (k) =5 (14 k) + kox (i 4+ + k);

2) (a+b+c)xc+(a+b+ec)xb+(b—c)xa;

3) 2a+b)x (c—a)+ (b+c) x (a+b);

4)21- (Jxk)+3j-(ixk)+4k-(1x]).

430. Jloxasars, uto (a — b) X (a+ b) = 2a x b, u BbifAcHUTS
reoMeTpruuecKoe 3HaUYEHUE HTOI0 TOMIECTBA.

431. Bextoper a u b cocraBudior yroa 45°. Haiitu naomans
‘TP‘GYF(‘).H‘LHI/IKEI, MOCTPOEHHOT0 Ha BekTopax a — 2b w 3a + 2b, ecin
al| = |b| = 5.

432. Haittm niolranb MapajiejorpaMma, IuaroHaldMu KOTOPOTO
CIy#aT BEKTOPbl 2m — n u 4m — 5n, rije M uw N — eIuHHYHbIE
BEKTOPbI, ob6pasyoiiue yroa 45°.

Yrazauue. Umeem a+b =2m-—-nwa—b=4m—5n,rneaub —

BERTOPBI-CTOPOHEI Tapamnenorpamma. llepemuomus, Haitmem BerTop 2b X a,
MOZYJIb KOTOPOTO M paBeH YIBOEHHO! MCKOMOM TLIONIAIN.

433. [loctpouth Bertopel a = 3k—2j, b = 3i—2ju c = axb. Bur-
YUCANUTH MOIY/Ih BEKTOpa € M MJIOMIalb TPEYrOIbHIKA, TOCTPOEHHOTO
Ha BeKTopax a u b.

434. lloctponts Tpeyronbuuk ¢ Bepumuamu A(1; —2; 8), B(0; 0; 4)
u C'(6; 2; 0). Berumcants ero miomans n Beicory BD.
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435. BplumciuTh Omaronajiiu u INIOIIanh Napajiiejiorpamma, I0-
cTpoennoro na Begropax a—k—jub=i1+j+ k.

436. [lorazarn, uto (2a+ b) x (a+2b) =3a X b.

437. HafiTu niomiamb mapasienorpaMma, TOCTPOSHHOTO HA BEKTO-
paxa=m+2nub=2m+n, rte m u n — eIWHUYHBIE BEKTOPHI,
obpagyiomue yroa 30°.

§ 5. CMelIaHHoe TpoOU3BeJeHHE TPEX BEKTOPOB

1°. Onpenenenne. Cumeuannvimn npouseedenuem BeRTOpoB a, b u ¢
HasbIBaeTCA BeIpameHne Bima (a x b) - c.
Ecau BerTOophl a, b 1 ¢ 3amaHbl cCBOMME ROOpPOUHATAMU, TO

ay ay a,
(axb)-c=|by by, b,f. (1)

Cx Cy Cy

2°. CBoiicTBa CMeIIaHHOTO MPOU3BENEHUA.
I. Or mepecraHoBEM HBYX JTIOOBIX COMHOMUTENEN CMEINTAHHOE TPOU3BE-
IeHUe MeHAeT 3HaK:

(axb)-e=—(axc)-b=—(cxb)-a. (2)

II. Ecnu nBa M3 Tpex NaHHBIX BEKTOPOB PaBHBLI WJIM MapaIedbHBI, TO
WX CMeITaHHOe NMpou3BeneHme paBHo (.

III. 3naxy omepaumuii «TOUKA» U «KPECT» MOMHO IOMEHATH MECTaMH,
(a x b)-c = a- (b x c¢); mosroMy cMeITaHHOe TMPOM3BENEHHE TPHHATO
3alMCcHIBaThL B BUae abe, T. e. 0e3 3HaKOB MelicTBHIT 1 0e3 CKODOK.

3°.06beM mapangedennIe ga, TIOCTPOEHHOTO Ha BEKTopax a, bu c.

V = fabc (4 npu mpaBoii cBAsKe, — NpH JeBoil cBA3KE).

00beM MpaMuILI, OCTPOEHHOM Ha BekTOopax a, b, c:

1
Vanp = :I:Eabc.

4°. YcnoBue RoMmMuaaHapHocTHu. Ecam a, b u ¢ komnaanapms,
To abe = 0, u obparro. Ilpu srom memny a, b u ¢ cymecrByer aunetinas
3asucumocms Buga ¢ = ma + nb.

438. llocTpouth mapamenenuiesl Ha BekTOpax a = 3i+4j, b =
= —3j+k, ¢ =2j+ 5k u Bbruncauth ero oobem. I[IpaBoit niu mesoit
6yner cBA3Ka BekTOpoB (a, b, ¢)7

439. llocrponts mupamuny ¢ sepummaamu O(0; 0; 0), A(5; 2; 0),
B(2; 5; 0) u C'(1; 2; 4) n Beruncanth ee o6bem, miomans rpann A BC
1 BLICOTY TMHPaMUIbl, ONYIIEHHYIO HA Ty I'PaHb.

440. Ilorasars, uto Toukn A(2; —1; —2), B(1;2; 1), C(2;3;0) n
D(5; 0; —6) memar B 0nHOI IIIOCKOCTH.

441. llorasarh, uto BekTOphI a = —i + 3j + 2k, b = 2i — 3j — 4k,
¢ = —3i+12j+6k RommTanapHbl, U Pa3TomUTh BEKTOP € IO BERTOPaM
anb.
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442. TlorasaTh, uTO:
1) (a+b)- [(a+c) x b] = —abc;
2) (a+2b—c)-[(a—b) x (a—b —c)] = 3abe.

——
443. Haiitw o6bem rerpasipa, mocrpoemnoro ma Bekropax (A,

O§ 1 O 17 €Cllu 3TU BEKTOPbl HANPaBIeHbI 0 OucceKTpucaM KOOpIu-
HATHBIX YIVIOB W IUIMHA KaMI0r0 BeKTopa paBHa 2.

444. Tloctponth mupamuny ¢ Bepiurmuamu A(2; 0; 0), B(0; 3; 0),
C'(0; 0; 6) m D(2; 3; 8), BBIUnNCIAUTD €€ 00beM 1 BBICOTY, ONYIIEHHYO
Ha rpanb

445. lloctpouTs Bektopht a = i+j+4k, b = 1—-2j w ¢ = 31—3j+4k,
noKa3aTh, 4T0 OHM KOMIUIAHAPHBI, W HAHTH JUHEHHYI0 3aBUCHMOCTD
MEeRIY HUMHU.

446. TlorasaTth, uTo 00bem Mapajielnenunena, TOCTPOEHHOTO HA
JAmaronalfX rpameil NaHHOrO Mapajlielenulefia, paBeH YIBOCHHOMY
00bemMy NTaHHOro Mapajulejenumnena.

e —

447. Jlanbl efuHUUHbIE BEKTOPHI M, N u p. Yroa (im, n) =

/\ .
= [p, (m x n)] = a. [orasars, uto Torma (m x n) X p = 5 sin 2a.

448. Ilpu 1100b1X BerTOpax a, b u ¢ BexToper a— b, b—cuc—a
kKommianapubl. [lokazaTh 9T0 aHalInTHUYECKNn W reoMeTpuyeckn (pac-
CMOTpeHHeM Iapajuienenniena, TOCTPOSHHOTO HA BeKTOpax &, b u ¢).

449, Boruncants o6bem mnapanienenunena O ABC0O1A1B1Cq, B
KOTOPOM Maubl Tpu Bepiimubl mumuero ocuoBanud O(0; 05 0),
A(2; =3; 0) u C'(3; 2; 0) n Bepuinna Bepxuero ocuoanud By(3; 05 4),
nemaiiad ma 6okoBom pebpe BBy, npormponoioxnom pebpy OO0;.



I'maBa 3
AHAIUTHYECKAS TEOMETPHUSA B MMPOCTPAHCTBE

§ 1. YpaBHeHHUe ILIOCKOCTH

1°.YpaBHeHHe NJI0CKOCTH, TpoxonAmeit uepes Toury My (£1;¥1; 21)
u nepnennuryaApHoil ® Berropy N{A; B; C'}.
Myers M (z; y; z) — mupousBodbHAA

z Touka miockoctr (puc. 20). Torma M ML

1 N u no ycaoBuio nepneHIUKYJIAPHOCTH
N{4; B; C} BEKTOPOB

Alx —21)+ Bly— 1)+ C(z — z1) = 0.
(1)

2°. Obmree ypaBHeHHWe TIOC-
KOCTU:

Ax+ By+Cz+ D =0. (2)

Berrop N{A; B; C'} nasbiBaerca Hop-

MAALHLIM  BERTOPOM K IOCKocTH  (2)
Puc. 20 nin (1).
3°.0cobble cniyyau ypaBHEHHUA
Az 4+ By+Cz4+ D =0:

I. D =0, A+ By + Cz = 0 — miocKoCTh TPOXONUT 4YEPe3 HAUAIO0
KOOpIHUHAT.

II. C =0, Az + By+ D = 0 — naockocts mapamienbia ocu Oz.

1. C =D =0, Az + By = 0 — mmockocTb TPoxoauT 4yeped ocbk Oz.

IV.B=C =0, Az + D = 0 — mmockocTb TapaiielbHa II0CKOCTH
yOz.
V. YpaBHeHUA ROOPAWMHATHBLIX NaockocTeit: x = 0, y =0, z = 0.
4°. YpaBHeHUEe TMAOCKOCTH B OTPeE3KAX Ha 0CAX:

M(xg; yy; 29

Mx; y; 2)

xr oy oz
. + b + e 1. (3)

450. [loctponts mimockoctn: 1) bz — 2y + 3z — 10 = 0; 2) 3z +
+2y—2=0;3)324+22=6;4) 22 —7=0.

451. Moctpouth nnockocTh 2z + 3y + 62 — 12 = 0 u waiiTu yraw
HOPMAJIN K TIOCKOCTH ¢ OCAMHI KOOPIAHHAT.

452. [lansr Tourn Mq(0; —1; 3) u Mo(1; 3; 5). Hanncats ypaBue-
HUe MI0CKOCTH, TPOXOIAIed yepes Touky My n mepnenIuKyJIapHON K

L
BekTopy N = M7 Ms.
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453. Hanucarh ypaBHeHue nI0CKOCTU, HPOXOAAINIel uepe3 TOUKY

M (a; a; 0) w nepnenaukynsapuoii ® Bekropy OM. Iloctponts mioc-
KOCTh.

454. HanncaTh ypaBHeHHE reoMeTpuuecKoT0 MecTa TO4eK, paBHO-
ynamenusix ot Touek A(a; —a/2; a) nu B(0; a/2; 0).

455. Hanwcarp ypaBmenwme miockocTm, mapaiieinbuoii ocu Oz m
npoxondauieii vepes tourkn M (0; 1; 3) u M2(2; 4; 5) n nocrpouts ee.

456. Hanmucarh ypaBmenwe miockocTu, nmpoxoudiieii wepes ocb Oz
u toury M (0; —2; 3). Iloctponuth nIockoCTh.

457. Hanucath ypaBHenme miIocKocTn, mpoxolsdiieii uepes och Oz
u toury M (2; —4; 3). lloctponuth nIockocTh.

458. Hanmcarh ypaBmemme niockocTu, napajuieibuoit ocu Oy m
orceratonieii ma ocax Oz m Oz orpeskn a u c. llocrpouts ee.

459. Hanucarh ypaBHeHue nI0CKOCTU, HPOXOAAIIel uepe3 TOUKY
M (2; —1; 3) n orceratoiieil Ha 0CAX KOOPIAMHAT PaBHBIE OTPE3KH.

460. Hanucarh ypaBHeHue mI0CKOCTU, HPOXOIAINIel uepe3 TOUKY
My(—4; 0; 4) u orceraromteit na ocax Ox u Oy orpeskn ¢ = 4 u

461. lloctponts mnockocrn: 1) 2a+y—246 =0; 2) 2 —y—2z = 0;
3)y—2248=0;4)22—-5=0;5)a+z=1; 6)y+2=0.

462. MlocTpouTh nM0CKOCTh 22 — 2y 4+ 2 — 6 = 0 u nafiTu yraol ee
HOpMaly € 0CAMU ROOPAUHAT.

463. Yepes toury M (—1; 2; 3) npoBenena mI0CKOCTh, NePIEHIA-
rynsapuad Kk OM. Hanwcarb ee ypaBuenne.

464. Hanucarh ypaBmenwe milockocTn, mpoxojsiieit uepes och Oy
u uepe3 toury (4; 0; 3). IlocTponuth miockocTs.

465. Hanmmcath ypaBmenme niockocTu, napajuieibuoit ocu Oz m
npoxonduieii uepes rourn M (2; 2; 0) u M3(4; 0; 0). llocTpouTs mioc-
ROCTh.

466. Hanucarh ypaBHeHue nI0CKOCTU, HPOXOAAINIel uepe3 TOUKY
M;(1; —3; 5) n orceratoieil na ocax Oy n Oz BuBoe 60ibIIIe OT-
peskn, yvem na ocu Oz.

§ 2. OcHoBHEIe 3amauyd HA ILIOCKOCTH

1°. ¥Yroa, obpasoBaHHBIN ABYMA MIOCKOCTAMMU:

N -N; AA1 4+ BBy + CCy
cosp ==+ == ;
NN NN

(1)

rme N u N7 — HopManbHBIE BeRTOPBI K TiockocTAM Az 4+ By+Cz+D =0
I/IAll‘—|—Bly—|—Clz—|—D1 =0.
YcnoBue napaddesbHocmu:

==z @
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YeqoBue nepnenduryasprocmu:

2°.Paccroanme o1 Touku Mo(®o;yo;20) Mo maocroctu Ax +

4+ By+Cz+D=0:

|Azo + Byo 4+ Czo + D|
d= & . )

3°. YpaBHeHUe mMyuKa BCEX MJIOCKOCTEIN, TPOXOOAIINX YePeS
JVHUIO TlepeceueHrA IBYX NaHHBIX MJ0CKOCTEH:

a(Az+ By + Cz+ D)+ (A1 + Bry+ C1z2+ D) = 0. (5)

Momsuo momomuTh o = 1, UCRIIOYUB 3TUM M3 TTyYKa (5) BTOPYIO U3 NaHHBIX
TJIOCKOCTEI.

467. HaiiTu yroaq memay NMI0CKOCTAMM:
)2 -2y+2:—8=0 nu 2+2z—6=0;
2) 2 4+2:-6=0 u x+2y—4=0.

468. Haifitm miockocTh, MPOXOAAIIYIO uepe3 Toury (2;2; —2) n
napaiielbHyl0 miIockocTu z — 2y — 3z = 0.

469. Hamucarh ypaBHenue MIOCKOCTU, TPOXOAAINIel uepe3 TOUKY
(—1; —1; 2) u nepnenanKyIApHO K mIockocTAM & — 2y + 2 —4 =0
ner+2y—2z4+4=0.

470. Hamucarh ypaBHeHue MIOCKOCTU, TPOXOAAINIel uepe3 TOUKY
(0; 0; @) m mepHenaUKyIApHOT K MTocKocTAM & — Yy — 2 = 0 u 2y = x.

471. HanucaTh ypaBHeHnwue MIOCROCTH, MPOXOIAIIell yepe3 TOURU
Mi(=1; =2; 0) m M3(1; 1; 2) m mepnenIuKyIAPHON K MIOCKOCTH & +
+2y+22—-4=0.

472. HanucaTh ypaBHeHnue MIOCROCTH, MPOXOIAIIell yepe3 TOURU
My (13 =15 2), Ma(2; 15 2) m M3(1; 15 4).

473. Yepes och Oz npoBecTw MIOCKOCTh, COCTABIAIOIIYIO € TIOC-
KOCTbIO 2% + ¥y — V52=0 yroa 60°.

474. Haiitn paccrogume or tToukm (5; 1; —1) mo mmockoctn @ —
—2y—22+4+4=0.

475. Haiitn paccroanne or toukn (4; 3; 0) m0 mIocKocTH, TPOXO-
nauteit wepes tourn My (15 3; 0), Ma(4; —1; 2) w M5(3; 0; 1).

476. HatiTu paccTosnue MemIy MapallelbHbIMU TIO0CKOCTAMU

dz+3y—5z—-8=0 u 4dx+4+3y—>5z4+12=0.

Yrazanue. BaATb Ha mepBoil MIOCKOCTU MI00YI0 TOYKY, HampPHUMep
(2; 0; 0), u HaifTH ee paccTOAHHE OT APYTOil MIOCKOCTH.

477. 1) Hanucarh ypaBHenns mioCKocTeli, mapallilelbHBIX MI0C-
Koctu ¢ — 2y + 22 — 5 = 0 u ynaleHHbIX OT HEe Ha PacCTOAHUE,
paBmoe 2.
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2) Hanncath ypaBHenus miocKocTedi, TeIANINX OTOTaM IBYTpaH-
HbBII1 yroJd, obpa3oBanublil miockoctAvu 22 + 2y = z u 2 = 0, n
MOCTPOUTH NaHHbIe U UCKOMBIE MIOCROCTH.

478. 1) Hamucarb ypaBHenue MI0CKOCTH, TPOXOIALIel uepes u-
HWIO Tlepecevenud Maockocreit 22 —y+32—-6=0,24+2y—24+3 =0
u uepe3 toury (1; 2; 4).

2) Haiitn nBe B3amMuO TeprHeHIMKYIAPHBIE MIIOCKOCTH, TPOXOIA-
Iue yeped MPAMYIO TMepecedenus MIockocTelt x = y u 2z = 0, ecan
0THA M3 MCKOMBIX NI0CKocTeil mpoxomut ueped Touky (0; 4; 2). Ilo-
CTPOUTDL MPAMYIO U UCKOMBIE TIOCKOCTH.

479. HatiTu TouKy Tepeceuenud miockocTelt 2z — y + 32 — 9 = 0,
r4+2y+22—3=0u3dxz+y—4z+6=0.

480. Hamucarh ypaBHenue MIOCKOCTU, TPOXOAAIIel uepe3 TOUKY
2; —1; 1) n nepnenankyaApHOil K miockoctaAmM 3z +2y—z+4=0mn
x4+ y—+ 2z—3=0. lloctpouts ee.

481. HanucaTh ypaBHeHnue MIOCKOCTH, MPOXOIAIIell yepe3 TOURU
(0; —=5; 0) m (0; 0; 2) n mepmeHIMRYIAPHONH K MIOCKOCTH & + by +
4+ 22 — 10 = 0. IocTpouts ee.

482. Haittn yrom miockoctu, npoxonsAruieii vepes toukn O(0; 0; 0),
M (a; —a; 0) u Ma(a; a; a), ¢ mmockoctbio 0.

483. Haittm paccTrodmne oT mavala KOOpAmHAT 10 MI0CKOCTH, MPO-
xonsteit wepes rourn M (a; 0; 0), M2(0; a; 0) u Ms(a; a; a).

484. Hanucarb ypaBmenwe mIocKocTH, npoxoudiieii wepes ocb Oz
u cocrapaswieil yroa 60° ¢ niockocThio y = z.

485. Haiitn paccroaume or toukn (a; b; ¢) mo miockocT, oTceka-
oliell ma ocAX KoopaumuAaT 0Tpe3km a, b u c.

486. Hamucarh ypaBHenus NI0CKOCTe, TapalielbHbIX MI0CROCTH
22 4+ 2y + 2z — 8 = 0 w ynajnemnbIx 0T mee Ha paccrodume d = 4.

487. Hamucarh ypaBHeHue MIOCKOCTH, TPOXOAAIIel yepe3 TuHui0
nepecedenns nnockocreit 4o —y+3z—6=0uzxz+5y—2z+10=20
U NepuneHiInkyIApHoil K miockoctu 22 — y + 52 — 5 = 0.

§ 3. YpaBHenua mpamoii

1°. YpaBHeHUA TWPAMOIi, npoxoaareli yepes Toury A(a; b; ¢) u ma-
pannensHoit Bekropy P{m; n; p}. Mycte M (x; y; z) — nponsBosbHAaA TOURA

npAmoii (puc. 21), torna AM || P u 1o ycaoBHIO mapaiiieqbHOCTH BERTOPOB

Sl (1)

Ypasraennd (1) HA3BIBAIOTCA KAHOHUNECKUMU YPABHEHUAMM MpAMOoit. Bek-
top P{m; n; p} naseiBaerca nanpasafiowum BEKTOPOM TPAMON.
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2°. MapamMerpuuecKWe ypaBHEHUA MPAMON MOJIYIUM, TIPUPAB-
HAB Kaskmoe n3 oTHorernit (1) mapamerpy ¢:

x=mt+a, y=nt+b z=pt+ec.

(2)

3°. YpaBHeHUuA mpaAMOIil, Tpoxo-
Ala; by c)/" mATel vepes dee mouku:

M(x; y; 2)

P{m; n; p} r—v1 _ y—p  z—n )

L2 — &1 Y2—U0 22 — 21

4° O0mue ypaBHeHUA MHPAMOIL:

Az + By+Cz4+ D =0,
Pue. 21 All‘ + Bly—|— C’lz + D1 =0. (4)

5°. YpaBHeHUA MPAMON B MPOERNUAX NOIYIUM, UCRIIOUNB U3
obmix ypasHeHuit (4) onuH pas y, Apyro¥ pas x:

r=mz+a, y=nz+b (5)

Ypasrenna (5) MOmHO 3aIicarh B kaHoHuueckot GopMe:

488. HaiiTu ciensl TpAMBIX:

— -9 —
Hae=z+5y=4-2z u 2)9613:92 :'213

na miuockoctax Oy n Oz u NOCTPOUTH NPAMBIE.

Yrazanue. llomomntek B ypaBHeHnAX npaAmoii: 1) z = 0; 2) y = 0.

489. YpaBuenud mpamott ¢ +2y+32—-13=0,3z+y+42— 14 =
= 0 mamucarb: 1) B mpoernunaAx; 2) B kanonnueckoii Gpopme. Haittn
clebI TPAMOil HA KOOPAMHATHBLIX MIOCKOCTAX, MOCTPOUTEH MPAMYIO U
ee TIPOERITUH.

490. Hamucath ypaBuenusd NpAMON, TpoXoAAlleil uepe3 TOUKY
A(4; 3; 0) w mapammensuoii Bekropy P{—1; 1; 1}. Haittu cien mpa-
Mmoit ma miockoctn yOz m MOCTPOUTDH MPAMYIO.

491. MMoctpouth npaAmyio & = 4, y = 3 u naiiTu ee HaNpaBIATOIIU N
BERTOP.

492. lloctpouts mpAmbe: 1) y =3, 2 =2; 2) y =2, z = ¢ + 1;
3) x =4, z = y u oNpeneNnTh NX HANPABIAIINE BEKTOPBI.

493. HamucaTh ypaBuenus TpAMmoOit, Tpoxomdineii uyepe3 TOURU
A(=1;2; 3) u B(2; 6; —2), u naiiTn ee HaNpaBIA0IINe KOCHHYCHI.

494. llocTpouTsh mMpAMYI0, TpoxoAIIyo yepe3 Toukn A(2; —1; 3)
u B(2; 3; 3), u manucath ee ypaBHeHuA.
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495. Hanucatp ypaBuenns Tpaektopun Touku M (z; y; z), Koro-
pas, Beifing u3 roukn A(4; —3; 1), nBumerca co ckopoctbio v{2; 3; 1}.

496. HamucaTh mapameTrpuyeckne ypaBHeHnudA NMPAMOIL:

1) npoxondeit vepes Touky (—2; 1; —1) u mapamnenbuoil BeKTOpy
P{1; -2; 3};

2) mpoxonaArueii vepe3 Toukn A(3; —1; 4) uw B(1; 1; 2).

497. Hamucath ypaBuenusd NpAMON, TpoXoAfalleil uepe3 TOUKY
(a, b, ¢): 1) napanmensno ocu Oz; 2) nepnenankyrapuo & ocu Oz.

498. Haiitu yrom mpamoit z = 2z — 1, y = —2z 4+ 1 ¢ npAwmotii,
npoxonAleii yepe3 nHaualo Koopauuat u uepesd Toury (1; —1; —1).

499. Hatitu yrom memny mpambiMu: £ —y +2 —4 =0, 22 +y —
—2245=0uwax+y+z—-4=0,22+4+3y—2z—-6=0.

Y wrazanue. HampaBadiomuil BeKTop Kamaoll M3 TPAMBIX MOMKHO OTpe-
OEeJINTh KakK BERTOPHOE IIPpOM3BeIeHIe HOPMAaJbHBIX BEKTOPOB IIOCKOCTEN

(P =N x Ny).
y

500. Ilorazarh, uTo TpAmasd g = 3 = % nepneHIuKyIApHA K
mpaAvoit z = 24+ 1, y =1 — z.

501. HamucaTb ypaBuenusd TpPAMON, TPOXOAAIIeN uepe3 TOURY
(—4; 3; 0) m mapamenpuoit mpamoit ¢ — 2y + 2z =4, 2z +y — z = 0.

502. Hanucath ypaBuenus mepluenTuKyIApa, ONYIIEHHOTO U3 TOURU
(2; —3; 4) ma ocb Oz.

Yrazanue. Mckomad npAMada npoxonut ere vepes Toury (0; 0; 4).

1
503. Haiitu paccrosnue or Touskn M (2; —1; 3) no npamoii vl
Y+ 2 _Z— 1
4 5

Yrazanue. Toura A(—1; —2; 1) memur Ha mpamoit; P{3;4; 5} —
HaIpaBIAIIi BekTop npAMoit. Torma

AM[P x AM| [P x AM|

P-AM P

d=AMsina =

504. Hatitm paccroAmne memIy MapajlilelbHbIMU MPAMBIME
$—2_y—|—1_z—|—3 x—l_y—l_z—l—l
T2 2 " Tr T T2 T

r—4 y-2 z
505. HaiiTu ciemxbl mpAmoi 1 = 5 = - HA KOOpIuHAT-

HBIX TI0CKOCTAX U MOCTPOUTDL MPAMYIO.

506. YpaBuenud npAmoit 220 +y+ 82— 16=0,2 -2y — 24+ 2 =
= 0 manucarb: 1) B mpoernuaAx; 2) B kanonnveckoii Gpopme. Haittn
clebI TPAMOil HA KOOPAMHATHBLIX MIOCKOCTAX, MOCTPOUTEH MPAMYIO U
ee TIPOERITUH.
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507. Hamucath ypaBuenusd TpPAMON, TPOXOAAIIel uepe3 TOURY
A(0; —4; 0) n napamnenbuoii Bekropy P{1;2; 3}, mafitu cien mpsa-
moit ma miockoctw £(Jz W NOCTPOUTH MPAMYIO.

508. [loctpouth npAmyio & = 3, 2 = 5 u HallTu ee HanpaBAAONIK il
BEKTOD.

509. Hatitu nanpaBndtomuit Bextop npamoit c+y—2z2 =0, y ==z
W YIIIBI PAMOfT ¢ ocAMu KoopamuaT (cM. yKaszamwe K 3amaue 499).

510. HanucaTth ypaBuenus mepluenTuKyIApa, ONYIIEHHOTO U3 TOURU
(2; —=3; 4) ma ocs Oy.

511. Hatitu yrom memny npambivu 22 —y—7 =0, 20 —2+5=10
ndrx—2y+8=0, z=3z.

512. HamucaTb ypaBuenusd TpPAMON, TPOXOAAIIeN uepe3 TOURY
(—1; 2; —2) w napamnenbuoit npamoit x —y =2, y = 2z + 1.

513. Haiitu paccrosnue ot toukn M (3; 0; 4) mo mpamoit y = 2z +
+ 1, z = 2z (cm. 3amauy 503).

§4. lIlpamaa u miIockocTh

xr—a y—2b z—c
1°. ¥Yroan memny mpaAmoil = = U TaAO0C-
m n p
rocthio Az 4+ By+Cz+ D =0:
N.-P A B
sin9:| |:| m n—I—C’p|. (1)
NP NP
Yemosue ux napaaseavrocmu (N || P):
Am+ Bn+ Cp=0. (2)

Yemosue ux nepnendukyaaprocmu (N L P):

A_B_C 5

m n P

2°. Toura mepecedenua npAMoit m maocrocTu. Hamucas
mapaMerpriecKkre ypaBHeHNA mpAMoil « = mt +a, y = nt + b, z = pt + ¢,
nomcTaBUM B ypaBHenwue miockoctn Az 4+ By + Cz + D = 0 Bmecro z, v,
2z uX BbIpameHnA yepe3 . Haitmem tp, a 3aTeM g, Yo, 20 — ROOPAMHATEHI
TOYKH NEpPeCcevyeHuA.

3°.YcnoBue pacmono®meHUA IBYX NPAMBIX B OTHON MIoC-
KOCTH:

a—ay; b—>b; c—eq

m n p =0. (4)
my ni p1
514. Hatitu yroa npawmoit y = 3z — 1, 22 = —3x 4 2 ¢ NI0CKOCTHIO

20 4+y+2z—-4=0.
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x—l—l_y—l—l_z—3

515. llorazaTh, uTo mpAMad 5 T~ 3 napaiieibHa
z4+1 y+1 z+3
ninockoctu 2z +y — 2z = 0, a npaman = = 3 JTeRUT

B HTOi MIOCKOCTH.
516. HanmucaTh ypaBuenue TMIOCKOCTH, TPOXONAIIeN yepe3 TOURY
(—1; 2; —3) u mepnenauKyIApHoil K mpAMoit z = 2, y — z = 1.
517. HanmucaTh ypaBuenue MI0CKOCTH, TPOXOIAIIelt uepe3 IpAMYIO
x—2 -3 z+1
= y2 = —3— u 104Ky (3; 45 0).
518. HanmucaTh ypaBuenue MI0CKOCTH, TPOXOIAIIelt uepe3 IpAMYIO

z—1 y+1 z+2
2 2 2
—z=4.
519. Hamucarh ypaBuenue MI0CROCTH, TPOXONAIeit yueped mapad-
x—3 vy z—-1 z4+1 y—-1 =z
2 1 2 2 12
520. HamucaTh ypaBuenud TpAmoil, TPOXomadiieil uepe3 Havyalo
KOOpIMHAT W cOCTaBlAWIIell paBHble yIVbl ¢ nuockoctaAmu 4y = 3z,
y=0wu z=0. Haittu 3Tu yras.
521. Hafitm Touky mepeceuenmnd npaAmoit x = 2t — 1, y = t + 2,
z =1—1t c nmaocrocthio 3z — 2y + 2 = 3.

u NepneHIuKyJIAPHON K NaI0CcKkocTH 22 + 3y —

JleJIbHBIe IIpAMbIe

-1 1
522. HaiiTu Touky Tepecevenusa MpPAMOIT g S = Z;

¢ mIocKocThio  + 2y + 3z — 29 = 0.

523. Haiitn npoerunto toukn (3; 1; —1) ma miockoctsh « + 2y +
+32-30=0.

524. Haiitn npoerunio Touku (2; 3; 4) wa npamyo ¢ =y = z.

525. Haiitm KpaTuaiilliee paccTodnue MemIy HelapalielbHbIME
MPAMbBIMH:

x—a y—-b z-c T—a; y—-by z-—0q
m n P my m "
x+1 Y z—1 x y+1 z—2

1 1 2 1 3 4

Yrasanue. Ilpenmomarasa mpAMBIe B 00IIEM CiIydae CKPENTHBAIOIIII-
MUCH, HAPUCYeM TlapaJlielbHbIe TIOCKOCTH, B KOTOPBIX OHU PAacloIOKEHE.
N3 touer A(a; b; ¢) mw Ay(ay; by; ¢1) nposemem Bewtoper AB = A;B; =
= P{m;n;p} uw AC = A;C; = Pi{my; ny; p1}. Boicora upusmsl
ABC A1 B;(; 1 paBHa HCKOMOMY PacCTOAHUIO.

526. Ilorazarh, uTo MpAMBIe

r—2 y—4 z-=2
r=z—2, y=2241 nu = =
3 1 1
mepeceKaroTcA, n HAlMCaTh ypaBHeHme TII0OCKOCTH, B KOTOPO# OHm pac-
TOJOHEeHbI.
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527. Hanucarb ypaBueHus neprneninkyisapa, ONyIIeHHOT0 13 TOUKN
(2; 1; 0) ma mpamyo ¢ =3z — 1, y = 2z.

528. IlocTtpouTsh niockocTh & + y — 2 = 0 u IpAMYI0, TPOXOnAA-
myto uepes toukn A(0; 0; 4) u B(2; 2; 0). Haiitu Touky mepecevenns
MPAMOIT ¢ MJI0CKOCTHIO U YTOJI MEKIY HUMM.

529. IlocTponTh MIOCKOCTL Y = 2, IpAMYyI0O ¢ = —2z+ 1, y =2 n
Hafiti: 1) TOURy X mepecedenud; 2) yroa MemIy HUMH.

530. Haiitn npoernuto tourn (3; 1; —1) na mmockocts 3z + y +
+2—-20=0.

z—1 y
531. Haittu npoerunto tToukn (1;2;8) ma npamyio =

2 -1
532. Hamucarh ypaBuenue MI0CROCTH, TPOXONAINeit yueped mapad-
w—l_y—l—l_z—? w_y—l—l_z—l

zZ.

JenbHbBIe TPAMEBIe u - = = .
-2 3 1 -2 3
3 1 1
533. llorazarh, uTo MpAMBIe v —; = y; = Z—; uzr=3z—4,

Yy = z + 2 nepeceratorcd, HaliTu TOUKY uX TepeCeueHns.

534. Hanucath ypaBuenus meplenTuKyIApa, ONYIIEHHOTO U3 TOURU
z+1 y—1 z
12 =3

535. Haittm KpaTuaiillee paccToAHne MEEIY TPAMBIMHU & = —2Y =
=zuz=y="2.

(1; 0; —1) ma mpamyio

§ 5. Chepuyeckne M UMIMHAPHYECKUE NMOBEPXHOCTH

1°. YpaBuenue cbhepuUyecKOlW NMOBEPXHOCTH C IEHTPOM
C(a, b, ¢) m paguycom R:

(z—a)®+(y—b)>+(: —c)® = R%. (1)

2°. ¥Ypasuenue F(z,y) = 0, He comepmaliiee z, ONPENETAET YUAUH-
dpuueckylo MOBEPXHOCTH ¢ obpasyiouwed, napatteaproti ocu Oz. Awnamo-
THYHO Kammoe w3 ypasHeHwit: 1) F(y, z) = 0 u 2) F(z, z) = 0 ompene-
JAeT UHAHHAPHYECKYIO MOBEPXHOCTH ¢ 0bpaayomiei, napamrensHoit: 1) Ox;
2) Oy.

3°. YpaBHeHUEe NMUIHUHAPHUUYECKON MOBEPXHOCTH C Halpa-
Baatomieit F(z,y) = 0, z = 0 u ¢ obpasyroleil, mapanIelbHOi BEKTOPY

r—z
P{m; n; p}. VYpaBHenue npousBoabHON o0pasyiolieli Oymer - L
Y=Y
n

z
= g re (zo; yo; 0) — ToURa Ha HampaBIAOIIEL.

Onpenenus orciona Ty U Yo U MOACTABUB UX B YPaBHEHNE HAPABIAIONIEN,
MOJIYYUM ypaBHEHHE IUINHIPHYECKOM TOBEPXHOCTH:

F(x—ﬂz, y—ﬁz)zo. 2)

p p
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536. Hatitu mentp m paguyc chepsl:
1) 224+ y? 4+ 22— 32+ 5y — 42 =0;
2) 22 4+ y? 4 22 = 2az

U NOCTPOuTh n3obpaxenne BTOPOil cephl.

537. HanucaTh ypaBHenue chepuueckoll TOBepXHOCTH, BIUCAHHON
B TeTpasinp, 06pa3oBaHHbIl NI0CKOCTAMA

3v —2y+62—-18=0, =0, y=0, z=0.

538. HanucaTh ypaBHeHne reoMeTrpmveckoro mMecTa TO4eK, pacro-
nomeHHbIX BIBoe Oinnke & Toure A(2; 0; 0), uem & Touke B(—4; 0; 0).

539. Hamucath ypaBmenme chepuueckoil MOBEPXHOCTH, TPOXOMIA-
el uepe3 OKPYMHHOCTD z? + y2 + 22 = a2, T+ Y+ 2z = au uepes
Touky (a; a; a).

Yrazanue. McroMoe ypaBHeHUE TOMMRHO UMETH BUI

P Ne+y+2—a)=0.

540. [loctpouTh B JeBoil cucTeme KOOPAMHAT NMOBEPXHOCTH:

y?+22=4; 2)y?=ax; 3)vz=4; 4)22+y%=ax.

541. HanmucaTh ypaBHenme TeoMeTprdeCROT0 MeCTa TO4eR, OIuHAa-
KOBO ylaJleHHbIX 0T npAamoit ¢ = a, y = 0 u numockoctn yOz. llocrpo-
UTh MOBEPXHOCTh.

542. Hanucath ypaBHennda Tpex NuJIuHAPUYECKUX NMOBEPXHOCTEI,
onmcanHbIX 0Kojlo cdepel 22 + y? 4+ 22 — 2a2 = 0 ¢ obpasyouinmy,
napajtesbubiMu cooTBercTBenHO: 1) ocu Oz; 2) ocn Oy; 3) ocu Oz.

543. HapucoBaTh B TepBOM OKTaHTe JIeBOI cmcTembl KOOpAMHAT
KpuByio BuBmanmu:

962—|—y2—|—z2:167 962—|—y2:4367

nocTpouB ee Touku npu & = 0; 2 u 4. Ilorazath, uTo NpoekIud RpuBoit
ma miockoctb x(Jz ectb napaboda.
544, HafitTi enTp m paiuyc OKpyHRHOCTH

2?4y’ +22=10y, z+2y+22—-19=0.

Yraszanue. lleHTp OKPYMHOCTH eCTh MPOEKIUA [eHTPa IIapa Ha ILIoc-
KocTh (eM. samady 530).

545. HanmmcaTh ypaBHenme NuiuHAPHYECKOH NMOBEPXHOCTH C Ha-
I paBIAoIIei y2 =4z, z = 0 u c obpasylolieil, napanieinbuoil BEKTOPY
P{1; 2; 3}.

546. [locTponTh B MepBOM OKTaHTe MOBEPXHOCTH (ac—l—y)2—|—az =a?
mo cevenuAm miockoctamu ¢ = 0, y = 0, 2z = 0, 2 = h < amn
TOKa3aTh, 4YTO 5Ta IMOBEPXHOCTh IUJIMHAPHUUYECKad C 00pasyoIuMiu,
napaiieinbubiMu npamMoit  +y = a, 2 = 0.
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547. llap 2?2 + y2 + 22 = 42 ocBeren JydyaMu, napaliiejbHbIMU
npamoit * = 0, y = z. Haiitu dopmy Tern mapa ma mirockoctn Oy
Yrazanue. Hymuo HanmmcaTh ypaBHeHWe MUINHAPHYECKOM TOBEPXHO-
cTH, 00paBOBAaHHON JIyYaMu, KacaTelbHBIME K IIapy. 3a ee HaMPaBIAIIIYIO

MPUHATH JUHUIO CEYeHNA I1apa II0CKOCThIO, MPOoXonAleil uepes HeHTP I1apa
U NMePIeHANKYIAPHON K JIyuaM.

548. HanucaTh ypaBHeHue MIOCKOCTH, TPOXOAAIIell uepe3 MeHTP
C' nosepxuoctu 22+ y2 + 22 — 20 + y — 32 = 0 u nepnenIuKyIAPHOI
& npamoii OC'.

549. HanmucaTh ypaBHeHune reoMeTpruyeckoro MmecTa Touek, yaaleH-
HBIX BIBOe [aiblile 0T Havajla Koopauuat, yvem oT Touku (0; —3; 0).

550. Hatitu mpoernuio Ha TMiIockocTb z = ( ceuenusa HIapoBoit
noBepxuoctu 22 +y2+ 2% = 4(x — 2y — 2z) MWIOCKOCTHIO, MPOXOMATIeit
yepe3 lleHTp lIapa u Nepuneriukyiaapuoit kK npamoit z =0, y 4+ z = 0.

551. B neBoit cucteme KoopAunHAT MOCTPOUTH MOBEPXHOCTH:

1) z2=4—2%2) y2 + 22 =42;3) y? =23

552. [locTpouThb B mepBoM OKTaHTe JTeBoil cucTeMbl KOOpIUHAT Kpu-
BYIO nepeceyeHns MUIUHIPOB 22422 =a%u 2?4+ y2 = a2

Yraszauue. llocrpous B mmockoctax Oz u £y YeTBepTH HANPABIA-
IOIMHX Opr}EHOCTEfI, pasgeaInTb UX HpI/I6JII/I}EeHHO Ha paBHBIEC YaCcTU (HaHpI/I—
Mep, Ha 4) U Yepes TOUKH MeTeHNA TPOBECTH 00pasyolie MIIHHIPOB 10 HX
nepecedernd (cm. puc. 60, c. 320).

553. Hanucarh ypaBuHenmne NmInHIPHYECKON MTOBEPXHOCTH C 0b6pa-
sytoueii, napaiienbuoii Bekropy P{1; 1; 1}, u ¢ nanpabasioueii x2 +
+y? =4z, 2=0.

554. IlocTpouTh Temo, OrpaHMYeHHOE TOBEPXHOCTAME Y2 = z,

z =0, 2 =4, v = 4, nu wanucarh ypaBHeHud Iuaroxaleil rpanu,
Jemaliieil B MI0CRocTu & = 4.

§ 6. Konnueckue mMoBepXHOCTH M TOBEPXHOCTH BPAIEHHA

1°. Kouuuecrue IIOBEPXHOCT M. HyCTb KOHRUYECKAA NOBEPTHOCMDb

HMeeT BepIIMHY B Hadaje KOOPIWHAT, a Hanpasasowyrw F(x,y) = 0 Ha
. . x i z
mwiockocT z = h. YpaBHenue obpasywoweti dyner: — = — = 7, the
To Yo

(zo; Yo; h) — Toura HampasaAmoeli. ONpenenans oTcoNa Lo W Yo U MOICTA-
BHB UX B ypaBHeHue F(z, y) = 0, TOIyUNM ypasHeHue KOHUUECKOU NOGEPT-
HOCMU € ePUUHOU 6 HaUaLe KOOPOUHAM:

» (ﬁ %) _o. (1)

z z
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Ecau BeprmHa roHyca Oymer B Toure (a; b; ¢), T0 ypaBHeHHe NpUMeT
BUI

plezat-o  w=0h-9 1 _, (2)

Z—cC Z—cC

Ypasrenne (1) odnopoduo oTHocHTENBHO #, Yy, Z, a ypaBHeHHe (2) o0-
HOPOOHO OTHOCUTENBHO T —a, y — b u z — ¢. Tlo odnopodrocmu ypaBHeHNA
MOMHO y3HaTh ypaBHEHUE KOHUYECKOTU NO6EPTHOCTMU.

2°. IloBepXHOCTHM BpalleHMHA:

VpaBHeHUA KPUBOIT Ocr Bpamtenna VpaBHeHMe MOBEPXHOCTH
BpalleHUA

F(z,y) =0, Oz Fle, Vy? + 22)
z2=0 Oy F(Ve?2 422 y)
) =0, Oz F(z, \/y? + 22)
y=20 Oz F(y/x2+ 42, z)

F(y, z) =0, Oy Fly, Va2 +22)=0
z=0 Oz F(y/z2+y2, 2)=0

I
o

555. Hanucarh ypaBuenme Kommueckoll MOBEPXHOCTH € BepHIMHOM
B Hauajle KoopiuHaTr u Hanpasidiomeii 22 + y? = a2, z = c. locrpo-
uTh n3obpamenne MOBEPXHOCTH.

556. Hanucarh ypaBnenme Kommueckoil MOBEPXHOCTH € BepIIMHOM
B Toure A(0; —a; 0) w mampaBaAoIeit 22 = 2py, z = h. llocrpouts
n3o0pasenne NOBEPXHOCTH.

557. Onpenenuts Bepunny konyca 2 + (y — a)? — 22 = 0, ero
HANPaBIAIUIYIO B IIOCKOCTH 2 = ¢ W MOCTPOUTH KOHYC.

558. OmpenenuTs BepIINHY KOHyca 22 = 22, €r0 HAlPaBIAIOIIYI0
B INIOCKOCTH Z = h m MOCTPOUTH KOHYC.

559. lccaenosath nosepxuocth xonouda ') win xauna (a? —x2)x
xy? = h%2?% no cevenuam mockoctamu 2 = 0, y = h, = +¢ (¢ < a)
U NOCTPOuTh KoHOWI B objnactu 2 2> 0.

560. Hamucarh ypaBHenue TOBepXHOCTH, 00pa3oBanuoii Bpalle-
mmem Epupoit 7 = 22, y = 0: 1) Borpyr ocm Oz; 2) BOKpYT ocm
QOz. lloctpouTh 06e MOBEPXHOCTH.

2

]) Konoudom HaspiBaeTcA MOBEPXHOCTH, 00pasoBaHHAaA IBIAREHNEM TPAMOIL, Ta-
paie sHOI TaHHOM IJI0CKOCTH U NepeceRarollell TAaHHYI0 KPUBYIO U TaHHYO IPAMYIO.
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561. Hamucarh ypaBHenue TOBepXHOCTH, 00pa3oBanuoii Bpallle-
4
ﬁ7
y = 0. lloctponTts 06e moBepxHocTH (B 1€BOil cucTeme KOOpIMHAT).

562. Hanucarh ypaBuenme Kommueckoil MOBEPXHOCTH € BepIIMHOM
O(0; 0; 0), manpasastomeii v2+(y—6)24+2% = 25, y = 3 u napucosars
MOBEPXHOCTb.

563. Hanucarh ypaBuenme KommuecKkoil MOBEPXHOCTH € BepHIMHOM
C(0; —a; 0), manpasastoueit 22 + y2 4+ 22 = 25, y = 3 u wapucosath
MOBEPXHOCTb.

564. Hamucarh ypaBHenue TOBepXHOCTH, 00pa3oBanuoii Bpallle-
mawem npamoii z = y, ¢ = 0: 1) Borpyr ocu Oy; 2) Borpyr Oz, u
HapUCOBaTh 0be MOBEPXHOCTH.

umem BOKpYT ocu Oz: 1) KpuBoii z = ey =0; 2) KpuBoit z =

565. lloka3ath, uTO ceuenue ROHyca 22

= 2a ecTb 3JUINC, U HANTH €ro MoJyoCH.

= ZY MJI0CKOCThIO T + Y =

§ 7. Jnnuncoun, runepdoosIoHILI H TMAPAdOIOHIbI

1°. Kanonuveckue ypaBHeHudA. HKpoMe NUIMHIPUYECKUX, CY-
IIeCTBYIOT IIeCTh OCHOBHBIX BHIOB IOBEPXHOCTEM BTOPOTO IOpAMKA, ONpe-
MeTAEMbBIX CIENYIOMINMEI KaHOHIYECKIMH (TTPOCTeHITNMI) ypaBHEHUAMH:

2 2 2
z z
I. Daauncoud: =z + z—z + Elia L.
2 2 2
x_z + g_z — 2_2 = 1 — OTHOTIONOCTHBII,
II. unepboaoudwi: ;2 2 22
— 4 5 — =5 = —1 — IBYNOJOCTHBIMN.
2T 2 ABY
2 2 2
z z
IT1. Konyc emopozo nopadka: — + vz _ 0
az b2 2
2 2
T 4Y —9, BILTUIITHYEeCKIH,
IV. lHapaboaoudu (pu pg > 0): p2 q2
% — y? = 2z — runepbonuyecKuii.

2°. lpaMonuuediabsie ob0paszyomue. Yepes Kamayo TOURY 00-
HonoaoemHo2o 2unepboiouda TPOXOTAT J6€ €r0 NPAMOAUHETHbIE 06PaA3Yy-

o (e
) o)

@
TN
QR
|
[N
N
Il
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Uepes ramayio TOURY 2unepboauueckozo napaboiouda TOmwe MPOXOIAT
dee ero npamoaunetinvle obpasyowue (ipu p > 0w ¢ > 0):

()= ()=

)= oG

3°. KpyroBbie ceuenusa. Ha Bcex mMoBEPXHOCTAX, HMEIOIIUX IAAUN-

mudecrue CedeHusd, UMEIOTCA TaKme WU Kpy2oeblec CEUYCHUA. Hautoabmue
2 2 2

z y+z—:1(npﬂa>b>c)Ha—

KpPYTOBbIE CEUEHHA HILIHINCONIA — + S
a? b2 c?

xonarca Ha chepe 2 4+ y? + 22 = b2, Kpyrosble ceueHHA HILIMIITHYECKOTO
22 g2
mapabosionna — + — = 2z, MPOXONAIINE UYepe3 BePITHUHY, HAXOAATCA Ha

P q
chepe 22 + y? + 22 = 2pz (npu p > q).

566. Hamucarh ypaBHenue TOBepXHOCTH, 00pa3oBanuoii Bpallle-
2 2

HUeM JnIca — + — = 1, y = 0 Borpyr ocu Oz.
a c
22 2 L2

567. lloctponTh OBEPXHOCTH ?—I— y——l— — = 1 u gaiiTu naolanu

4 25
ee cevennii mrockoctAmn: 1) 2 =3; 2) y = 1.

568. Hamucarh ypaBHenue TOBepXHOCTH, 00pa3oBanuoii Bpallle-
2 2
x

z
HueM KpuBOfi - = 1,y = 0: 1) Borpyr
c

a2

ocu Oz; 2) Borpyr ocu Oz. lloctponTtsh obe

noBepxHocTH (B J1€BOiT cucrTeme KOOpIMHAT).
569. [loctpouTh MoBepxHOCTH:

1) 22 4 y? — 2% =4
2) 22 —y2 422 4+4=0.

22 y2
570. IloctponTh Tunepbosions E + Z —
52
~ 36 = 1 u maiiTu ero obpasyioiiue, TPoOX0-

nAuime veped toury (4; 1; —3).

571. HurtAnmad momenb TuidnHIpa «3aKkpy-
yexay  MOBOPOTOM BepxXHero Kpyra ma o
(puc. 22). Onpenenntsb ypaBHeHHE MOMYYEH-
HOIl wimHeilvaToily NMOBEPXHOCTH, eCln OK-
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PYHHOCTH ee oCHOBaHwmil JemaT B MIOCKOCTAX 2 = ¢, uX NeHTPhl —
na ocu Oz, a mX paguychl paBHBI 2¢. PaccMoTpeTrh uacTHBIE ciyuan
mpu o = 90°, 120°, 180°.
Yrazanue. Toura M (x; y; 2) meaur paccTodHNe MemIY TOTRAMHI
A(2acost; 2asint; —c), B(2acos (t + «); 2asin (t + «); ¢)
B orHomeHnn AM : MB = (¢c+ z) : (¢ — z).

572. Hamucarh ypaBHeHue TOBepPXHOCTH, 00pa3oBanuoii Bpallle-
mmem napabonbl az = 2, y = 0 Bokpyr ocu Oz. llocrpouts mo-
BEPXHOCTh 10 ceueHuAM MJockocTAmu: 2 =a, =0, y = 0.

573. lloctpouTh MoOBepxXHOCTH:

2 2 2
) £ )

574. lloctpouTts (B 71€Boil cucTeme KOOPAMHAT) MOBEPXHOCTH &
— y? = 4z u naiiTu ee obpasyolie, IPOXOIAIIIE T€PE3 TOTKY (3;1;2).

575. Hamucarh ypaBHeHnue reomMeTpuyeckOr0 MecTa TOYeR, OTHO-
lIeHne pPacCTOAHMI OT Kamuoil m3 KOTOPBLIX [0 MJoCKOCTH T = 24
K paccrofgnuAm 10 toukn F'(a; 0; 0) paBuo V2. Tlocrpouts noBepx-
HOCTD.

576. Hamucarh ypaBHeHnue reomMeTpuyecKOT0 MecTa TOYeR, OTHO-
menne paccTOAHMIt 0T Kammoii u3 Kotopbix no Touru F'(0; 0; 2a) n 1o
II0CKOCTH 2 = @ paBuo v/2. [locTpouTh NOBEPXHOCTE.

577. Hamucarh ypaBHeHue TeOMeTPUYECKOTO MeCTa TO4eK, OMuHA-
KOBO ynamenublX ot Toukn F'(—a; 0; 0) n or nnockoctn z = a. llo-
CTPOUTDH MOBEPXHOCTD.

2 _

2
x
578. Hafitu nauboibliine KPYyTroBble ceyeHusd HIIUIICOUIA 169 +
A
259

579. OnpenenunTh KPyroBhie CedeHmWA MU THYECKOTO Tapabosiona

2 2
Z ¥
— 4+ 9= z, TPOXoJAlllme yepe3 Havalo KOOpIuHAaT.

580. Ha3paTh u MOCTPOUTH KAKIYIO U3 MOBEPXHOCTeRl:

1) 22 +y? + 22 =2az;  6) 22 = 2az;

2) 22 + y? = 2az; 7) 2% = 2yz;
3)$2+z2:2az; 8) z =2+ 2% 4y

4) 2? — y? = 2az; 9) (2 —a)? =Y;

5) x2 — y? = 22, 10) (z — 22)2 +4(z — 22) =
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581. Hanmucarh ypaBuenud MpAModuHefiHBIX 00pa3yomux Tumep-
6omouna x2 — y? + 22 = 4, NpoxoOIAIINX uepe3 TOURY (2; 45 4).

582. HamucaTh ypaBuenme TeoMeTpuyeCROr0 MeCTa TOYER, OTuHAa-
KoBO ynamennbix o Toukn ['(0; 0; a/2) m or niockoctn z = —a/2.
[MocTpouTh MOBEPXHOCTD.

583. HanmucaTh ypaBuenme TeoMeTpuyeCROr0 MeCTa TOYER, OTUHA-
KoBO ymamenubix or Toukm [(0; 0; a/2) m or miockoctn z = 3a/2.
[MocTpouTh MOBEPXHOCTD.

584. HatiTm maumenbIline KpyroBble ceuenund Tulepboonia

22 2 322

%70 25
585. Hanmucarh ypaBuenud mpAMonuHefiHBIX 00pa3yomux Tumep-
2 2
x
6onuueckoro napadosonna 6 9= 2z, IPOXONAILINX Uepe3 TOUKY

(4; 35 0).



I'maBa 4
BBICIIAS AJITEBPA

§ 1. Onpenenurenn

1°. OQupemeaurenu. Onpedeaumenem 6mopozo nopadka Ha3bIBa-

a; b
€TCA YHCIIO, obo3HavyaeMoe CIMBOIOM Cl; b;‘ n oIpeneiiieMoe paBEeHCTBOM
ar b _
as b2 = Cllbz Clzbl. (1)

Onpedeaumenecm mpemve2o nopadka Ha3LIBACTCA YHCIO, 0003HAYAEMOE

a b o
CHUMBOJIOM |(d2 bz Ca HOHpEJIe.IIFIEMOG paBeHCTBOM
az bz c3
a b o b
_ 2 C2 as c2 as by
ag bz Cal = aq b cal a e +c1 bal - (2)
b 3 C3 3 C3 az b3
az bz c3

Onpenenuresn Broporo MOpAIKA, BXOMAIINE B MPABYIO YacTh PABEHCTBA
(2), momyyarTCA W3 MAHHOTO ONMPENENHTENA TPETHETO MOPANKA BBHIYEPRHUBA-
HHUEM OTHOM CTPORU M OMHOTO CTOJI0Ia U HA3LIBAIOTCA ero MuHopamu. Dop-
Mmyma (2) HaseiBaeTcA (GOPMYITON DPABIOMEHHUA ONMPEIETUTENA TPETHETO MO~
PANKa MO DIEMEHTAaM TePBOM CTPORU.

2°. CBoticTBa ompemeauTeneit:

I. Bemuunta onpenenuTend He NBMeHUTCA OT 3aMeHBI CTPOR CTOJNOIAM.

II. Benwunua ompenenTeda OT MepecTAHOBRU ABYX JTO0OBIX Tapallielb-
HBEIX €T0 PANOB MeHAET 3HAK Ha 00paTHLIIL.

N3 cpotticts 1 n Il camemyer, uTOo ompemelnmTe b MOMHO PABIORUTE IO
pIeMEHTaM II000T0 pANa, Tak Rak HTOT PAN MOMHO CIelIaTh MepBoit CTPOROIL.

IT1. OunpemenuTens ¢ IByMA ONMHAKOBBIMHU MapalIedbHBIMU PATAMU Pa-
BeH HYIIO.

IV. Obmuit MHOKUTETE HIEMEHTOB OMHOTO PANAa MOMHO BRIHECTH 32 3HAK
OMpeneTnuTeNA.

V. Beruuwnna ompenenuTenaa He U3MEHUTCA, €CAU K HIEMEHTAM OTHOTO
pAma MPHUOABUTH HIEMEHTHI TMapaJIedbHOTO pANa, YMHOMEHHBIE Ha MPOU3-
BOJIBHOE oMMHakKoBoe yncao. Hamprimep:

aj bl (&) ay + mey bl +ncp
ag bz co| = |ag + mco bz +nce cp
asg b3 C3 as + mces b3 + ncs c3
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§1. Onpegerurenn

C IIOMOIIIBIO 3TOr'0 CB
IopAIdRa clieJlaTb OBa

oficTBa MOMHO B JII000M pAoy OIIpenelInTeNd TPEThETo
HYJIA, 4eM YIIPOCTHUTCA pa3JIoMKeHNE OIIpede/InTe]IA 110

HIEeMEHTaM 9TOTO PAJA.
3°.Maomane TpeyroabHUKa ¢ BepmuaaMu A(z1; 1), B(za; y2),

C(x3; y3):

1121 oy 1
S=t=|es y 1. (3)
2lzs oy 1

Boruncantn onpenednTeNn:

3 _
4

NG

a

2
586. 6‘ )
589. -1

c 02
591. [°"

Va|’
o costw
sin? 3 cos? 3

2 3 3 =2
sina  cos
590. ‘—COSO& sinoe“

2

Boruncantn onpenejurenn, pa3lomuB uX 10 djJeMeHTaM IepBOTo

cToJ01IA:
2 3 4 a 1 «a
592. |15 —2 1]. 593. |—1 a 1].
1 2 3 a -1 a
BorumcnnTh onpenennTenn, pas3iomnB uX no HieMenTam TOTo pAma,
KOTOPHIN colepuT Hamboyblllee yrcyio Hymaei:
1 b 1 — 1 x
594. (0 b 0. 595.| 0 —x —1].
b 0 —b x 1 —=z
YupocTuThb m BHIUMCIUTH OnpeIeuTeln:
a —a a 1 2 5
596. |a a —al. 597.| 3 —4 7.
a —a —a -3 12 -15
12 6 —4 22 oz 1
598.| 6 4 4. 599. [y2 y 1]
3 2 & 22 5 1
l4+cosae 14+sina 1
600. |1l —sina 1-+4+cosa 1|.
1 1 1
2 cos? % sina 1
601. 2COS2§ sinf 1|
1 0 1
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602. HatiTi nioiiansk TpeyrojlbHuKa ¢ BeplInHAME
A(2;3), B(4; —1) u C(6;5).
603. Jlexatr nm ma oqnoil mpAMoON TouKn
A(1;3), B(2:4) u C(3;5)7

604. Hanucarh ¢ noMOIIbI0 onpeneluTeld TPeThero nopaaka ypas-
HeHUe IPAMOI, NPOXonAlIeil uepe3 TOURKU:

D) (w15 51) u (225 92); 2) (233) u (=1; 5).

prOCTI/ITb 1 BbIUuuC/JIUTb Onpelle/nTelln:

2 -3 1 m+a m—a a
605. |6 —6 2(. 606.|n+a 2n—a a.
2 -1 2 a —a a

sin3a cos3a 1
sin 20 cos2a 1
sinae  cosa 1

ar a®+22 1
607. lay a?+y? 1|. 608.
az a®4+22 1
Yrazanue. B zagaue 607 BeiHecTH @ 3a 3HaAR ongaeneJIHTeJIﬂ, 3aTeM

U3 MepBOif 1 BTOPOif CTPOK BBIUECTH TPETHIO W BhIHECTH (¥ — z) 1 (y — 2) 3a
3HAK OTpeneTuTeN.

609. [TorazaThb, uTo

Ty +x2 Y1+ Y2 1

9013962 91392 21961 yl‘-
5 5 I 2122 Y2
3} Y 1
610. Hafitu x u3 ypaBuenuit:
2 409 2 3 2
e 2 3/=0 2)la -1 1|=0
1 11 0 1 4

U MPOBEPUTh MOICTAHOBKOI KOpHEI B OompelelnTelb.

§ 2. CucreMbl THHEHHBIX YpaBHeHHUIH

1°.CucremMa IBYX AMHeHHBIX ypaBHeHHUN ¢ IBYyMA HeH3-
BeCTHBIMMHU
a1z + by = ey, (1)
azr + bay = co
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HNMeET pelieHune

1 51‘ ay ¢
co by as ca
r= — = 2
a b0 YT | b )
as by as by
_lea by
NP YCIOBHMH, UTO ONpPEIeNUTeNb CHCTEMBI A = 4y by #0.

2°. CucreMa OBYX ONHOPOMNHBIX ANHeHHBIX ypaBHeHUH c
TpeMA HEM3BECTHBIMHU

a1x + by +c1z =0, 3)
as® + by + oz =0

UMeeT pellleHudA, olpenenasdeMble GopMyIaMu

a
az C2

bl

aj bl
oo, (4)

rae k — IpOU3BOJILHOE YKCIIO.
3°. CucreMa TpexX OOHOPONHBIX JUHEeNHBIX ypaBHeHUN c
TpeMA HEU3BECTHLIMU
a1x + by +c1z =0,
asx + boy + coz = 0, (5)
azx + bzy +c3z2 =0

uMeeT oTangHbIe 0T ( pemieHudA, eCJn ONpeneJuTe]lb CUCTEMbBI

a b o
A = ag bz Co| = 0’
az bz c3

u o0paTHoO.
4° Cucrtema Tpex AUMHellHBIX ypaBHeHUIl ¢ IBYMA HEWU3-
BECTHBRIMU

a1z + b1y = cq,
asx + bzy = Co, (6)
agr + bzy = c3
a b o
CO@M@CmHG, Korma A = |G2y bz Co| = 0 Hn cucTeMa He COJIep}KI/IT HOl‘[apHO
az bz c3

IPOTHBOPEYUBLIX ypaBHeHHI.
5°. CmcreMa TpexX NUHEeHHBIX YypaBHeHNUN ¢ TpeMA HeH 3-
BeCTHBIMMHU
a1 + by + 12 = dy,
asx + bay + ca2z = da, (7)
azw + by + c3z = ds
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IIpu yCJOBHUU, YTO ONPpeNeJIUTE]b CUCTEMBI

ar b«
A= as bz Co ;é 0,
asg b3 C3

nMeeT Caellylnee eTHNHCTBEHHOE DEIleHMe!:

TEA VTN T A ®)
roe
dl bl (&) aj dl (&) aj bl dl
AJ; = d2 bz Ca|, Ay = |d2g d2 Ca|, Az = |d2g bz dz .
ds bs cs3 ag dz c3 ag bs ds

6°. HecoBmecTHbie U HeompemedeHHBie cucrtembl. Q0o3Ha-
41M JeBble YacTi ypapHeHui (7) yepes X1, Xo u X3. Ilyctb onpemennrens
cucrembl (7) A = 0. Ilpu 370M BO3MOMKHEI IBa TIPEAMONOKEHIA.

. QmeMeHTBI IBYX CTPOK ONMPENeTUTENA A nponopyuoHa.lbHbl, HATPUMED
a—zzb—zzc—zzm. Toroa Xe = mX; u:
ap b o

1) ecim dy # mdy, 10 cucmema necosmecmua (MepBble IBa ypaBHEHUA
NPOMUBOPEUUBHL);

2) ecit dg = mdy, To cucmema Heonpedesenna (eCIU MEPBOE W TPEThE
YPaBHEHNA He TPOTHBOPEUNBHI).

II. B onpemeaurene A Her CTPOR C MPOMOPIHOHAIBLHBIME 3I€MEHTAMHE.
Torma cymtectBytor ormmunkie ot () 4caa m U n Takue, TPU KOTOPHIX mXq +
+ nXs = X3, u:

1) ecimt mdy + nds # dg, T0 cucmema HECOE MECTIHA;

2) ecin mdy + ndy = dgz, T0 cucmema Heonpedetenua.

Yucana m 1 n MoMEHO om00paTh WK e HANTH UX U3 ypaBHeHUH aym +
4+ asn = az, bym + ban = bz, cym + can = c3.

Pentuth ¢ momotibio onpenenuTteneil cucTeMbl ypaBHeHUIT:

3z +2y=1, ax — 3y =1,
611. {496 —py=40. 612 {ax 9y =2.
2

b + 2y = 4, ma —ny = (m —n)?,
613. {7$+4y:8- 614. {Qx—y:n (npu m # 2n).

Pemmiuth cuctembl ypaBHenuit:

20 —3y+ 2—-2=0, 20 — 4y + 3z =1,

615. r+5by—42+5=0, 616. x—2y+4z =3,
dz+ y—3z+4=0 3x — y+5bz=2.
3x+2y— 2=0

20 — by + 22 =0, Y
617.{ NP 618. 1 20 y+3: =0,
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3z 42y — 2=0, T4+ 2y+ 3z =4,
619. { 2z — y+3z2=0, 620. < 2z+4y+ 62 :3
x4+ y— z=0. 3z 4+ y— z:l.
x4+ 2y + 3z =4, T4+ 2y+3z= 4,
621 204+ y— 2=3, 622. {22+ y— z= 3,

3x4+3y+2z2="7. 396—|—3y—|—22_10
623. [lepeceratorcd iu B 0O TOouKe NMpAMbBIe:
1) 22 —3y=6, 3x+y=09, x+4y=3;
22z —-3y=06,z+2y=4, 2 —by=>57
BrimonuuTh B 000ux ciyyadx MOCTpOEHUE.

Petiintb cuctembl TuneiinbIX ypaBHeHuii:

20— y+ z= 2, x4+ 2y —32=25,

624. < 3z +2y+2z=-2, 625. < 22— y— z=1,
r—2y+ z= 1. x4+ 3y+42=6.

_ 3z — y+22=0,

626. {gﬁi%yigjjg 627. { 20 +3y—5-=0,
Y o x4+ y+ z2=0.

20 — y+32=0, r—2y+z= 4,

628. x4+ 2y — 5z =10, 629. < 2z +3y—z= 3,
x4+ y—2z=0 dr — y+z=11.

§ 3. KomniekcHrie uncaa

1°. Oupenenennna. KomniexcHbiM UCAOM HASBIBAETCHA BBhIpaREHNE
BHUIA & + yi, B KOTOPOM & W Y — BEIECTBEHHBIE YMCIA, & { — HEROTOPBIHT
CUMBOII, €CJH TPH 3TOM TPUHATHI YCIOBUA:

Nae+0i=z,04+yi=yiuli=1 (—1)i=—i

2) ® 4+ yi = 1 + Y14 TOrmA M TONBKO TOTIA, KOTIA & = X1 U ¥ = Y;

3) (2 +yi) + (w1 + i) = (x+21) + (y+ )5

4) (x + yi)(x1 + 111) = (21 — yon) + (ey1 + 219)i.
W3 yenomit 1) u 4) moiyvaorca cTeleHn Yncia ¢:

i2=—1, ¥=—i, *=1 *=iur 0 (1)

Komnaerchoe uwcno & + yi, B KoropoM y # 0, Ha3bBIBAETCA MHUMbLM
yucaom. Umcso i mazpiBaeTcA muumoti edunuyed.

2°. NeficTBUA Hag KOMIJERCHBIMH wucaamn. (lomenue,
BLIYNTaHHWE, YMHOKEEHIE U BO3BEIEHIE B CTENEHh KOMIIIIEKCHBIX YHCEJ MOAHO
BBLITIOJIHATH 110 TIPAaBUJIaM STHX JeHCTBHI HaJ MHOTOWIEHAMHE C 3aMeHoi cTe-
meHelt ynedna ¢ mo popmymam (1).

llemenne KOMINIEKCHBIX YHCEN W N3BJEUEHTe KOPHA 13 KOMIIJIEKCHOTO YH-
clla OIpeNeJATCA Kak TeificTBUA obpaTHBIE.
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3°. Tpurornomerpuvecrkasd bopMa KOMOJAEKCHOTO YHCJIA.
KomriuekcHoe uncao @ + yi onpefiendercA mapoli BeeCTBEHHBIX umced (2, y)
1 mosToMy H300pamaercA Toukoit M (x; y) MIOCKOCTH WM ee PaIyCc-BEKTO-

poM r = qu (em. puc. 12). Tlauna sroro Bekropa r = /22 + y? HasbIBa-
ercAa Mmodysem KOMINIEKCHOTO YHCJIa, a yrod ero ¢ ¢ ockio Or HazbIBaeTcA
apeymermoMm KOMIUIEKCHOTO UnciIa. Tak Kak £ = 1 cos @, Y = rsing, To

z+yi = r(cosp + isin ). (2)

4° JleficTBUA Hal KOMNOJIEKCHBIMW YUCIAaMHU B TPHUTOHO-
MeTpudyeckoil popme:

r(cos ¢ + isinp)ry(cos @1 + isingg) =
= (rr1)[cos (¢ + ¢1) +isin (o +¢1)],  (3)

r(cos ¢ + isin ) r ..
= — - - 4
71 (cos 1 + isin ) 1 [COS (p=a) +isin{e @1)], @
[7(cos ¢ + isinp)]”™ = ™ (cos np + isin ny), (5)

/r(cos g +isin ) = I/r (cos , (6)

rmek=0,1,2,..,n—1.
Dopmyasr (5) u g) HasbIBaoTca gopmyaamu Myaspa.

o+ 2kn . g0+2k7r)
4+ 2sIn
n

5°. ®opmyaa ditmepa:
€% = cos p + isin . (7)
6°. llorapud™M ROMOIEKCHOTO YHCIAa:
Inz =Inr+ ipe + 2kmni, (8)
IIe Yo — BHAYEHHNE apryMeHTA (, YIOBIETBOPAIIEE HEPABEHCTBAM — 7 <

< ¢ < 7. Buipamenue Inr + i@y HABBIBAETCA 24UBHbIM 3HAUEHUEM JIOTA-
pudpma.
630. Boinonuuts neitcrsus: 1) (243¢)(3—21); 2) (a+0bi)(a—bi);
. . 141 22
3) 3-20)% 4) (1443 5 ; .
631. Peututh ypasuenusa: 1) 22 4+ 25 = 0; 2) 22 — 22+ 5 = 0;
3) 224 42 + 13 = 0 u npoBepuTh NOICTAHOBKOI KOpHEH B ypaBHeHIe.

Caenyromiie KOMIIEKCHBIE 4ICIa n300pa3uTh BEKTOPaMIL, OIlpele-
JUThb UX MONYIH U ApryMeHThl M 3amucaTh B TPUTOHOMETPHYeCKOil
(popme:

632.1) 2=3; 2) 2 =-2; 3) 2 =31; 4) 2 = —21.

633.1) 2=2-2i; 2) 2= 14+4V3; 3) 2 = —/3 —i.
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634. 1) —v2 +iv/2; 2) sina +i(1 — cos ). _

635. Yucaa, nauunie B 3anauax 632634, 3anucath B dopme re¥’
(mpu —7 < p < 7).

636. [locTpouTh obacTm TO4eK 2z TO YCIOBUAM:

1) 2] <35 2) 2| <2 m 7/2< o< m;

N2<|z|<du—7<p< —7/2.

637. llorasarb, uTo |27 — 22| ecTh paccToAHHe MeEIY TOYKAMU
Z1 U Z9.

638. lana Toura zg = —2 + 32. [locTpouTh 0072CTL TOUEK 2, NJIA
KOTOPBIX |z — zg| < 1.

639. Yucio, conpamennoe ¢ z, obo3unauvaerca uepes z. [lokasaTn,
aro z -7 = |2]%

640. BeruucanThb nmo dhopmyne Myappa:

1) (1441 2) (1 -iv3)% 3) (-1+)%
4
4) (1 —I—COS%—I— 7sin %) ;D) (\/§—|— i)3.
641. BorpasuTh sin 3o u cos 3o uepe3 GyHKIUMU yIia v, UCTIOIb3YH

TOEIECTBO (cosav+ isin a)3 = cos3a + 7sin 3a.

642. Hajitn Bce 3mauennsa z = /1 u n300pa3uTh MX pammuyc-
BeKTOpamMu, NOCTPOUB KPYT pammuyca, paBuoro 1.

643. Haitru: 1) v/1; 2) V/4; 3) &/—1; 4) &/—2 + 2i.
644. Hatitu: 1) V3; 2) /=1 +¢; 3) v/ —8 + 8iV/3.

645. Periuth nByuiennble ypasuenns: 1) 2348 = 0; 2) a*+4 = 0.
646. Haiitu riasroe 3wauenne nporapudma: 1) In (—2); 2) In (1 4 7);
3) Iné; 4) In (2 +yi); 5) In (2 — 20).
647. Hatit cymmy sin x + sin 2z + sin 3z + ... + sin nz.
e —e”

Yrazauue. llo popmyae Jitmepa 3aMeHUTE SIn & = — uT. o
2

i

648. Hatitn cymmy cosx 4 cos 2x 4+ cos3x + ...+ cosnx.
649. Torazarb TomIeCTBO

2’ — 1= (z — 1)(2® = 2208 72° + 1) (2? — 22 cos 144° + 1).

650. Boruucauth:
4 — 31 ) .
1) - 2) (a+bi)3 — (a — bi)3.
4+ 3
Cienyiolime KOMIJIEKCHBIE ynCaIa n300pa3uTh BEKTOpaMu, Ompefe-
AUTh WX MONYIM M apryMeHTLI W 3alucaThb B TPHTOHOMETPHUeCKOil

dopme u B hopme re?’ (pu —7 < p < 7):
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651.1) » =4 +4i; 2) 2=—-14+iV3;3) 2=1—1.

652.1) 2 =15; 2) 2 = —i; 3) 2 = —2 — /2.

653. [locTpouTh 067aCTh TOYEK 2z MO YCIOBUAM
1<|z|<3 u 7/4<¢<3r/4

654. auna Touka zg = 3 — 4¢. llocTpouTh 007acTh TOueR z, A
KOTOPBIX |z — zg| < 5.
655. BeruucanThb nmo dhopmyne Myappa:

1) (1-9)% 2) (2+iV12)°%; 3) (1+cos§+isin g)e‘

656. Borpasuth sin 4o u cos 4o yepe3 pyHKIUU yIia v, UCTIOIb3YH
TOEIECTBO (cosav+ isin a)4 = cosda + isin4da.

657. HaitTir Bce 3mauenun kopueit: 1) /—1; 2) /1 u u3o6pasnth
X paanyc-BeKTOpamu.
658. PeriuTh ypaBuennd:

1) 2> -8=0; 2) 26+64=0; 3) 2* — 81 =0.
659. Haiitn cymmy (cm. 3amauy 647)

cosx + cos3z + cosba + ...+ cos(2n — 1)z.

§ 4. YpaBHeHHA BBICIIHX cTeNeHell M MPHOIHKEHHOE
pellleHHe ypaBHeHHIl

1°. Ky6uueckoe ypaBHeHHe:

2+ az? +br+c=0. (1)

Ecau #y, #2, 3 — KopHM ypaBHeHuA (1), T0 ypaBHEHHe MOEHO 3aNHCaTh

B Bume (¢ — x1)(x — 22)(x — x3) = 0. Orcooma a = —(x7 + 22 + 23),
b= w129+ 2123+ Xox3, ¢ = —XT1L2T3.

Ypasuenne 3 + ax? + bz + ¢ = 0 mpuBoguTea K BuAy 23 + pzr 4+ ¢ =0

a
MOACTAHOBRON * = 2 — 3 Ypapuerne 23 4+ pz 4+ ¢ = 0 permaerca mo dpopmyme

Y S Y K G S B B LGy
Z‘¢2+ 4+27+¢2 g Tr Ut
2 3

q p u1 + v1
I~ECJH/IA:Z—|—§>0,T0z1:u1—|—v1, 22’3:_Ti

1 3, roe %y U v7 — BelleCTBEHHEIE 3HaAUYCHUA HOpHGf/'I unv.

3t . 21

_%_ R

Rapmano:

Uy — 0

+

2 3 3
H.ECJH/IA:qZ—I-;)—?:O,TOZl:;q, Zg = Z3 =
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2 3
III. Ecoim A = qZ + 5—7 < 0,710 27 = 21/—§COS§, 29,3 = 2 —gx

3
b o) _ v/
xcos(3:|:120 , TIle cos p = 2/ 57"

2°.OrmeneHWe BellleCTBEHHOTO KOpPHA ypaBHeHua f(z)=
= 0. Memny a w b conepmuTcA eqUHCTBEHHBIN RopeHb ypaBHenua f(x) = 0,
ecin f(a) m f(b) wmetor pasHele sHaKHM, a f(x) HempephrIBHA HA OTpe3Ke
[a, b] u BHyTPH Hero mMmeer npomzsogHyo f'(x) # 0. Bymem cumrath erre,

uro Ha 3roM orpeske u f(x) # 0.
3°. Cnmoco6 Xopm NMpHUOIMMEHHOTO pENIeHNA ypaBHEHUA
f(z) = 0. Tlyerh cvp — TOT W3 KOHIIOB OTpesKa [a, b], OTHENAIOIIET0 ROPEHB,

yh

aQ)I/IC. 23 al X

Ha KOTOPOM f(ozo)f"(og < 0. T(Lrﬂa MpUOINHEHY,
ay mepeceverna ¢ Ox zopdet AR (puc. 23):

f(b) — f(a) |
b—a
4° Cmocob macatennm Hetorona). Mlycrts Gy — ToT U3
KOHIIOB oTpesKa [a, b], Ha Kor o) f"(Fo) > 0. Torma npubmH#eHIEM
K KOpHIO x Oymer Touka (37 mépecedenus ¢ Ox wacameavnoti K KpuBoil y =

f(z) B Toure [Bo, f(Bo)] (puc. 23):

roe k =

rme k1 = f'(Bo).

IIprMmenAnA TOBTOPHO cocobd XOPA U KacaTelbHBIX, MOMKHO COCTaBUTh Tab-
ALY

al Bl f(e) | F(B) | k| ki|Aa|AB|
ol | e ] T

(2)
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rie kn ]{71 — HAaARJIOHEI XOpHOo W KacaTeJbHLBIX, a

f(5)
ky
TlocaenoBarebHOCTH TOMyYaeMbIX B Tabmuie (2) sHaueHwit o 1 3 cxXo-

JATCA K UCKOMOMY KOPHIO.

5. Cmoco6 mrepanuii. Ecin ypasHenne f(x) = 0 Mo#HO npuBecTH
K BUIY £ = (&), TpUYeM B HEROTOPOIT okpecTHOCTH KopHA ¢’ (2)| < 0 < 1 m
xp — a1060€e YUCIO B 9TOM OKPECTHOCTH, TO CXONAIIAACA TOCIETOBATEILHOCTE
NpUOINMEHHBIX PeIeHnit Oymer

21 = (o), w2 =p(x1), z3=p(r2),. ..

Af =~

B ypaBuenuax 3amau 660, 661 cpenu meanIx muomuTreneti cBobom-
HOI'0 uJieHa N0100paTh OIMH KOPEeHb, pa3leluTh JeBy0 vacTh HA T — T
U 3aTeM HaiiTh OCTallbHble KOPHM:

660. 1) 22— 42?4+ 4+6=0; 2) 23— 422 — 42 — 5 = 0. Pemtenue
IPOBEPUTH COCTABICHUEM BhIpameHuil

Ty + 22+ T3, 2172+ Ter3z+ T1T3,  T1T2T3.

661. 1) 23 — 5?2 — 22 +24 = 0;

2) 2t a2 420 —4=0;

3) 923 4+ 1822 — 2 —2=0; 4) 423 — 4224+ 2 —-1=0.

Petitmth 1o dhopmyne Rapnamo cienyroiiue ypaBuenus:

662.1) 2> —62-9=0; 2) 2°—-122-16=0.

663.1) 22— 122 —8=0; 2) 23 +62—-7=0.

664. 23 + 922+ 182 + 9 = 0.

665. [lano ypaBuenne f(z) = 2* — 2 — 10 = 0. CocraBuB Tabmauiy
3uakoB f(x) mpn x =0, 1, 2, ..., onpenesnTb TPAHNIBI TOMOHHUTETH-

HOI'0 KOPHA U BblUuCIuTh ero ¢ TounocThio 10 0,01 no cnocody xopn u
KacaTelbHbIX.

4

3
x
666. IloctponTh Tpadmk GynrumMit y = 3 onpenenuTh Tpaduue-

CKHI IpaHuIbl Kopuell ypaBuenns 2° — 62+ 3 = 0 i BEIYHCIUTL ROPHE
C TOUHOCTBIO [0 eWHUIbI TPeThero 3HakKa.
667. Ilo cmocoby mrepaumii (mociemoBaTeNbHBIX TpHOTHEEHMIT)

HallTi BelllecTBennble Kopuu ypasmenuit: 1) 23 + 60z — 80 = 0;
2) 2% =4y 3) 23+ 22+ 13=0; 4) 2* - 22 -2 =0.

668. Ilogbopom oMHOTO ROpPHA cpeflin MeJbIX MHOFEHUTeNel cBobOI-
HOI'0 uJleHa PellnTb ypaBHEHWA:

1) 23 4822 + 152 + 18 = 0; 2) 23— 3224+4=0.
Il mpoBepKU COCTABUTD BBIPAKEHUA y | L4, » &l U T1LaL3.
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669. Ilo bopmyne Rapnano peminTh ypaBuennd:
1) 22 4+182-19=10; 2)23—62—4=0;
3)23—32—|—2:0; 4)$3+6x2—|—9x—|—4:0.
4
x
670. Illoctpous rpadpur QyuRIumM y = 5 onpeneanTb I'PaHUllbl
kopreil ypasuenns x4 +32 — 15 = 0 u BLIYHCINTL KOPHE € TOYHOCTHIO
1o 0,01.
é71. Hatttu ¢ Tounoctbio mo 0,01 monomuTeIbubie KOpHU YpaBHe-
anit: 1) 23 + 502 — 60 =0; 2) 23 +2 - 32 =0.
672. Ilo cnocoby mTepalinit naiiTn BellleCTBeHHBIN KOpeHb ypaBHe-
uus 23 4 22 — 8 = 0, BRIUHCIAA NoCTeI0BaTeIbHbIe TPUOTUKeHH 10

popmyme x = /8 — 2x.



I'maBa b
BBEJIEHUE B AHAIII3

§ 1. llepemenHble BeIHYHHBI H (QYHRUHH

1°. Orpesrku u mHTepBaabl. MHOMKeCTBO UnCen &, YIOBIETBOPATO-
IUX HepaBeHCTBaM ¢ < & < b, Ha3BIBAeTCA UHMEPEAAOM U 0003HATAETCAH
(a, b). MuomecTBO UmCcen ¥, yOOBIETBOPAIIINX HepaBeHcTBaM a < ¢ < b,
HasbIBaeTCA ompezkom U obosHavaercd [a, b].

IKBUBaleHTHRIE HepaBeHeTBa (npw ¢ > 0)

2 <a?, wm |r|<a, mmm —a<z<a

ONpefeTAT HHTEPBA], CHMMETPHUHBII OTHOCHTEILHO HYJIA.

2°. lepeMenHBble BEeAWMYUHB U QyHENHUN. Ecanm KammaoMy 3Ha-
YEHHIO IepeMEHHOM £ MOCTABIEHO B COOTBETCTBHE OIHO UKCIO, TO IepeMeH-
HadA y, OIpeeasaeMan COBOKYITHOCTBIO STUX YHCEN, HAa3bIBAETCA OIHO3HATHOMN
Pynryueti x. llepeMerHan v Ha3BIBAETCA TIPU 9TOM Ap2YMEHMOM, A JaHHAA
COBOKYITHOCTh 3HAYEHUil apryMeHTa — 06.4acmbio onpedeicHus PyHKINMN.

To, 4To y ecTh (QYHKUUA T, CHMBOJIMYECKH 3alVCLIBAIOT B BUIE Y =
= flz),nm y = F(z), nim y = ¢(z) n 1. 1. Cumsoa f(z) win F(z) n
T. II. 0003HaYaeT 3aKOH COOTBETCTBUA NEPEMEHHBIX T W Y, B YaCTHOCTHU, OH
MOMET 03HAYaTh CO60KYNHOCMb deticmeuti MW OMepalnii, KOTOpble HYMHO
BBITIOJIHATEL HAal T, YTO0BI MOJIYYUTH COOTBETCTBYIONIEE 3HAYEHUE ¥f.

673. locTpouth 0bmacTu uadmeHeHus nepeMeHHoit T, yIOBIeTBOPHA-
Iollleff HepaBeHCTBaM:

1) |z <45 2)22<9; 3) |[v—4| < 1;

4) —1<z—-3<2; 5)22>9; 6) (z—2)? <4

674. 3anucarh HepaBeHCTBaMW W MOCTPOUTH WHTEPBAIbI M3MEHE-
und nepemennsix: [—1, 3]; (0, 4); [-2, 1].

675. Oupenenutsh 06sacTh n3menenud nepemennoit @ = 1 — %, re
{ mpuauMaeT J00o0e 3navenme < 1.

B samauvax 676678 noctpouTh nmo Toukam Ha oTpe3dke |z| < 3
rpaduKkm yKasaHHLIX QyHKunil:

676. 1) y=2z; 2)y=22+2; 3)y=2z-2.
677. 1) y=2a% 2)y=2%2+1; 3)y=22-1

z3 z3
678.1)y:?; Q)y:?—l—l; S)y:?—l.



§ 1. IlepemeHHBIE BEIHIHHBI H (QYHKITHI 91

679. lloctpouTts rpaduen dpynrunii: 1) y = g; 2Q)y=2% 3)y=
= logy . Hakyio ocobernHoCTh B pacnojiomenun HTUX KPUBBIX OTHO-
CUTENHHO OCell KOOPIWHAT MOMKHO 3aMETUTh !

680. [loctpouts ma ommom uepreme Tpadurm Qynrmmii: 1) y =
= sina; 2) y = cosx no TOYKaMm, B KOTOPHIX Y MMeeT Hauboibliee,
HanMenblilee u HyleBoe 3navenusd. (lomennem opimHAT HTUX KPUBBIX
NOCTPOUTH HA TOM e yepTeike Tpaduk QyHEnuum y = sin & + cos .

681. Haiitu Kopuu 2 u 2o QyuRmun y = 42 — 22 u n0CTPOUTH ee
rpapuk ma orpesre [xy — 1, x9 + 1].
682. [loctpouth rpadmkn GynRumii:

Dy=lz|; 2) y=—lz=2[; 3) y=|z] —=.

B samauax 683 — 686 nafiTu obmacTu onpenenenus BellleCTBEHHBIX
3HaveHul GyHKnu u TOCTPOUTh UX TpapuKku.

683. 1) y=vae+2; 2)y=v9-2?% 3)y=+Vdr — 22
-1

684. 1) y=+/—z++V4+z; 2)y=arcsin ‘

685.1) y = M; 2) y=+av4— .

4
686. 1) y = —/2sinx; 2)y = _$7~162—$2‘
687. 1) f(2) = 22 — 2 + 1; serumcaunrs f(0), f(1), f(=1), f(2),
fla+ 15 2) wlo) = 55 sy ), ¢(-1). ¢ (3).
)%
L 28 B ) .
v) plx)

688. F'(z) = 2% Bblumciuth:

(
(
0 F(bl))—F(a); 2)F(a—IQ—h) _F(a—h)'

—a 2
b) —
689. f(z) = 2%, p(x) = 23; BeIUHCAUTE M.
p(b) — ¢(a)
690. F'(z, y) = 2> — 3zy — y?; Botuncauts F(4, 3) u F(3, 4).
691. Oynkuun f(z) maspiBaerca uwemnot, ecin f(—z) = f(z);
neuemnot, ecin f(—z) = —f(x). YrasaTh, Kakue u3 CIeAYIOIINX
byHEumMil yeTHbIE U KaKne HeueTHbIe:
sin a® —1 1
1 =2 =L 3) Fa) = a® + —;
) )= T8 0 () = T gy pw) = a4

4) &(z) = a” — - 5) ¥(z) = xsin®z — 23 6) fi(2) =2 + 22
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692. Cepenmna mr060ii Xopibl rpadura mexoropoil pyurunn f(x)
JemuT Bhillle rpaduka 970l GymEnmum. 3anwmcarb HTO CBOHCTBO GyHK-
nuy HepaBeHCTBOM. [[poBepuThb, uTo A3Tum cBoiicTBOM obmamaeT GyHEK-

mun f(z) = 22,
693. Harag u3 simemenTapublx (yuRuuil obimamaeT cBoficTBamu
f) =0, fla) =1, fzy) = f(x) + [(y)?

694. Harag u3 siemenTapublX (yuRuuil obiamaeT cBoficTBamu

f0)=1,f(1) = a, f(z +y) = f(x)f(y)?

695. [locTpouth 0bmacTu uadmeHeHus MepeMeHHoit T, YIOBIETBOPHA-
Iollleff HepaBeHCTBaM:

D) |o| <35 2)22<4; 3) |z —2]<2; 4) (v -1)2 <4
696. Oupenennth 067acTh m3menenud nepemMennoii x = 2 4 I rie

{ npuauMaer J00o0e 3navenme < 1.
697. lloctpouth rpadmkn GynRumii:
3

l)y=4- % na orpeske |z| < 2;
2

x
2)y =3, 5—|—3$—7 MemIy TOURaMu MepecedyeHns ¢ 0ChI0 adCuucc.

698. [loctpouth rpadmkn Gynrumii:
1) y=2 — 4+ |z — 2| na orpesre [—2, 5];
2) y =1 — cosz na orpesre |z| < 27.

699. lloctpouth rpadmkn GynRumii:

4
Ny=——; 2)y=2""
Jy=-—:2y

700. HatiTu obiacTu onpeneserus BellleCTBeHHBIX 3HaveHut PyHR-

MHi:
1) y=+v4—a? y=+va+1-+3-ua;
3yy=1—+v2cos2z; 4)y= 4
14+vVz2—4
I OCTPOHUThH WX TPaduKi.
20+ 1
701. 1) [lns dynkuun f(z) = L7 pRrmeanth £(0), f(—=2),
T

f(_1/2)7 f($ - 1)7 ']"(1/2)7
2) nas pyurnun o(x) = & BHrunCINTH pla+h) ; ez — h);

3) maa pymkumn f(2) = 4o — 22 Bpruncaunts f(a+ 1) — f(a—1).




§ 2. Ilperenrr mocrefOBaTEILHOCTH U (DYHKIIHU 93

§ 2. llpemeasr mocienoBaTeIbHOCTH U (QYHKIHH.
Becroneuyno manable H 0ecKOHeYHO 00JaBIIHE

1°. YucnoBad mocaenoBaTelbHOCTE. IlycTh KammoMmy HaTy-
pampHOMY umcay n = 1,2, 3,... 0 HEROTOPOMY B3aKOHY TOCTABIEHO B CO-
OTBETCTBUE YHUCIO &y. 10OTHA TOBOPAT, YTO HTUM OIpeneseHa nocaedosd-
MeALHOCb UUCEN T1, Lo, T3, . . . WM, KOPOUe, HOCAEIOBATENLHOCTD {&y, } =

= {®1, x9, x5, ...}. OTmeapHBIE UNCTA TOCTETOBATETBHOCTH {Zyp | Ha3bIBA-
H0TCA ee ademenmant. TOBOPAT ellle, UTO MepeMeHHAA X, TMPODETAeT 3HAUE-
HUe [HOCHEeI0BATENBLHOCTH {2y, }.

2°. MMpenen mocimenoBaTenbHOCTH (Ipemes MepeMeHHOI).
Yucio a HasbBaered npededom nocaedosameabhocmu {ay, }, Wiu npenesom
epeMeHHOM &y, (0003HAUAETCA %y, — @), €CIU IJIA BeARoro € > 0 Haiimered
3aBUCALIEE 0T € YUCIO Ng TaKoe, 4TO |4, — a| < & IJA BCeX HATypalbHBIX
n > np. WHrepBan (¢ — €, a 4 £) HABBIBAETCA £-OKPECMHOCMbI YHCIA A
(mnn Tourn a). Tarum obpasoM, z, — @ 0003HAUAET, YTO IJIA BCAROTO £ > 0
HalifeTcd Takoe YUCIO0 Ng, YTO IJIA BCeX n > Ng YUCIA Tp OyIYyT HAXOOUTECA
B €-OKPECTHOCTH YHCHA Q.

3°. Mpenen dpyuruumn. Iycrs Gpyuruna f(x) onpeneleHa B HEROTO-
poil £-0KPECTHOCTH TOYKHM @, 34 UCKJIIOUEHUEM OBITh MOMET caMoil TOUKH d.
Tosopar, urto uncio b ABnAercA npedeaom dyuryuu f(x) npn x — a (marryr

f(z) = bupn & = anmm lim f(z) = b), ecan gaa moboro £ > 0 cyrmecTByer
r—a

3aBucAIlee 0T € 4ncyio d > 0 taroe, uto |f(2) — b < e mpu 0 < |# —a] < 6.
Anasornuno, lim f(z) = b, ecim naa BeAroro € > 0 cymmecTByer 3aBucA-
r—a

mee or € yncao N Taroe, uro |f(x) — b < ¢ npu |x| > N. Ynorpebaserca
Tar#e 3anuch lim f(z) = oo, Koropad obo3HAYaeT, YTO IIA BCAKOTO UHCIa
r—a

A > 0 cymecrsyer saBucAmiee or A umcio ¢ Taroe, uro |f(x)| > A npm
0< |z—a| <.

Ecrm * — a w npm 910oM * < a, To mamyT ¥ — a — (; aHaJOTMYHO,
ecili & — @ W TpW 3TOM & > @, To mamyT ¢ — a + 0. Yucaa f(a — 0) =
= lim f(z) u f(a+0) = lim f(x) HasBIBaIOTCA COOTBETCTBEHHO npe-

r—a—0 r—a+0

deaom caesa dyHRUNE f(x) B Touke @ U npedeom cnpasa dyrrumn f(x)
B Touke a. JladA cymecTBoBaHuA npenena Gyrrunu f(z) npn & — a HeobXo-
OHUMO | mocTaTouHo, 4Tobbl 0bu1o f(a — 0) = f(a+0). Bmecto 2 = 0—0m
x — 0+ 0 mamyr x — —0 u £ — 40 cooTBeTCTBEHHO.

4°. Becroneuno Madaele. Ecim lim a(z) =0, 1. e. ecim |a(z)| < ¢
r—a

mpu 0 < |z — a| < d(g), 1o QpyHKIMA a(x) HABBIBAETCA GECKOHEUHO MAAOT
npy & — «. AHAJIOTHYHO ONpPENeNAeTcA DeCROHETHO Maad o () Ipru & — 0.

5°. Beckormeuno Goanbmue. Ecam masa moboro ckolb yrogHo GoJb-
moro yuciaa N cymiecryer taroe 6(N), uro mpu 0 < | — a| < §(N) BBI-
mostHeHo paBeHcTBO |f(2)| > N, To dynrimA f(x) HasbBaeTcA GecKoHEUHO
boavwoti TP & — . AHATOTMYHO oOmpeNendAercA beckoHewHo Goabinada f(x)
pu T — 0.
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702. Ilomaraa n = 0, 1, 2, 3, ..., HalucaTb TOCIEIOBATEIbHOCTH
3HAYEHMII MePEeMeHHBIX:
n
1 1 1
O=—, o0=——, = |—= .
2n 2n 2

Hauunasa ¢ kakoro n MoTynh Kammoit u3 mepemenuofl ciemaercd u 0y-
ner ocraBarbes menbiiie (0,001, Menbllle TaHHOTO TONOHATEIHHOTO £7
703. HamucaTh mocienoBaTelbHOCTh 3HaueHull TepeMenuHoit ¥ =
(1)
= 1—|—m. Hauunas ¢ kakoro n Monynb pa3uocTu & —1 cuelaeTcd u
6yner octaBathca menblie 0,01, Menbille TaHHOTO MONOHATEIBHOTO £7
704. llpubasnas & 3 (min BerumTasd u3 3) cmavama 1, satem 0,1,
norom 0,01 u T. 1., 3anucaTh «I1eCATHYHLIMIY MOCIEN0BATEIbHOCTAMN
npublumenud nepemenuoll Kk npeneny: z, -3 +4+0, z, -3 — 0.
705. 3anucaTh «IeCATHYHLIMNY I0CJIEI0BAaTeIbHOCTAMHE IPUOIU-
meHwA TNepeMeHHblX K mpemenam: z, — 5+ 0, 2z, =+ 5 -0, 2, —
- —-240zyp—- -2-0,2p—>14+0,2,—>1-0,2, = 1,240,
z, — 1,2-0.
706. lorazarh, uTo lim2 2? = 4. lloacuutrh Tabnuuamn 3naveHnil
T—r
T ual.

707. [lorkasaTh, uTO lim3 (22 — 1) = 5. llo nannomy umcay € > 0
r—

nafitu naubonbiitee uncio § > 0 Taroe, uToOLI mpu T06OM & u3
d-ORpecTHOCTH uuciia 3 3nauenue QyHRIuu y = 22 — | okasamoch B
g-orpecTHocTu yucia 5. IlodcHuTh Tpaduuecku.

708. JlorazaTb, uTo lim1 (3 — 22 — 2%) = 4. U3 rakoli nan6oin-
T—r—

e 0-OKPECTHOCTH uuciaa — | HYHHO B3ATH 3HAUEHHE ', YTOOBI 3HA-

venme GpyHKUnn y = 3 — 22 — 22 omIlnvaloch oT ee npejeia MEeHbIIe

gem ma £ = 0,00017
709. [TorazaTh, uTO sin o ecTh Deckoneuno mamad npu o — 0.

Yrasanue. Cuenars uepres U noKaszarh, 4To |sina| < |a|.

710. Horazath, uto lim sin = sin a.
T—ra

Yrazauue. llogomus £ = a + «, cocTaBUThL PasHOCTE SIN & — Sin @ U
3aTeM TMOMOEUTE o — (.

3 4
711. Horazarb, uto lim vt d = 3. IloAcHuTh Tabmunamu 3Ha-
r—o0 T
3z 44
venuit * w —— 1npu = 1, 10, 100, 1000, ...
x
4z — 3

712. llokasarb, uto lim = 2. llpu Rawkux z 3HaueHud

(dbymKium 6y 1yT OTIWIATHCA OT CBOEro npemnena menblie uem na 0,0017
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. 1 — 222

713. lokazarh, uro lim ——— = —0,5. llpu kakwx = 3mavennsd
=00 2 —|— 4$2

dbymkium 6yIyT ONImIaThCA OT CBOEro npefeina menbiie vem una 0,017

. 1 1
714. [lorazaTb, uTo 7}520 0,333...3 = 3 COCTaBUB PA3HOCTH 3

7. 3HAKOB

1 1 1
-03;--0,33;, - —-0,333; ...; - —0,333.. 3.
3 3 3 ——
715. HanucaTb mocienoBaTelIbLHOCTH:
—1)»
1) &, = n : Q)xn:——n : S)xnzi( ) n;
n+1 n+1 n+1
1) 2p = 8COS7”L(7T/2); 5) 2n = 2n—|—(—1)n;
n+4 n

6) x, =2 "acosnnm.

CymectByer nim  lim 2, B KamiIoM UpuMepe m 4emy OH paBen’
n—400

U MOACHUTDL TablullaMu.

716. Haiitu lim n lim
z=240 T — 2 x—=2-0 1% —

717. Haiitu  lim 2Y% u  lim 2Y% u noscuuTh Tabaummamu.

2—0+40 2—0-0
718. BhiAcHUTH TOUHBIN CMBICH «YCIOBHBIX» 3anmuceii:
2 2
1) 520; 2) 6::|:oo; 3) 3%° =o0; 4) 37 =0;

5) 1g0 = —o0; 6) tg90° = £oo.

719. llokaszaTh, uTo lim sin z me cyuiecTByer, COCTaBUB MOCIEN0-
T—0o0

BaTeIbHOCTH 3HAYEHHI Sin Z:
1) mpu z = nr; 2) npu & = g—|—2ﬂ-n; 3) npn x = _g_|_2ﬂ-n
(n=0,1,2,3,4,...).

720. llokasarb, uro lim sin — me cyuiecrsyer.
z—0 X

. .
721. llokasath, uro lim zsin — = 0 npwm awbom crnocobe npubin-
z—0 X
mennd © K 0.

722. B wpyr pamuyca R BUucan TpaBuiIbHBIH MHOTOYTOIbHUR C
9UCIOM CTOPOH 7 U CTOPOHOI ¢,. OmucaB okollo Kpyra KBampar, IMo-
KaszaTh, uTO @, < £, Kak TOIAbKO n > 8R/c, 1. e. a, — 0, Korma
n — 00.

723. llycts 7, — amodema NPaBUILHOTO, BIUCAHHOTO B KPYT n-

yroibumka. [lokaszats, uwro lim r, = R, rne R — panmyc kpyra.
n— 00
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724. Bepiiuna B tpeyronbuuka ABC' nepemeiniaerca no mpAamoit
BE || AC, neorpanmuenno yraunssch Bupaso. Hak 6ynyr mpum 3Tom
U3MEHATHCH CTOPOHBI TPEYIONbHUKA, ero NJ0Ilalb, BHYTPEHHAE YIIIbI
u Brerruuii yroax BC' D7

725. Hanucath «IecATuunrbIey NMOCTeNoBaTeIbHOCTH MPUOImmenuii
nepeMeHHbIX K npenenam: z, —+44+0; 2, -4 —-0; 2, - —1,540;
T, = —1,5—-0.

726. [TorazaThb, uTO:

1) lim 2® = 27; 2) lim (22 + 22) = 3.

r—3 z—1
. b +2
727. Hokazath, uto lim = 2,5, noKka3aB, YTO Pa3HOCTb
z—o0 20
br + 2
5 — 2,5 ecTb OeckoHeuHO majad TMpU T OECKOHEYHO OO0ILITOM.
x

Mosacuuts Tabmurett, momaras « = 1, 10, 100, 1000, ...

728. [lokaszars, uTo lim cosz = cosa (cm. 3anauy 709).
T—a

729. HanmucaTh TocienoBaTeIbHOCTH 3HAYEHUN TePeMeHHBIX:

Den=14(=4) s Baw= (00 g

_ n ) _ 2nsin (nw/2)
3) zp = (—1)"(2n+1); 4) Tn=
Karas u3 nocienoBarenbuocTeil nmeer mpener mpu n — +007

730. Haiitu: 1) lignOQI/(x‘l); 2) 1i1;n021/(f—1);
z—=1— w14

2
3) lim 3%8%%; 4) lim 3%2%; 5) lim ————;
r—7/4-0 =7 /440 z=r/2+0 1 + 208

6 li — ) i .
) x—>71rr/%—0 14 2tez’ ) x—1>r-lr—loo 1+ a®

2
731. Horazarh, uro lim 0,666...6 = 3 COCTaBWB Pa3HOCTH 3~

n—0o00
7. 3HaKOB
2 2
— 0, 6; 3 —0,66; .. 3 —0,666.. 6.
7. 3HaKOB
732. llyctn v, — Buyrpemruil yroi IpaBuibHOIO N-yTOIbLHHIKA.
Horazarb, uro lim «, = 7.
n—0o00

733. Ha npononmennn orpeska AB = a cmpaBa B3dra Touka M

na paccrogumu BM = x. Haiitm lim ——.
=00
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§ 3. CoiicTBa mpemenos.

o o]
PaCEpLITI/Ie Heonpenenennoccreﬁ BHIOA 6 H —

o o]

1°. Mlpemen mocToAHHOM paBeH camoii TMOCTOAHHOIM.
2°. lim(u+ v) = limu + lim v, . .

o T1: e . ecan limu u limwv cymecTByfor.
3°. lim (uv) = limu - limv,

u lim u

Jim— = ——  ecam limu u limo cymectytor u limwv # 0.
v limw

40

5°. Ecam nsA Bcex 3HaveHWil £ B HEROTOPOH ORPECTHOCTH TOYKHU d,
KpoMe, OBITh MoO#eT, # = a, GyHrimun f(x) U @(x) paBHBI U OfHA W3 HUX
WMeeT Tpefiedl TIPA & — @, TO W BTOpasd UMEEeT TOT e Tpefled.

9To CBOICTBO TPHMEHAETCA TPH PaCKPBITHHU HEONpeleJqenHocTeil Brma

0 oo -

— u —. Hanpumep, ——— = x + a npn a1w00bIx , Kpome £ = a. Ilo cBoii-
0 xr—a
2_ .2
. rs —a .
erBy 5° lim ——— = lim (z + a) = 2a.
r—=a T — Q r—=a

Hatitin mpenensr:

2y 1 14 sin 2
734. 1) lim w; 2) lim M
z—=2 2x+1 z=rfa 1 — cosdz
2_
735. lim — (mosicunTh TabNMIET).
=2 T —
. r—2 . z2-9
736. lim ————. 737, lim ———.
=222 -3z +2 =322 — 22 — 3

Yrasanue. Pemnrs 3amauy 736 nymdA crocobamu: 1) momarada @ =
= 2+ «; 2) pasiarad 3HaMeHaTelb Ha MHOBHTENH.

. tgx . sinx — cosx
738. lim — . 739, lim ———
z—7 sin 22 z—mf/4  COS2T
740. lim ——— . 741. lim Y22 "%

z=0/1+ 3z — 1 r—a T —a
3/r ] 1 -1
742, lim V21 743. lim Y21

e=1 /2 — 1" z—0 x

Yrazanue. B 3amaue 742 nomomure 2 = 18 a B 3amaue 743 1 +
+ mz =3

744, lim YITP—VI- @

z—0 x

745, im YL '87 - Vitier

=TT n 27
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222 1 ad — 7
- ; 9) lim "

1

z—oo 312 — 4u

Yrazanue. MomHOo permmmTh OByMA crocobaMu: 1) pasmesnnB YHCIH-
TeNb W 3HAMEHATElb Ha & B BHICHIEH cTeneHn; 2) monoxus ¢ = 1/a.

— 3 _
747, lim 200 7as tm DL
z—=oo x4+ 1 z—oo 2 41

749, lim Y2267 aee i 37

z—=oo 3r+1 ) nooo 1 — 2n°
202 4+ 1 1+2
51 Tim Y2 gy gy L2 E0
n—soo 2n — 1 n—0o 9nt + 1

Hatitin mpenensr:

2
753. lim oo tO 754, lim "

r—=—2 $3—|—8 x—>31/3x—3'
22—z -2 V14 cosz

755. lim ————. 756. lim -

r—-1 341 z—m4+0  sinx
2 _ 2 1

757, lim 2% ST 2 ke g oL

z—oo 222 + 42 + 1 n—=00 +/3n2 4+ 1
. K2 1/

759. lim 4 2/T ),

z—ooo \ 1 — z2

760. Lim 1—|—3—|—5—|—...—|—(2n—1)‘
761. lim ——V* =3

r—7 $2—49
sin 2z —cos2z — 1

762. lim .
r—m/4  COST — 8inx

sin
§ 4. llpemen orHoluieHHA npu  — 0
Ecau yroa o BeIpameH B pagmaHax, ToO
. sina ) et
lim =1; lim =1.

a—=0 o a—0 sIn o
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Hatitin mpenensr:

. sindzx . sin(2/3
763. lim . 764. lim #
z—0 T z—0 X
Yrazanue. B zamaue 763 yMHORUTEL YNCANTENh U 3HAMeHaTe b Ha 4
(nan nomomnTh 4 = ).

t in? (z/2 1—cos2
765. lim B7 766, fim /2 gy gy L COR2T
=0 T z—0 X r—=0 TsInx
768. lim ——5" 769. lim Sh (e h) —sin (@ =h)

=0 \/z +2 — /2 h—0 h

t in(1—2
770. 1) lim are gx; 2) lim —arcsm( ?)
z=0 T z—1/2  4dx?—1
Yrazanue. Ilomomurs B mpuMepe 1) arctg s = «, a B mpumepe 2)
arcsin (1 — 2z) = a.
. l—cosz . tgae—sinz
771, lm —. 772, lim —f1—.
e—=0 2 z—0 a3
Hatitin mpenensr:
773, lim — 774 lim —2
. lim . lim —
z—0 8in 3z =0/ +1—1
V1-— 2 2z si
775, lim Y% 76, lim
z—+—0 T r—0secx — 1
1- 1- 2 tg?
77 Jim o g,y - SR T IETT
=0 x =0 xsinz
i -2
779. lim M + 2-1/(z-2)? (momomuTh T = 2 + ).

r—2 xZ2 —4

cos(z +h) —cos(z —h) arcsin (z 4 2)

780. 1) li 2) 1
) hl—% h ' ) vy 22 + 2z
« 2
781. lim o

z—=0 /1 4+ xsinx — cosx

§ 5. Heompemeaennocru Buga oo — oo U 0+ 0o

Hatitin mpenensr:

1 2
782. lim (Va?+ 32— 2). 783. lim < — )

400 s \z—1 22-1




100

I'n.5. Bperenme B aHagmus

784. lim (\/962—|—x—|—1 — Va2 - z).

=400

. 1 12
785. lim — .

z=2 \ 1 — 2 $3 -8

1 1
786. li — .
230 (sin2$ 4 sin? (x/?))
1+34+...+(2n—-1) .
n—+3 '

787. lim

n—o0

788. lim (1 — 2)tg —z ( =1-a)
.x1_>ml z g2$ MoJOMUTh r = ).

789. lim (V2241 - a2 —4a).
——=00

T

790. i ! + 1
. lim — .
s—w—2\z+2 22-14

Hatitin mpenensr:

791. lim (2 —va?2—a+1). 792. lim (2 —Va? —a?).

=400 r— 400
. sin 9
793. lim 5 — — tg*z ).
r—7/2 \ COS* X
794, lim (LT 2F3F-tm n
n—00 n+42 2

795. i (1 7T)t ( T 1)
. lim — — Jtga (momomurh * = — 4 «).
1’—>7r/2 2 & 2

§ 6. CMelTaHHBIe MPUMePHI HA BBIYHCIEHHE TpeEIeIoB

Hatitin mpenensr:

796. 1) im \/$——|—77 2) lim + SH‘li COS 2% ‘
z—=0  sin dz #=0 <in? x
Vo —1
197 1) tim V2L g g

z—1 3$—17

=0 1T+ 22— 1
798. lim (V22 + ax — 22 — ax).

rT——00
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799 1) i 1-2z 4 2_ggz ) 2) I r —sinx
R Wy g 2 e 1 —5g
S4+1 2 -2
800. 1) lim ,x;; 2) lim w
z—=—1sin (z + 1) -2 124 2%
. 1—cosz . cos(z/2)
801.1) lim ——————; 2) lim ———~.
)1’—>0$(1/1—|—x—1) )x—nr -7
in (1 — 1-10"
802. 1) lim sin (1 - @) 9) lim — .
e=1 o —1 n—+4oo 1+ 107+
321 3 — 10
. _ /I’ . .
S I e N NN T I
V14 cos2z m(z+1)

804.1) lim 2) lim cos ——

z—7/240 \/_— N 2x ' z——1 \3/5—|— 1’

§ 7. CpaBHEeHHE 0€CKOHEYHO MAIBIX

1°.Onpenenenna. llyers npu & — a dyusimn a(x) u B(x) ABaAOTCA
feckoHeuHo MadabiMu. Torma:

I. Ecau lim — = 0, To [ Ha3bIBaeTcA GECKOHEUHO MAAOU SbICULER0
r—=a

nopﬂ&ml OTHOCHUTEJILHO v.

. Ecmm lim — = A (roHewen u oramven or 0), 170 § HaskIBaeTcA
r—=a

6ECKOHEUHO MAAOT N-TO nopﬂ&ml OTHOCHUTEJILHO v.

II. Ecau lim — = 1, To § u « Ha3LIBAIOTCA 9KEUESAAEHMHBIMU HECKO-
r—=a

HEUHO MAABLMU. DKRBABAJIEHTHOCTEL 3aMUCLIBACTCA TaK: ﬁ .

2°. CBolicTBa SKBUBANEHTHLIX 0ECKOHEUHO MAaJbIX:

1) Pasnocrs OBYX 9KBHBaJIeHTHEIX 0eCKOHEUYHO MAJILIX eCTh DeCROHETHO
MaJiad BBICIIETO TOpAOKa OTHOCHUTEIBLHO Kam a0l 13 HUX.

2) Ecnu u3 CYMMBI HECHOJBEUX 0eCKOHEUYHO MAaJbIX Pa3HEIX IOPAITKOB
OT6pOCI/ITI: 0eCKOHEUHO MaJjble BBICIITIX IIOPpAIOKOB, TO OCTaBIIaACA 4YaCThb, Ha-
3blIBaeMasd 2Jla6HOa, 3KBHUBAaJIEHTHA BCeil CyMMEeE.

s IIepBoro cBOIiCTBA CJaenyeT, 4TO 3KBHBaJlIeHTHEIE 0eCKOHEUHO Mallble
MOTYT cleJaTbCA HpI/I6JII/I}E€HHO PaBHBIMHU CO CKOJIL YTOOHO MaJol O0THOCH-
TeJbHOM IIOTPENTHOCTBIO. HOBTOMy 3HaK A MbI IpUMCHACM RKRak IJA obosHa-
YeHHA SKBUBAJEHTHOCTH DeCROHETHO MaJIbIX, TaK 1 OJIA 3alllCH HpI/I6JII/I}E€H—
HOTO paBE€HCTBa MX HOCTATOYHO MAaJIBIX 3HaYeHUN.

805. Omnpenmenuth mopAnkm 6Geckomewno manbix: 1) 1 — cosua;
2) tga — sin z ornocuTenbHO Heckoneuno manoit . [lokasars ma uwep-
Teiie, UTO MPU YMEHbIIEHWH YIJla T BIBOe BeJuuuHa | — COS 2 yMeHb-
maetca Mpubiu3uTeNbHO B ueThIpe pa3a, a BeluuuHa tgax — sinx —
npubIu3nTeIbHO B BOCEMb Pas.
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806. Onpenenuth NOPANKN G€CKOHETHO MAJbIX:

1) 2sintae — 2% 2) Vsin?z +2% 3)VI+a3-1
OTHOCUTEIbHO §eCKOHETHO Malloi .

807. OnpenesnTh NOPALOK MAJOCTH «CTPEIbIy KPYTOBOI'O CEI'MEHTA
OTHOCUTEIbHO §eCKOHETHO Malloil 1YW cermenTa.

808. [lorazath, uTo npu & — 0:

. 1
1) sinma &~ ma; 2) tgme xme; 3) 1+ —-1x 37
809. KoapduinenT 06bemHOTO paciiupeHusd Tela TPUHUMAETCHA
npublinmenno paBubiM yTpoeHHoMy KodhQuimenTy JuHeiiHoro pac-
mupennsd. Ha sxBuBajenTHOCTH KakmX GECKOHEUHO MajlbiX BTO OCHO-
Bano? 5 5
. . 1
810. Ilo Teopeme lim — = lim —, eciin o &~ o, J ~ 1 v ofiun u3s
(87 aq
MIPeeloB CyIIeCcTByeT, HaiiTu Mpenebl:
. sin b . sinaz 4+ 22 . 3x+4sin?a
1) lim ———; 2) lim —————; 3) lim ———;
=0 sin 2z =0  tgbx =0 8in 2¢ — &

811. Kanna Bonbl ucmapsdercd Tak, uTO ee paiuyC CTpeMuTcs K
mynto. OupenenauTrh nopAIKku 6eCKOHETHO MAJBIX MOBEPXHOCTH U 00b-
eMa KallJli OTHOCUTEJNbHO ee palmyca.

812. Ompenenuth NOPANKN G€CKOHETHO MAJbIX:

1) V1+2%2—1; 2)sin2z — 2sina; 3) 1 — 2cos (w—l—%)

OTHOCUTETbHO DeCKOHeYHO MaJoit T.
813. Jlora3ark, uto npn & — 0: 1) arctgma ~ ma;

1
2) Vit —1x 3% 3) 1 —cos®z ~ 1,5sin? 2.

§ 8. HempepriBHOCTH DYHKUHH

1°. Onpenenenne. Dyuruna f(x) HasbIBaeTCA HenpepvieHot TPH
T = a, eciid OHA OllpefielieHa B HEKOTOPOM OKPECTHOCTH & M

lim f(z) = f(a).

r—a

ITO0 OIpeleseHe CONEPRUT TaKIe UETBIPE YCIOBUA HEMPEPBLIBHOCTH:
1) f(x) mommHa OBITH ONpesieleHa B HEKOTOPOW ORPECTHOCTH d;

MOIHBI CYIIIECTBOBATh KOHeUHbIe penenbl  lim  f(z) u lim  f(x);
r—a—0 r—a+0

2)
3) a1y Tpenedsl (caeBa W CUpaBa) JOHKHBL OBITh OMMHAKOBBIMU;
4) a1y Tpenesbl MOMKHBI OBITH paBHEL f(a).
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DyHRINUA HABBIBACTCA HENPEPLleHOt Ha ompeske [x1, Z3], €CilU OHA He-
NpepeIBHA B KamI0it Touke BHYTPU OTPe3Ka, a Ha ero TpaHALAxX hm flx) =

140
= fleg) w lim f(z) = f(e2).

dumemeHTapHble QYHKIUK: cTeleHHad ™, mokasaredbHad a”, gorapud-
MHUYecKasd, TPUTOHOMEeTpHUeCKHe M UM 00paTHble, a Tak#e UX CyMMa, Ipo-
u3BeleHNe, YacTHOE HENpePBIBHBI IIPH BCAKOM &, IIPU KOTOPOM OHU HMMEIOT
olpefesNeHHOEe 3HAUYEHHE.

2°. PasgperBel dyuruuu. OyHKIUA UMEET pa3peié TPH & = A, ECIA
OHa ollpefiesieHa cJieBa M CIpaBa OT ¢, HO B TOYKe ¢ He COOMIONEeHO XOTA ObI
OIHO M3 YCIOBUI HEMPEPHIBHOCTH. Pas3nnyvaioT IBa 0OCHOBHEIX BHIA PasphiBa.

1) Paspwis 1 poda — rorma cymiecTByIOT KOHEYHBIE Mpenedbl  lim o f(x)

r—a—

u lim f( ), T. €. KOTa BBHITOJHEHO BTOPOE YCJIOBHE HEMPEPBIBHOCTH W He
.13'—}(1

BLIIIOJIHEHEI OCTAaJbLHEIE (I/IJII/I XOTA OBI OITHO M3 HI/IX)

r—a
Hamnpumep, dynruua y = ﬁ, paBHad —1 npu & < a u +1 npu
r—a
& > a, UMeeT MpH £ = a pa3pwiB I poma (puc. 24), Tak Kar CYIIECTBYIOT
npemenasl  lim y = —1 u lim y =41, HO 5TM mpemenbl He paBHBHI.
r—a—0 r—a+0

2) Paspwie 11 poda — worma lim f(x) caeBa nam cipasa paBeH +00.
r—a

Hampumep, ¢pyaruua y = f(z) = 4 (prc. 25) nMmeer mpu £ = a
r—a

paspwiB Il poma. Bce mpobHBIe QyHRIINNT, 3HAMeHATENh KOTOPLIX TPUA & = &

et
-
=

'<><:

|

|
1k |
I |
I |
| |
. |

paBen 0, a unciuTenb He pa eH 0, mmetoT Tpu x rB I poxa.

Oyurimma f(x) q 21/° (zamada 819, puc. 38 ma c. 27|1) Taxmy umper mpu
x:Q.paapHT.ll hmf z) =0, Ho hmof(x)

6]1c 24 -"""*-EHC‘ 25

4
814. YrazaTh TOURY pas3pbIiBa QyHKIuUM Y = Y
x —
lim y, lim % u mocTpomTh KPHBYIO 10 TOUKAM
z—240 r—too

=-2,0,1,3,4u6.
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815. HafiTu TouRu pa3pbiBa u MOCTPOUTH Tpaduku QYHRITUN:
4

4 — 22"

6
Dy=-—= y=tga; 3)y=
816. [loctpouth rpadmk GyHRIUMA
x/2 1upu x # 2,
y =
0 npuzxz=2

U yKazaTh TOYRY ee pa3pbiBa. Harue u3 yeTwsipeX ycioBuil HempephIB-
HOCTH B 9TOI TOYKe BBINOIHEHbI W KAKWE He BhITMOJIHEHbI!

1
817. lloctponuts Tpadurm dynruumii: 1) y = et nu?2)y =
|z +1
z+1
=ax+ EETk Kakue u3 ycioBuii HenpepbIBHOCTH B TOUKAX pas3pbiBa
x

9TuX (QYyHKIMII BBIMOJIHEHbl U KaKWe He BbIMOJIHeHbI]
818. lloctpouth rpadmk GyHRIuUMA

sin @
npu z # 0,
y=fla)=¢ = pu o #

2 npu x =0

U yKazaTh TOYRy ee pa3pbiBa. Hakue u3 yciaoBuil HempepLIBHOCTH B
Heil BBITOJIHEHbl 1 Kakue Her?
819. YrasaTbh TOUKY pa3pbiBa GyHKIUN Y = 21/9”7 HafitTu 1_i>m0y,
o

lim y, lim y u mocrponTh rpaduk Gymrnuu. Kakwe ycioBua He-
z—+40 r—too

MPEepPLIBHOCTH B TOUKE Pa3pbiBa HE BhITMOJIHEHbI!
820. [loctpouth rpadmk GyHRIUMT

0,522 npu |2| < 2,
y=[f(e)=925 upulz[=2,
3 npu |z| > 2
U YKa3aTh TOYKH ee Pa3phiBa.
821. HaftTu TouRku pa3pbiBa u MOCTPOUTH Tpaduku QyHRIuUN
_ 1 ) _ 23 — 22
1421/ S 2l -1
822. (KONbKO ONHO3HAUHLIX (DYHKUHH 3alaHO ypaBHEHHEM T2 —
— y? = 0?7 Onpenenutb u3 wux: 1) vernyo QyHRINIO; 2) HeueTHYIO

(QyHKIHMIO Tak, 4TOObI OHM WMeTH KoHeunble pas3pbiBbl (I poma) mpu
=41, £2, 43, ..., u mocTpouTh ux rpaduku.

a
1)y 2) y = arctg ——; 3) y
r — a
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823. YrazaTh TOuKy pas3pbIBa GyHRIMU Y= %, mafitm  lim  y,
x

r——2-0
lim y, lim ¥ w nocrpouth rpaduk no toukam xr = —6, —4, —3,
r——240 r—too
—-1,0, 2.
824. lloctpouth rpadmk GyHRIuUMT
2 mpuz =0u 2 = =42,
y=flz)=<¢4—2% upn0< |z| < 2,
4 npu |z| > 2

U YyKa3aTh TOYRM pa3pbiBa. Hakue ycioBuA HENPEePHLIBHOCTH BLITOJ-
HEeHbl B TOUKaX pa3pbiBa W KaKkwe HeT!
825. HafiTu TouRu pa3pbiBa u MOCTPOUTH Tpaduku QYHRITUN:

2],

1) y=2- gt 2) y= 21/(1’—2); 3) y=1-— 21/1’7
3 2
e 4—z

)y 2] )y |4$_$3|

826. CroNbKO OMHO3HAUHBIX (YHKIHl 3alano ypaBHeHnmeMm z2 -+
+ y? = 47 Onpeneauts u3 mux: 1) IBe HENpepbIBHbIE Ha OTPe3ke
|| < 2; 2) 1y u3 mumx, Koropad OTpunaTenbHa Ha OTpeske |z| <
< 1 u nonomuTesbHa 1A BCeX OCTANbHLIX AONYCTUMBIX 3HaYeHU T.
[loctpouTh rpadmk m yKkasaTh paspbIBbI MOCJAeIHEH (YHKINN.

§ 9. AcuMnTOTHI

AcumMunroroii KpuBoil Ha3eIBaeTcA HpAMad, K KOTOPOM HeOTpaHMU-
YeHHO MpUOIMKAETCA TOYKA KPUBOW TIPHU ee yIaleHWH M0 KPUBOW B Decko-
HEYHOCTD.

I. Ecan li_r>n f(x) = +o0, TO MpAMaA ¥ = a ecTh aCUMNTOTAa KPHBOIt

xr a

a

y = f(x). Hanpumep, rpuBas y = HMeeT acuMIToTy & = a (puc. 25).

I1. Ecam B npaBoit vacti ypaBHeHUA KpuBol y = f(#) MOHKHO BBIIEINTH
auHeftHyto vacte y = f(#) = kx + b+ a(x) rak, 4ro ocrapadcA dYacTh
a(z) = 0, rorma ¥ — 00, To npAMad ¥y = k& + b ecTb acuMITOTa KPHUBOIA.

224241

1
Mpumeper: 1) wpuBad y = — s =+ 1+ — VIMEET acHMITOTY
z z

a
y =+ 1 (m acmvmrory = 0); 2) wpuBaa y = —— = 0 + nMeer
r—a r—a

. x
III. Ecau cymiecTBylOT KOHEUYHBIE ITPENEbI lim M
r— 400 NI — o0 x

lim [f(x) — kx] = k, To npaAmad y = kx + b ecTb acumMmTOTA.
r— 400 WIKN — o0

acumnrory y = 0 (puc. 25).
=kmu

4
827. Onpenennth acmmnroTel KpuBoit y = 1 — — m mocTponth
x

RpUBYIO TI0 Toukam ¢ = +1, +2, 4.
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B s3amauvax 828-830 natiTu acuMITOTHI KPUBBIX, BEIIEIUB u3 APobu
TuHEHHYIO TeNyio 4acTh; MOCTPOUTH aCUMIITOTHI u KPUBLIE:

2 2 2
e+ 1 x x
828.1) y=——; 2)y= 7 NV=2 1
2 ] a2t —a—1 _ax+b
829~1)y—m—17 Q)y_Tv 3)y—m'
1 -4z z3 4o — 2
830. 1) y= g5, U= g3 Nv="7 1

HaiiTu acuMUTOTHI KPUBBIX U TMOCTPOUTH KPUBBIE:

831. 1) 22 — y? = a?; 2) a3 + y* = 3azy;

3) y=a —2arctgz; 4) y:arctgafx.
832. 1) y= Va2 +1— Va2 - 1;

1
2) y=Va2+1+V22 - 1; S)y:x—ﬁ.

4 3 2

1 -2

833. llocrpouth Kpusble: 1) y = L 3+ ;2)y = % "
z €T

napaboiibl, K KOTOPbIM 3TH KPUBble aCHMITOTHYECKH MPUOIMKAIOTCAH.

92\ 2
834. Haiiti acumntors! KpuBbIX: 1) y = (1 — —) 12)y=—a+
z

1 1
+ —5 U NOCTPONTH KPHUBBIE 10 TOUKAM & = j:§, +1, £2.
x

835. HatfiTim acuMIITOTHI KPUBHIX W MOCTPOUTH KPUBHIE:

x—4 z? z? x>
— : — . .

20 + 4

Dy

§ 10. Yucmao

UucaoMm e HazbIBaercd npenesa

1" "
lim <1+—) = lim <1+—) = lim (1 +a)"/* =e.
n—00 n n——00 n a—0

JT0 uMCcI0 WppalMoHATbHOE W HpubaumeHHO paBHOo e = 2,71828... Jo-
rapudMbl ¢ OCHOBAHHWEM € Ha3BIBAIOTCA HAMYPaAbHbIMU T 0003HAYAIOTCAH
log, # = Inx.

Hecaruunsiit morapudm: lgx = M Inz, rne M = 0,43429. ..
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Hatitin mpenensr:

836. lim (1 — é) (mosomuTH D Q).
n—00 n n

n n+3
. 1 . 4

837. 1) h_}m (1 — 3—) ;o 2) ll}m (1 + —) .
n—00 n n——00 n

838.1) lim (1+22)Y/7  2) lim (1 — 42)(-=)/=,

z—0 z—0

n 2z
. n . 20 — 1
839. 1) h_}m ( —I—l) ;o 2) h_}m (2 —I—l) .
n—0o0 n T— 00 T

840. 1) lim n[ln (n+3) —Inn]; 2) lim (14 3tg2z)cte’s,

n—00 x—0
841. lin% (cos )" (nomomuts sin®z = ).

r—
In (1 -1 1

842. 1) lim M; 2) lim ‘ ; 3) lim - .

a—0 (0] z—0 x z—0 x
Yrazanue. B mpumepe 2) nomomurs =% — 1 = a.

843. HaiiTu nmocienoBaTelbHbIe Lelble Wmcia, MEKLY KOTOPLIMIT
conepmutca Bhipamenue 6(1 — 1,017100),

Hatitin mpenensr:

3n _ nf2
844.1) lim (1—|— 2) ;o 2) lim (n 3) .
n

n—00 n—00 n
3 —2\* =3¢ _ ]
845.1) lim - 7 2) lim £ -
z—=oo \ 3z + 1 z—0 x
846. lim (sin Qx)tgzh (nomomuth cos? 2w = «).
z—/4
847. 1) lim 2) lim n[lnn —In (n+2)].

t—0 In (1 4 at) ; n—yco



['maBa6
ITPOU3BOIHAA U TUOOEPEHIITHAI
§ 1. IlpousBoaHbIe aaredpandecKUX

H TPUTOHOMETPHYECKHX (QyHRUUi

1°. Onpenenenna. Ilpouseodnoti pyurunn y = f(x) B TouKe & Ha-
BLIBAETCA TIPENE

= lim —=. (1)

Ecau aror npenen koneunwid, To GpyHKunA f(2) HaswiBaercd dudidiepen-
yupyemott B TOURe T; IPH ITOM OHA OKA3BIBAETCA O0A3aTENLHO U HENPEPDLIS-
HOtU B 9TOU TOUKe.

Ecau me npemen (1) paBen +oo (miam —oo), To OyIeM TOBOPHUTH, 4YTO
pyuruma f(x) UMeeT B TOURe ¥ 6ECKOHEUHYI NPOU3E00HYI0, OMHARO MPH
JOTOTHATENLHOM YCJIOBHH, YT0 (DYHKIUA B 5TOM TOYKe HENpephIBHA.

/ / dy df (x)

MponzpomHad obosHauaercda y' win f'(x), nan 7 W~ Haxo-

MmIeHNe TPOM3BOIHON HasbiBaeTcA duddepenyuposanuem QyHRIUM.

2°. OCHOBHI:IG bopMyas guddepeHINPOBAHUA:
1) (¢) = 2) (z™) = nz"" Y 3) (cu) = e

A/_\

4) u—|—v) —u/—l—v/; 5) (uv) = v'v+ uv';
u\’  vv—1'u 1

) (L) =YV~ v4. o / )

(§) =" DW=

8) (sin ) = cosx; 9) (cos ) = —sinx;
1

[ . —
10) (tgz) = . 11) (ctgx) = e

. A
848. Boiuncienwenm lim A—y HallT;m npoms3BojHble PyHKIMIL:

Az—0 AT
Dy=2a* 2)y=ah 3) y = 4) y = sin;
1 1 1
1 1

x
12) y = V14 22,
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Hatitu no ¢popmyiam npousBoIHble GyHKIuiL:

3
849.1)y:%—2x2—|—4$—5; Q)y:bx(j_c.
5 3 2\ 2
x 2z x
851. 1) y = = + 2\/x; Q)y:(\/_—ﬁ)2.
10 1 1 1
852. 1) y = —; Qy=c+5+3
1 1
853.1)y:x—|—ﬁ—5?, 2) y =3z — 6/,
1\2
854. 1) y = 6v — 4/x; Q)y:(l—s—x) .
1 1 8 6
855. 1 = — - —; 2 = — - —.
)y 202 323’ V=7 v Y
856. 1) y = 2 — sin x; 2Q)y=1x —tgua.
857.1) y = 2% cos x; 2) y = 2% ctga.
858. 1) y= — . 9) y = -
FHYE T y_$2—|—1'
__T . _ ez
859.1)y_1_4967 2)y = =
. cosx | . Ve
860'1) f(x)_l—sinx’ 2)99($)_\/5_|_1
2
861.1) s = %; 2) x = a(t — sint).
3
862. f(x) = % — 2% + @5 Boruncaurs f7(0), f/(1), f/(=1).
1
863. f(z) = 2% — 552} BBIYHCINTD f1(2) = f'(-2).
T
— 12
864. f(x) = M; Bbruncauth 0,01 - f/(0,01).
T

Hatitu npousBonublie dpyurmumii:

865.1) y = (a — b2?)3;  2)y=(1+ ¥a)
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867.1) y = a + sin z; 2) y=a +ctga.
868. 1) y = 2% sin a; 2) y=a22tga.
t 2

869. 1) y = \/z cos x; 2)5:5—?
2 1 a? -1

870. 1) y=a — = — —; 2)y= -
Jy=2-3 323’ )y 2+ 1

1\3
8TL. 1) y = (”%) P DY = Ty
872. f(z) = V/a2; maiitu f'(—8).
x

873. f(z) = 5, 7 mafitn F10), f'(2) u f'(-2).

§ 2. llpousBogHaa ciaokHOH QyHKUHH

Ecin y = f(u), a u = ¢(x), 10 y HaseIBaeTcA dynkyued om Pyrryuu
i caodcnoti Pynkyueti ot x. Torma

dy dy du , , ,
A A = sl 1
de du dzx g = () - (1)
@opMyIIbl IPEALIAYIIEro Iaparpada NPpUMYT Teneph OOl BU:
1) (u™) = num~ /s 2) (sinu) = cosu - u';
u/
P o - .
3) (cosu) = —sinu-u'; 4) (Vu) NGi
/ u/
r_ . r_
5) (tgu) = P 6) (ctgu) = I
Hatitu npousBonublie dpyurmumii:
874. 1) y = sin 6z; 2) y = cos (a — bx)
875. 1) y =sin L —I—COS% 2)y = 6COS§.
876. 1) y = (1 — 5a)%; 2) y= /(44 32)2
1
877. 1) y:m; 2)y=+V1-22% 3)y=+/cosdx
-

878. y = /22 — sin 2z. 879. y = sin? 2 = (sin 2)*.
880. 1) y =sin?z; 2)y=rcos?z; 3)y=sec?a.
881.y:sin3x—|—cos3x. 882.y:tg3x—3tgac—|—3x.

883.y=+v/1+cos?z. 884.y=sin/z.
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885. y = /1 +sin 2z — /1 — sin 2.

886 ! 887 tg32
. = . . =C —.
Y (1+ cosdx)® Y &3
.2
888. y = . 889. y = 2/ — 1.
V2r — 1 t
890. y = xi‘ 891. 5 = acos? —.
T a

892. 1) r =ay/cos2p; 2)r= \/2994_ cos2 (299 + %)

893. f(t) = Va2 4 b2 — 2ab cost; BBIUHCINTD
P, e o (5.
894. f(z) = /o + 2/x; naittu f'(1).

Hatitu npousBonublie dpyurmmit:
895. y = 4z +sindx.  896. y = 2%y/1 — 22
897. y = sintz + cos?z. 898. y = 1+ cosbz.
2 1
899. 1) y=tga + 3 tgde + 5 tgbr; 2) y=sin?a3.

1 +sin22 I R A
900.y— m 901. s = 5 — Sin 5

Viz 1
902. r = cos? (5 _ f). 903, y— Y2r+1

2

904. f(t) = V1 + cos?t?; naiitu [ (?)

§ 3. KacarenpbHad u HOpMAIb K TJI0CKON KpHBOI

YranoBo#h KosbpPUUIMEeHT RKacaTelbHON K KpuBol y = f(x)
B TOUKe KPUBOM (Zo; Yo) pasen sHauenuio npoussodnot dynkyuu f(r) B
TOUKE T(:

E=tge = f(20) = ¥|o=z,- (1)

Yco k Ha3BIBAOT MHOTIA HAGKAOHOM KPHUBOM B TOURe (Zo; Yo).
YpaBHeHme kacameavhoti B Toure M (zo; yo) Ha KpuBoil (puc. 26):

y—yOZk’(l‘—l‘o)~ (2)
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YpaBHeHTE HOPMAAU:

y= =7 (z 20, )

rie k onpemenderca gpopmyioit (1).

Orpesrn TA = yoctge, AN = yotgy (puc. 26) HasbIBalOTCA COOT-
BETCTBEHHO nodkacameabHoti W nodHopmaabio, a TIUHBI oTpe3koB MT u

vA

Puc. 26

ypapuenus Ka
HbI{:

D07. K kpyBoit

(¥o

KPUBbIM 1

B Touke & = —1.

MN — npaunamu KacaTeJdbHON W HOP-

905 Hatitin marIonbl mapaboib

= 22 B Tourax ¥ = £2.
906. HanucaThb ypaBHeHne Kaca-
e.HbHOI/I u HOpMAallu K napaboe y =
B TOUKE TepecevyeHus ee ¢
(mpm z > 0) m nocTpouTh
Hapaﬁony7 KacaTelbHYIO U HOPMAaJb.

B szamauvax 907-910 manucarn
CTPOUTDL KPUBBIE U KacaTelb-

(0908. K ffusoii y* =

909. K norony y =

4+ z2

-

B Tourax z1 =0 u vo N L x

B TOouke 2 = 2.

910. K cunycome y = sin & B Touke = = 7.
911. llon kakmm yriom KpuBad y = sin & nepeceraer och Ox?
912. [lon KakuM yriiom NepecekalnTcAd KpuBble

2u=2z° m

2y =8 — 227

913. Hatfitn mimny nmomgkacaTedbmoi, TTOAHOPMa, KacaTelIbHOW 1

nopmanu kpuboit: 1) y = a?; 2) y?

= 23 B Toure z = 1.

914. JlokasaTh, uTo Hojkacareibmasg napaboibl y? = 2pr pabHa
yIBOeHHO! abclmece TOukn KacauwmdA, a MOJAHOPMalb paBHA P.

915. B ypaBuennun napa6onst y = z2 4 bx 4 ¢ onpenenuts b u c,
ecinu napabosia kacaeTcd NpAMON Yy = & B Touke = 2.

916. Hanmucath ypaBuemmdA KacaTelbHBIX K Tunepboiie xy = 4 B
TOUKaXx 3 = 1 mw 29 = —4 u waliTw yrod MemIy KacaTelbHbIMH.
MocTpouTh KpuByI0 M RacaTelbHEIE.
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B 3amavax 917-919 namucath ypaBHeHus KacaTelbHBIX K KPUBBIM
U TOCTPOUTH KPUBBIE U KacaTelbHbIe K HUM:

917. y = 42 — 22 B Toukax mepeceuenus ¢ ocpio Ox.
918. y? = 4 — z B Toukax nepeceuenus ¢ ocbio Oy.
919. y? = (4 + 2)> B Toukax nepecevenns ¢ ocavu Oz u Oy.

920. HaiiTu paccrosnme Beplimubl napadoianl y = 2 — 4z + 5 or
KacaTeibHOI K meil B Touke nepecevenms napabousl ¢ ocbio Oy.

921. Ilon warum yraom npaAmasad y = 0,5 mepecerkaeT KpuBYyIO
y = cosz?

922. B raroif Touke RacaTenbuas K mapaboie y = x2 + 4z mapai-
senbua ocu Ox?

923. B rakoif Touke mapabonbl y = x? — 2z + 5 HYMHO IpOBe-
CTH KacaTeJbHY0, ¥T00bl OHA Oblja MepHeHIukyIfApHA K OucceRTpuce
MepBOT0 KOOPIWHATHOTO yIia?

924. Hatfitn mimny mogkacaTelbmHOM, TTOAHOPMa, KacaTelIbHOW 1

HOPMAaJIu KpuBoil y = B Touke = = 1.

14 22
2

x
925. Rarue yrawl obpasyer mapabona y = T c ee xopmnoii, ab-

CIIUCCBHI KOHIIOB KOTOPOil paBHLI 2 m 47

§ 4. Caryyan Hemud epeHUHPYEMOCTH
HeNpepLIBHON (QYHRIUHA

1°. Yraosaa toura. Toura A(x1; 1) wpusoit y = f(x) (puc. 27)

Ha3LIBAeTCA Y24060t, eclld B 3TOIl Touke IIPOM3BOOHAA Y He CyLIECTBYeT,
HO CYIIECTBYIOT A€6dA W NPASaA Pa3imd-

. Ay
HbIE TTPOUBBOIHBIE: Iim — = ki un

Az—-0 Az y‘ B

Y "
im — = k. W3 yrmoBoif TOYRHU BBHI-
Az—40 Ax
XONAT ABa KacaTeldbHEIX JIyda ¢ HAaKIOHAMMT
k’l n k2.

2°. Toura Bo3BpaTa ¢ BEPTHU-
KalbHONW KacaTedbHOI. Toura
B(xz; y2) (puc. 27) HaseiBaeTcA MouKol
6036pama C BEPTUKAIBHON KacaTeIbHOI, il
ecaM B HTOI TOYKe Mpoms3BomHasd Y He cy-
IIIECTBYET, HO CYIIECTBYIOT 4€68a4 U Npd-
6af BeckoHeuHble NPOoU38OJIHbLIE PASHOTO ,
3Hara (+00 1 —oo). Tarad ToUKa ABIAETCA YACTHHIM CIIydaeM fraosoit. 13
Hee BBIXOAWUT OIWH BEPTUKAIBHBIN RacaTedbHBIN Y WM, MOMHO CINTATH,
UYTO U3 Hee BHIXOMAT IOBA CAWBIIUXCA KacaTelbHBIX|Iyda.

3°. Toura meperufa ¢ BEpTUKAIBLHO i} HacaTeJIleOI‘/’I. Tou-

Puc. 17

ka C(rs; ys) (puc. 27) HaswiBaeTcAd moukot NepeTuOq ¢ GCPMURAAGHOT
Kkacameavroti, ecam B Heil cymectByer OfJroHeurHas Nponzsontar Xy X3
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/

y = lim Ay = Lm =¥ - +oo (mnmm —oo). B raroit Toure cymect-
Az—-0 Ax Az—+0 Ax

ByeT BepTHRaJIbHAA KacaTeJbHasd.

B tourax A m B ¢yHruna y = f(r) He UMeeT MPOWBBOMHON; B TOUKe
C ona nMeer 0eCROHEUHYIO TpOM3BOTHYH. Bo Bcex Tpex Toukax (QyHRIMA
HelpepbiBHA, HO Hedudidepenyupyena.

926. llocrponts rpaduk Gymrumm y = Va2 (nan y = |z|) n maittn
neByio y m mpasyio Y, MPOM3BOLHBIE B YIIOBOH Touke rpadmka.

927. Ha orpesre [0, 4] mocrpouth rpadur ¢ynriuuu y = 0,5X
X4/ (x — 2)? u matitu TeByio y_ u MPaBYIo Y, NPOU3BOAHBIE B YIIOBOI
Touke rpapuka QyHKIUNAN.

928. Ha orpeske [—7, 7] mocTpouth rpagur GyuKinm y = sin? x

U HalmcaTh ypaBHEHWA KacaTelbHbLIX B YIJIOBOi TOUKE KPHBOii.

929. Ha orpeske [0, 27| nocTpouts rpadguk pyukinun y=+/1+4cos z,
HalucaTh ypaBHEHUA KacaTelbHBIX B YIJIOBOil TOUKe KPUBOi m HaiiTu
YIOJ MeMmIy HUMH.

930. Ha orpesre [—2, 2] noctpouts rpaguk ¢yuknnn y = V22 n
HalnucaTh ypaBHeHue KacaTelbHOH B Touke x = 0.

931. Ha orpesre [0, 4] moctpouth Tpadpuk ¢pyurinun y = 1 —
— /(2 —2)% u manucarb ypaBHeHue KacaTellbHO!i K Hell B TOuke
T =2.

932. Ha orpesre [—2, 2] noctpouth Kpubyio y°> = 4z u Hanmcarhb
ypaBHeHHEe KacaTelbHOI K Hell B Touke z = (.

933. Ha orpesre [0, 4] noctpouts kpusyto y> = 4(2 — x) u wanu-
carTh ypaBHeHHe KacarTesbHOI K Heill B Touke x = 2.

934. Ha orpeske [0, ] mocrpourh Tpaduk ¢yurmuum y = 1 —
— Vcos? x n manucarhb ypaBHeHHA KacaTeJbHBIX K KPUBOil B yIIoBOit
TOUKe.

935. Ha orpesre [—2, 0] mocrpouth rpadur QyHriuum y =
= {/(x+1)?2 — 1 n nanucarh ypaBHeHwWe KacaTelbHO!i K KpuBOil B
Touke © = —1.

936. Ha orpeske [—1, 5] moctpouts rpaduk Gyukiuu y = |4 —x
1 HaNucaTh ypaBHEHHA KacaTelbHbIX B YIIIOBOH Touke # = 0 u maiiTu
YIOJ MeMmIy HUMH.

’|

§ 5. llpousBogHbie JorapudMHYE CKHX
H TOKA3aTeJIbHBIX (YHRUUMN

OcHoBHBIE DOpPMY TR

/
(lnu)/:u—; (eu)/:eu.u/.
U
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Hatitu npousBonublie dpyurmmit:

937.

938.

839.
940.

941.

943.

945.
946.

947.

948.

141
1) y=azlnz; 2)y=%; 3) y = lg (52).
Dy=tna- 21 9 y=1In(a?+ 22)
y=le—— -7 y=1In(z T).

1
1) y=In(1+ cosz); 2)y:1nsinx—§sin2x.

y=In(yz+ve+1).

a? 4+ x2 2
y:lna2_x2. 942.y:1n1_$2.
T 1+ 2z
y_lntg(z—l—§). 944 y = In T 9z
y=In(z+ Va?+ z?).
y=2yx—4In (24 /).
2
1) :COS;C —|—lntg£; 2)y=1n -

sin“z 2 V1 — azt

Hanucarh ypaBmenune racaTenbuoii k KpuBoil y = In « B Touke

nepeceuenud ee ¢ ocbio Oz. llocTpouTh KpuByI0 m KacaTelbHYIO.

949.

u HalTH

2
x

llorasath, uro mapaboda y = — Kacaercda KpuBoil y = In z,
2e

Touky Kacauus. [locTpouTh KpuBEle.

Hatitu npousBonublie dpyurmmit:

950.

951.

952.

954.

956.

957.

959.
960.

Dy=22+3% 2)y=2?-2% 3)y=a’e.

2

1) y = ai"%; 2Qy=e¢";  3)y=a?e
y=2(e"/2 —e7"/2). 953,y = \/zeV".
1 xT
= T . 955.y:el’/“cos£.
1—e” a
l)y=e%(sinz 4+ cosz); 2)y=In(e™” +ae ™).

2z

Y

xr

€
_ _ —az\2
y_lnx2—+1. 958. y = (%% — 7974,
f(t) =1In (1 4 a=2"); maiitn f(0).
Hon kakmm yraom Kpusas y = e2% mepeceraer och Oy?

961. [TorazaTh, uTo Ouna MOARacaTeILHON B M100011 Touke RpuBoit

zfa

y=e

paBHa «.
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962. IlpenBapuTedbubIM JoTapudMupoBanHuem HafiTu TPOU3BOI-
uble pyuruunit: 1) y = 2%; 2) y = 25",

Hatitu npousBonublie dpyurmmit:

963. y = Incos v — 3 cos? z.

1+v22+1
964. y = In (V7 — V& —1). 965.y=ln V" T 1

966. y =In (sinz + V1 + sin? z).

X

V1— 22

in 2
969.y:1n“&. 970. y = In (1 4 sec ).
1 —sin 2z

971. y =aln (Vo + a+ /) — Va2 + ax.

972. y = ae~%/* 4 ge~%/0. 973,y = %(el’/“ + e_l’/“).

1
967.y =1In 968.y:§1ntgw—|—lncosx.

974. y — i. 975.y — In (629” + Vet 4+ 1).
el’ — e—l’
641’ 1/
976. y =1 SR 977. y = z
) n e Yy=x
24 tgt

978. f(t) =1In

o /
; maiitn f'(7w/3).
1
2 —tgt

979. Hamucarh ypaBHenue KacaTeldbuoit R KpuBoit y = 1 — e”/2 B
Touke nepecedenus ee ¢ ocbio Oy. llocTpouTh KpuBYyIO, KacaTelbHYIO
U acuMIITOTY KpuBOii.

§ 6. IlpousBogHbie 00PATHBIX TPHTOHOMETPHYECKHX (QYHKIHI

/ /

U U

(arcsin u) = ; (arccos u) = — ———;
V1= u? V1I—u?
! /
(arctg u)’ = — ; (arcctgu) = — ‘.
1+ u? 14+ u2

Hatitu npousBonublie dpyurmmit:

980. y = /1 — 22 + arcsin z.
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981. y = =z — arctgz. 982. y = arcsinv/1 — 4x.
.z T
983. y = arcsin —. 984. y = arctg —.
a a
1
985. y = arccos (1 — 2z). 986. y = arcctg . T
-z
987. 1) y = av/1 — 22+ arcsinz;  2) y = arcsin ().
988 tgr+ny /=TT o8 !
.y =arctge +1n 4/ ——. .Y = arccos —.
y g — y 7

990. y = x arctg T %ln (22 4 a?).
a

Hatitu npousBonublie dpyurmmit:

991. y = arcsin/z. 992. y = arctg/6z — 1.
9 1
993. 1) y = arccos (1 — z%);  2) y = arcctgae — —.
x

994. y = e¥+/1 — €27 + arcsin €”.
995. y — varccost — 1 — z2.
621’ + 1
e2r — 1"

t
997. s = V4t — 2 + 4 arcsin %

998. y = arccos/1 — 22 + /22 — 422,
999. f(z) = (2 + 1) arctge™?%; maittu f'(0).

996. y = arctg e 4+ 1In

§ 7. llpousBogHbie rUMEpPOOIHYECKHX (QYHKIHI

e? —e™T T4 e7"

2 ’ 2
HHA HAa3bIBAaIOTCA COOTBETCTBEHHO 2unep60ﬂuuecnumu CURYCOM, KOCURYCOM,
MAH2EHCOM U KOMAH2EHCOM T 0003HATATOTCA

1°. Oupenenenns. Beipamenusa U WX OTHOIIIe-

z _ -z z -z h h
£ -c chx:i thx:sh—x, cthe = =2

shx = —_—
chz shz

bl bl

2°. CBoficTBa rumepboanyecknx GpyHKIUI:
1) ch?z —sh®z = 1; 4) sh0=0, ch0=1,;
2) ch?z +sh?x =ch2x; 5) (shz) =che, (chz) =shuz;

3) sh2z = 2shz chx; 6) (thz) = , (cthz) =—

ch? sh?
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Hatitu npousBonublie dpyurmmit:

1000. 1) y =sh*z; 2)y==ax—tha; 3)y=2ychz - 1.
1001. f(z) =sh g +ch g; naiitu f/(0) + f(0).

1002. 1) y = In [chz]; 2) y =tha +ctha.

1003. 1) y = 2 — ctha; 2) y = In[thz].

1004. 1) y = arcsin [tha]; 2) y = /1 +sh?4z.

a x
1005. Jlunusa y = 5(690/(1 + ¢7%/%) = qch = maswBaercs yennoii.
a

Hanmwucarh ypaBuenue nopmanu R 3Tof munuu B Touke £ = a. [locTpo-
UTh KPUBYIO U HOPMalb.

1006. Hanucarp ypaBHenme KacaTeqbHOH K KpuBoii y = shz B
Touke & = —2. IlocTpouTh RpuBYIO u KacaTelbHYIO K Hefl.

1007. [loka3aTh, uTO TMPOERIUA OPIUHATHI JI060HM TOUKu TeTHON
IUHAT Y = achg Ha €e HOpMaJlb €CTh BeJlMunHa NMOCTOAHHAA, PaB-

Had a.
§ 8. CMemIaHHBIE MPHMEPHI H 3aMAYH
Ha auddepeHIIpOBaHTE

Hatitu npousBonublie dpyurmmit:

22— 1 1 tgla
1008. 1) y = —— +arcsin —; 2) y = 5
x x

1009. y = 4x — 1 + arcctg /4 — 1.

1010. » = In (€%’ + 1) — 2arctg (¢').

4+ Incosz.

1011. y = 41n (Vz — 4) + V22 — 4z.
1 1
1012. 5 = - tgtt — 5 tg?t — In (cost).

1013. f(z) = (22 + a?) arctg zo ax; naittu f(a).
a

2
1014. 1) y=1In [w — a—]; 2) y = x(cosln z + sin In z).
x

-1
1015. f(x) = arcsin x—; naiitn f/(5).
x

1016. o(u) = ¢~/ cos E; nokasath, uto ©(0) + ag’(0) = 0.
a
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1017. f(y) = arctg LA Yyt — at; naiitu f'(2a).
a

2

cos” z T T
1018. F'(z) = —————; norasarh, uro F (—) -3 (—) =3.
( ) 1+ sin2z’ ’ 4 4
1
1019. Tlorazath, uT0 QYHEIUA S = et yaoBiaeTBopAeT nudde-
nc
peHunaibHOMY YPABHEHUIO td—s + 5= —ts2.
t e
1020. Ilorazath, uTo GyHKIUA & = g YIOBJIETBOpAET Mug-
d$ _42
depennuanbuoMy ypaBaenuio t— + 2x = e~ " .

dt

§9. lIlpousBogHbIe BHICUINX NOPAIKOB

Myers Mer Hanun miA ¢yHsimn y = f(z) ee npoussogayio ¢ = f/'(x).
IlponzBogHasn oT 3TOl MPONBBOMHON HAaBBIBAETCA NPOU360JHOI 6TMOPO20 NO-
Y
padra Gyurunu f(x) u obosHavaerca y” nan f(x) wim ez Awmagornyuto
x

OIIpeneaAnTCA U obo3HavawTCA

d3
npouseoduas mpemvezo nopaoka y'" = " (x) = d—z’
x
v v dly
npouseéoduas wemsepmozo nopadka y @ = fV (x) = et
x
U BoOOIIIe
d?y
npouzeoduas n-eo nopadka y™ = f0)(z) = Jan”
x
1021. HaitTu Tpou3BOTHYIO BTOPOTO MOPANKA QYyHRIMU:

) y=sin®z; 2)y=tge; 3)y=+1+22

1022. HaitTu Tpou3BOIHYIO TPeThLero mopAnka QYHRITUM:
1) y=cos?a; 2)y= %; 3) y = asinz.

1023. HaitTu Tpou3BOIHYIO TPeThLEro MopAIka QYHRITUMK:
)y==zlnz; 2)s=te™’; 3)y= arctgg.

3
1024. s = %M—I— arcsin %; "HalTh %
Haiitn npousBonnyio n-ro nopsanka GyHKImHK:
1025. 1) e=%/%; 2) Ina;  3) x.
1026. 1) 2™; 2) sin@; 3) cos®ua.
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1027. IlocnenoBarenbubiMm TuddepeninpoBanuem BbIBecTn (op-
myabl Jeltbnania:

(uv)" = u"v 4 2u'v" + wo';

(UU)”/ — U///U _I_ 3u”U’ _I_ 3U/U” _I_ UU”/;

(uv)IV = ulVo + 440" + 6u"v" + 4u'v" + wolV u . 1.

1028. Tlo dopmyme Jeitbnuna waliTu TPOu3BOAHYIO BTOPOTO TO-
pAnKa PyHRIUH:

l)y=e"cosa; 2)y=a"z Hy==z

1029. ITlo dpopmyae Jleitbuuna watiTu TPOu3BOMHYIO TPEThero IO-
pAnKa PyHRIUH:

)y=esinz; 2)y=a%lnz; 3)y=acosz.

1030. f(z) = ze®/%; maiitu f(z), fO)(z), f((0).

1031. f(z) = (1 + 2)™; matita £(0), £/(0), £"(0), f"(0), ...
e FO0).

3, Zgin z.

1032. f(z) = \/19:__96; MORa3aTh, uTo Tpu N > 2
. 135 (2n—3)
f( )(0) - (_1) ! on—1 .
1033. f(z) = ; IORa3aTh, 4TO

1— 22’

0 nopu n=2m-1.

! _
f(n)(O) _ {n npu n = 2m,

Yrazanue. [[puMeHUTL TORIECTBO
1 1 n 1
1—22 2\1l4z 1-—z/)

1034. Tponudpepenuuposas tommectso (v — 1)(z? + 23 + ...
oot 2") = 2" — 22 rpu pasa no x u nonomuB 3arem ¥ = 1, maiiTu
L n+1)n(n—1
cymmy > k(k—1) = (n + )3( ) O 3aTeM CyMMY KBajpaToB
k=1

yucell HaTYPaJIbHOTO PAlla
n

Zk2:12—|—22—|—...—|—n2:n(n+1)(2n+1).
k=1

6

1035. HaitTu Tpou3BOTHYIO BTOPOTO MOPANKA QYyHRIIMU:

1) y= e 2Q)y=ctgz; 3)y= arcsing.
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1036. HaitTu Tpou3BOMHYIO N-TO MOPATKA QYHRIMU:

y=a" 2)y= 2

3) y =sin®z.

1422
1037. f(x) = arcsini; naittu f(2), f'(2) u f"(2).

1038. Tlo dopmyae Jleitbuuna watiTu TPOu3BOMHYIO TPEThEro IO-
pAnKa PyHRIUH:

)y =a%" 2) y:$2sin§; Jyy=zfla—2z)+3f(a—2).

1039. IlorasaTh, uTo QyukiuA y = €” cosx yIOBIeTBOpAeT mud-
(epennuanbuomy ypasuennto y'V + 4y = 0.
1040. TlorasaThb, uTo GYHRIUA Yy = ze~l/

uuto 2°y" — 2y’ +y = 0.

1041. f(z) = 2%e~*/*; norazars, uro f(M(0) =

YIOBJIETBOPAET YpaBHe-

n(n—1)(=1)"
n—2 :
a
1042. f(z) = e_xz; MORA3aTh, uTO

FM0) = =2(n — 1) f=2(0), fEm=D(0) =0,

20)=(-2)"2m-1)(2m—-3)-...-5-3-1.
1043. f(z) = 2"; noka3ath, 4TO
/ " (n)
oy LW S0 SO0,

§10. IlpousBogHaa HeABHONH (QYHKIHH

Ecau ypasrenne F(x, y) = 0, HepaspellleHHOe OTHOCHTENBHO Y, OTpPeNe-
JAET Y Kak OMHO3HAYHYIO (DYHKIMIO T, TO i Ha3bIBAeTCA HEA6HOU (DyHRIUeH
z. Yro0bl HaliTH MPOM3BOAHYIO ¥ 5Toi HeABHON (QYHKIIMHU, HyAHO 00€ JacTh
ypasHenuda F(x, y) = 0 mpomuddepeHInpoBarh Mo &, paccMaTpUBad y Kak
QyHEIII0 0T T. M3 MosTyYeHHOro ypaBHEHHUA HalimeM MCKOMYIO TPON3BOTHYO
y'. Yrober mHaitty ", HymHO ypasHenue F'(z, y) = 0 npammer nponndde-
PEHIUPOBATh 110 * W T. II.

Haiitir 3’ w3 ypaBmemmii:
2 2
)

2 2 2. 2 _ ) L _
1044'1)$+y = a Q)y—prv 3)¥_b_2_1
1045. 1) 22 + 2y +y? =6; 2) 2?2+ y? -2y =0.

1046. 1) 22/3 4 423 = ¢?/3; 2) eV — e + 2y = 0.

1047. e siny — e " Ycosx = 0.
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1048. r = y 4 arcctgy.
d
1049. %V — 2% + y> = 0; wmaiitu d—y npu x = 0.
x

1050. Haittu y” u3 ypaBuenmit:
Da?2+y?=a% 2 ar+by—ay=c 3)amy"=1.
22 y?

1051. o + 7z

1052. HanucaTh ypaBHeHudA KacaTelIbHBIX K KpuBoil 224142 +4x —
— 2y — 3 = 0 B Toukax nepeceuenud ee ¢ ocbio Oy.

1053. Haiitu Toukn nepecesenns nopmaiu runepboint 2 —y? = 9,
nposenennoii u3 rourn (5; 4), ¢ acumnroramu.

1054. Hanucath ypaBuenune racatembHoii B Touke (Zo; Yo) K Kpu-
BOii:

= 1; maittu y” B Toure (0; b).

2 2
z Y
1055. HamucaTh ypaBHennA KacaTellbHBIX K acTpoue 362/3—|—y

= a?/3 B rourax nepeceueHns ee ¢ NpAMoit y = .
1056. Ilon rakmM yITIOM TlepeceKalOTCA KpuBble

2/3 _

24 y? =5 u y?=4a?

1057. Haiitu i’ u3 ypaBmenmii:
22y .
1)¥—|—b—2:1; 2) x° 4+ y° — 3azy = 0.
1058. Haiitn y” u3 ypaBuenmii:
Da?—y?=a%  2) (z-a)'+(y-p)*=R%
3) arctgy = +y; 4) 22+ 2y +y? =’

1059. Hamucarh ypaBHeHud KacaTelbHBIX R OKpymuocTH 22442 +
+ 4z — 4y + 3 = 0 B Tourax nepeceuenud ee ¢ ocbio Oz. llocrponrsh
OKPYHHOCTb W KacaTeJbHbIE.

1060. HanucaTn ypaBrenune kacatenbuoil k panuncy x2+4y? = 16
B TOYKe, B KOTOPOii NeJuTcA MoMojaM OTPe30K KacaTellbHOM, 0TCeUeH-
HbBI{T 0CAMU KOOPAWHAT, U KOTOpad JexuT B MepBOil yeTBepTH.

d
1061. te=*/2 4 se~'/2 = 2: maiitu d—f npu t = 0.
dx
1062. tInx — xInt = 1; naiitn i t=1.

1063. 22sin y — cosy + cos 2y = 0; maiitu y npu y = 7 /2.
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§11. Tuddepenuuan GyHKIHH

Ecau dyuruna y = f(x) ouddepernupyeMa B ToUKe £, T. €. HMeeT B

A
5TOM TOYKe KOHEYHYIO NMPOM3BOTHYIO i, TO A—y =y +a, e a— 0 npn
x
Az — 0; orcrona
Ay =y Az + aAz. (1)

Tiasnas wacmey y Axr npupamenna Ay QyHRUUH, AuHetiHaf OTHOCH-
renbHo Az, HasbiBaerca dugddepenyuaon QyHRIUN U obozHadaerca dy:

dy = y/Al‘. (2)

Tomomus B dopmyne (2) y = x, nonyunm de = 'Azx =1 Az = Az, u
TO3TOMY

dy = ' dz. (3)

Dopmyra (3) BepHa ¥ B TOM CJydae, eCll & €CTh (QYHKINA HOBOI mepe-
MeHHO ¢.

s (1) caemyer, uto Ay & dy, T. e. Tmpu goctaTouHO MaioM dx = Ax
npupaujenue GYHRIUM TPUOIUEEHHO paBHO ee duddepenyuaay.

B wactHocTH, maA aumHeiinod GyHEUNNT ¥ = ax + b umeem: Ay = dy.

Hatitn nuddepennmaibl GyHRIMiL:

1064. 1) y = a™; 2) y =23 — 322 + 3a.
t2
1065. 1) y = /14 22; 2)82%.
. 1
1066. 1) r = 2¢p —sin2¢; 2) = "t
1067. 1) d(sin?¢); 2) d(1 — cosu).

1068. 1) d (g + arctg E) 7 2) da+ Ina);
x a

LAY .
3)d (COS 5) ; 4) d (arcsm x) .

1069. Haxomnennem nmbdepeniimaia Kamaoro yjiena ypaBHEeHHA

. Y o
HaliTH de 13 ypaBHEHHII:
x

D a?2+yt=a% 2)ay=da% 3)a?-ay—y?=0.

1070. 1) y = 2%; maittn npubammenno usmenenue y (Ay ~ dy),
Korma ¢ mamensdercda or 2 no 2,01; 2) y = \/a; maiitn npubanmenno
u3menenne y, korna x udmenserca or 100 no 101.

1071. 1) Cropona ry6a z = 5m+0,01 M. Omnpemennuth abcomror-
HYI0 M OTHOCUTETBHYIO TOTPEITHOCTD TTPU BhIuuCieHun 0bhema Kyba.
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2 2
2) Hmmna temerpadmuoro mpoBoma s = 2b (1 + 3—{2), roe 2b —
paccrodHme MemIy TOoukamm nofBeca, a [ — wmamboabliiumii mporud.

Ha cronbko yBenmunted nporub f, Korna npoBoi 0T HAT peBaHUA Y IJIw-
untcd ma ds?

1072. 1) C waroii TOYHOCTHIO HYHHO M3MEPHUTh abClmCCy KPUBOii
y = 22/ npu x < 1, 9T06LI NpH BLIYHCICHHN ee OPIHHATBLI J0IY-
CTUTb Horpemnoctb e Gomaee 0,17

2) C Rakoii OTHOCHTENBHOH TOYHOCTHIO HYEHO H3MEPUTH PamuyC
1iapa, uTo0bl Npu BbIUHCIEHNH 00beMa [1apa I0NyCTUTh MOrpelIHoCTh
ue 6ozee 1 %7

1073. Onpenenuts npubinmenno: 1) MmIomamh KPyroBoro Kolbla;
2) obbem cheprueckoii 06omoukn. CpaBHUTH ¢ NX TOYHBIME 3HAYEHU-
AMu.

Hatitn nuddepennmaibl GyHRIMiL:

1 1
1074. 1) y = — — —; 2) r=cos(a—by); 3)s=+V1-t%
r oz
1075. 1) y = Incosa; 2) z = arctg/4u — 1; 3) s =e 2,
1076. 1) d(\/x +1);  2) d(tga — «); 3) d(bt — e*t).
1077. 1) y = =2; onpemenuts Ay u dy u BBIYHCAUTL UX TpH

u3dmenennu £ or 2 no 1,98.
2) llepnon romebannsa maarnuka 1 = 274/1/980¢, rne | — miuna

MafATHURA B canTumerpax. Hak HYMHO u3MeHUTH NIUHY MaATHUKA
[ = 20 cm, urobbr nepuon Kojebamud ymenbinmica ma 0,1c¢?

3) C wakoif TOYHOCTBIO HYMKHO M3MEPUTH abCUmccy KpuBoil zy =
=4 npu x > 0,5, uTobbl NPy BBIYHCIEHUH €€ OPIUHATHI NONYCTHUTb
norpeiinocth me Honee 0,17

§ 12. Ilapamerpuyeckue ypaBHeHHA KPHBOI
Tlyers ®puBad 3amaHa mapaMeTpHYecKUMH ypaBHeHuAMH x = f(t) m

y = ¢(t). ObosHauad TOYRAMH TPOM3BOIHLIE 0 TTapaMeTpy, Haifmem:

dy _§. Ay _d@/a) _ ji— i

de &  dx?  dr i3

1078. IlocTponThb KpuBbIe 110 MapaMeTPrYecKkuM yPaBHEHUAM:

1
1)$:t27y:§t3; 2)$:t27y:__
HewrntounB u3 ypaBuenuft ¢, nanucaTh ypaBHeHue Rammoil KpuBoil B

obbrunom Buge: F'(z, y) = 0.
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[lpuBectn & Buny F'(z,y) = 0 (mam y = f(x)) ypaBuenuda ®pu-
BBbIX, 3aJaHHBIX MapamMerpuuecku:

1079. 1) z = acost, y = bsint;
2) = acos®t, y=asint.

t ot t
1080. 1) « = % y = %;

2) v =tgt, y=cos?t.

1081. llocTponTh «pa3BepTRy», Wiin IBOJBBEHTY», Kpyra (cMm. 3a-
nauy 368)

x =a(cost+tsint), y=a(sint—tcost),

naBad t 3mavenus: 0, 7/2, 7, 3w /2, 2.

1082. IlosoxwB ¥y = xt, MOAYyunTh TapameTpuyeckne ypaBHEHHA
«TekapToBa ducTay o+y°—3azry =0 (em. 3amauy 366) n nccirenoBath
IBHEHNe TOUKH 10 KpuBOil Mpn MOHOTOHHOM u3menenun £ 1) or 0
10 +00; 2) or 0 10 —1; 3) or —oo0 mo —1.

1083. Hannucath ypaBuenue KacaTenbnoii kK nnkionme (cM. 3amaqy
367) = a(t—sint), y = a(1—cost) B roure, rne t = 7 /2. llocrponrs
KPUBYIO 1 KacaTelbHYIO.

1084. Hannucath ypaBHenue KacaTelqbHOIT K runonnkionme (acTpo-
ume) r = acos?’t7 Y= asin®t B Toure ¢ = 7 /4. llocTpouth KpuByio u
KacaTelbHYIO.

Yrazanue. [Iaa mocTpoeHNA KPpUBOM COCTABUTH TabIUIy 3HaUYeHU &
uyuput =0; 7/4; 7/2; 3x/4u . 1.

2
1085. Haittu &y u3 ypaBHeHHI:

dx?
1) 2 =acost, y=asint;
3
2) @ =12, y:§—t;

3) x =a(t —sint), y=a(l —cost).

1086. llocTpouTh KpuBble, 3alaHHble TapaMeTpUUeCKUMU YPaBHEe-
HUAMMNU:

Da=2t—-1, y=1-4t% 2a=13 y=1*-2,
HalIA TOYKU nepeceuyenud UX C OCAMHK ROOpIMHAT U 3aMeTuB, 4TO IJIA

dy

BTOPOI1 KpuBOii e = oo mpu t = (. Hamucath ypaBuenusd KpuBBIX B
x

Bune F(z, y) = 0.
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1087. HanucaTh ypaBHenue KacaTelbHOW K IWRIOMIE
r=a(t — sint), y=a(l—cost)

B Touke ¢ = 37/2. llocTpouTh KPUBYIO U KacaTelIbHYIO.
1088. Hanmucarh ypaBHeHue RacaTelbHOW K pas3BepTke RpyTa

x =a(cost+tsint), y=a(sint— tcost)

B Touke { = 7 /4.
%y
1089. Haittu —— u3 ypaBuenuit:

dx?
1) # =2cost, y=sint; 2)a=1% y=1t+13

3) =€, y=e.



I''maBa 7
MPIIOAEANA TPON3BOIHOI

§ 1. CropocTh H yCcKOpeHHe

Ilycte Toura meumerca mo ocut Ox W B MOMEHT { MMeeT KOOPAWHATY
z = f(t). Torna B MomeHT ?

T Azx dx
ckopocmy v = lim — = —
P Atso At dl’

Av dv A2z

ycropenue w = lim — = — = —.
at—»0 At dt di?

1090. 3enuTHbIil cHapAl BbIGPOIIen BepTUKAIbHO BBEPX € HAYAb-
Hoit cropocThio @ m/c. Ha wakoii Bbicore z om Oymer uepes t ce-
ryra? OmpenenuTh CKOPOCTh W yCKOpeHue IBu#enud cuapaga. Yepes
CKOJIbKO CERYHI CHAPAI NOCTUTHET HAauBBICIIE TOUKH M HA KAKOM pac-

CTOAHHUN OT 3eMJu’
3

t
1091. Tesno nBmmerca mo mpamoit Oz mo 3akony @ = — — 2t2 + 3¢.

OnpenennTh CKOPOCTh W yCKOpeHUe NBW#eHud. B Kakme MOMEHTbI
TeJI0 MeHAeT HampaBieHue [BUKEHN !
1092. KonebaTenmbroe nBumenme maTepualbHOM TOuKm coBeplila-

eTcA mo 3akony ¢ = acoswt. OnpeneanTh CKOPOCTh M YCKOpPEHHE
IBukeHnAa B ToukaX ¢ = +a m ¢ = 0. IlokasaTrh, uTO ycKopeHwme
d*x

) U OTKIOHeHHe & CBA3anbl «InddepeninalbubiMy ypPaBHEHHEM
d%x 9

— = —wz.

dt?

1093. Bpamaroiieecsa maxoBoe Koleco, 3alepmuBaeMoe TOPMO30M,
3a | CeRyHIl mOBOpaumBaeTcH Ha yroi ¢ = a + bt — ct?, roe a, b u
¢ — TMONloEHMTENbHbIe mocToAnEbIe. QupeneauTh yIJIOByI0 CKOPOCTh U
yckopenme Bpaiilenus. Horna kosieco ocranoBuTcdA?
1094. Komeco pamuyca ¢ raTuTcsa no upAmoii. YTod ¢ n0BOpOTa
2

Kolleca 3a L ceRymJl ompefeiAerca ypapuenuem i = t+—. Onpenennth
CKOPOCTb W YCKOpeHUe NBUMeHuA leHTpa KoJjeca.

1095. IIycTh v — CKOpPOCTh M W — YCKOpeHue TouKu, IBuKyIIeiicaA
o ocu Oz. llokazars, uro wdz = v dv.
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1096. Touka IBumeTCA npAMOINHEIIHO TaK, uTo v? = 2ax, TIe v —
CKOpOCTh, ¥ — mpoiifennblii myTb n ¢ — mnocrodunad. Onpeneintb
YCKOpeHue IBUMEHTA.

1097. Temno c BoicoTnl 10 M O6potieno BepTukalbHO BBEPX C HAYATb-
noit ckopoctbio 20 m/c. Ha kakoit BbicoTe @ oHO 6yIeT uepes ¢ ceRynn?
OnpenennTh CKOPOCTh W yCKOpPeHUe NBuKennd. Yepes CKOIbKO CeKYHT
TeJI0 TOCTUTHET HawBhICIeill TOUKM m Ha Kakoil BhicoTe?

1098. Cocyn B dopme nmoiyinapa paguyca 2 cm manonnsercd Bojpoit
¢ MOCTOAHHOI cKOpOCThIO ¢ i/c. OnpemeauTh CKOPOCTH NOBBIIIIEHUA
YPOBHHA Ha BbICOTE YPOBHA hCM M mOKa3aTh, 9T0 0OHA 00PATHO TPOTMOP-
uOHAJIbHA MIolIanu cBOOONHON MOBEPXHOCTH HUIKOCTH.

h
Yrazamue. (O6wem mapoBoro cermenta V = mh? (R— 5) Oce

YacTH 9TOTO paBEHCTBa HYAHO MpoaudepeHIInpoBaTh 1o ¢, IpuYeM prl
(10 yCIOBHIO).

1099. 3aBucwuMOCTb MEEKIY KOJIWUIECTBOM & BeIIeCTBa, MOJydyae-
MOI'0 B HEKOTOPOIl XuMuuecKoil peaklum, u BpemeHem ! BbIpamaeTcA

ypaBuennem = = A(l — e‘kt). OnpenennTb CKOPOCTh peaKIUN.

dw
1100. [Iycthr yrioBad CKOpPOCTH d—f = W, YIJI0BOE YCKOpeHume I =
d(w?
= ¢. llorazath, uto Ch) = 2¢.
dep

§ 2. TeopemsI 0 cpemHeM

1°. Teopema Poaaa. Ecau f(x): 1) HenpepbiBHa Ha oTpeake [a, b],
2) umeer mpomaBonHyto BHyTpHu Hero, 3) f(a) = f(b), 10 Memny a u b Haii-
JIETCA TaKoe T = c, IPH KOTOPOM

f'(e)=0. (1)

2°. Teopema Jarpauma. Ecam f(x): 1) HenmpephiBHa Ha OTpe3Ke

b], 2) uMeer MPOMIBONHYIO BHYTPH HETO, TO MEREIY ¢ W b HalileTcA Taroe

[a,
T = ¢, IPH KOTOPOM

J(b) = fla) = (b= a)f'(0). (2)

3°. Teopema Romu. Ecau f(2) u ¢(x): 1) HempephIBHEI Ha 0TpeaKe
[a, b], 2) mmetor MpoW3BOMHBIE BHYTPH Hero, mpuieM ¢’ (x) # 0, T0 Me&®ny @
n b Halimerca Takoe ¥ = c, TpA KOTOPOM
J0) - ) _ 1
p(b) —pla)  ¢'(c)

(3)
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9TH TeopeMBI HOCAT Ha3BaHWE TEOPEM O CPEJIHEM IOTOMY, 4TO B HHX
TOBOPUTCA 0 HEKOTOPOM 3HAaYeHUW T = ¢, CPEIHEM MemIy a U b.

l'eomerpuyeckn Teopembl Pomaa m Jlarpan#a yTBepsmaaior, 4To Ha AyTe
AB wHempepbIBHON KpHBOil ¥y = f(a:), uMeroleil B Kamaoil TouKe onpeneseH-
HYIO KacaTeJbHYI0 W He MMeEOIIeil To4eK Bo3BpaTa, Halilercd BHYTpPEHHAA
TOYKa, KacaTedbHaA B KOTOpOil MapamieabHa xopae AB.

Ha myrax, comepmammnx yIioBble TOYKM WM TOYKU BO3BpaTa, YCIOBUA
TEOpPEM O CpelHeEM, OUEBHIHO, HE BBLINMOJHEHEI.

Teopemy Ponna B wactaom caywae npu f(b) = f(a) = 0 popmyaupyror
TaR: MeIy IByMA ROPHAME a 1 b pyHKumn f(x) Halinerca mo kpaiiHeif Mepe
OIWH ROpeHb ee mponsBonHoif f/(x), ecan f(x) HempephiBHA Ha oTpeske [a, b]
W WMeeT TPOM3BOAHYIO BHYTPH HETO.

1101. lIposeputh, uTo Mem1y kopuamu byukunn f(v) = 22 -4z +
+ 3 maxomurca Kopenb ee npousBoanoii. IoscauTh rpapuyeckn.

1102. [lpumenuma mu Teopema Pomaa k ¢pynrimun f(z) = 1 — Va2
na orpeske [—1, 1]7 IloAacuuth rpaduuecku.

1103. lloctpouts nyry AB wpuBoii y = |sinz| ma orpeske
[—7/2, 7/2]. llouemy na Iyre mer KacaTelbHOIl, MapalielbHON Xopie

AB? Haroe u3 ycioBuil Teopembl Poisisi 31ech He BbINOIHEHO?!

1104. B raroil Touke RacaTelqbuas R mapabode y = z2 mapai-

nenxbra xopre, crarusaoieit Touxn A(—1; 1) n B(3;9)? loscanrn
rpaguuecku.

1105. Hamucars dopmyay Jarpanma nasa pyukunn f(z) = 2% na
orpeske [a, b] u waiitu c. lloAcuuth rpaduuecku.

1106. Hanmucarb (opmyay Jarpanka mia pynknun f(2) = /2 na
orpeske [1, 4] u mafitu c.

1107. Tlorasath, uto na orpesre [—1, 2] Teopema Jarpanma ne-

3
mpumvenuma K ynrimuam — u 1 — V2. lloAcautsh rpaduuecku.
T

1108. lloctponts AB wpuBoit y = |cosz| na orpesre [0, 27/3].
[louemy ma nyre mer kacaresbnoii, mapaiuienbuoii xopure AB? Kakoe
u3 yeiaoBuii Teopembl Jlarpamka 31ech He BBITOIHEHO?

_Jx wpmz| <2,

1109. Illycts f(z) = {1 wpu |z| > 2.
¢ynrmmn u, B3aB na mem toukn O(0; 0) mw B(2; 1), mokaszath, uTo
memay O u B na srom rpaduke HeT TOYKH, KacaTelbHasd B KOTOPOIl
obla Obr mapamenbna OB. Kaxkue yeinoBus teopembr Jlarpamma miis
910l (pynKiuu na orpeske [0, 2] BBINOTHEHBI U KaKkue Her?

1110. Iloean mpormen paccTosuue MEEIY CTAHIUAME CO cpenueit
cropocThio vg = 40 km/u. Teopema Jlarpanma yrBepmIaer, uTo GbLI
MOMEHT JBHeHHH, B KOTOPBIH mcTuuHad (a He CpemHdAfd) CKOPOCTDH

ds

ABIAEHIA — 6bita paBua 40 km/ 4. [lokasats 310.

Mocrpouts rpadur sToit
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1111. Jano, uto f(z) menpepbiBua ua orpeske [a, b] m mmeer mpo-
U3BOAHYIO B KamIoi Touke BHYTpu Hero. Ilpumenus teopemy Poss
K QyHRITT

r f(z) 1
2@ = b ) 1],
a f(a) 1

nonyuuTh Teopemy Jlarpauma. BolAcHuThL reomeTpuyeckoe 3HAYEHUE

pynrmun $(z).
1112. Hanmucath dopmyny Hornm f(b) = Jla) = () 014 GyHK-

p(b) —pla)  #'(e)

U HaWlTHu c.

wuit f(z) = 2% u ¢(z) = 22

1113. Teomerpuueckn Teopema Komim yTBepmmaeT, 4To Ha Ayre
KpuBoit @ = ¢(t), y = f(t) naa 3wavennii ¢ wa orpesre a < t < b
Hafijercs BHYTPeHHAS TOuKa, B KOTOPOi KacaTejibHasd NapalieibHa
xopre, ecin pyukunu ¢(t) n f(t) wa orpesre [a, b] ynoBnerBopsaior
ycnoBuAM Teopembl Homru. [HokasaTh To.

1114. Hamucars dopmyny Jlarpanma B Bune f(z 4+ Az) — f(z) =
= Azf'(z + 0Ax), rne 0 < 8 < 1, naa ¢yuruuit: 1) f(z) = a?;
2) f(z) = 23, u nokasaTh, uTo NIA MepBoil GpyHKIUH O He 3aBUCHT OT
x, a Il BTOPOH 3aBucuT OT & u Ax.

1
1115. Ilorasath, uto /101 = 10 4+ ————
24/100 + @

1116. C nomotbio Gopumyisl Hommim nokasarb, 4o ecin

~ 10, 05.

F0)=f1(0) = f(0)=...= f"(0) =0,
TO
CORARI(Z)
" nl
roe 0 < 0 < 1.

1117. Hanucatb Gpopmyny Jarpamma
f) = fla) = (b—a)f'(c)

3 u maiitu c.

g ynrinun f(z) = @
1118. Hanwucatb Gopmyny Jarpanma m naiitn ¢ 0ad GynRIumii:
1) f(z) = arctgaz  ma orpesre [0, 1];
2) f(x) = arcsinz wma orpesre [0, 1];
3) f(z) =Inz ua orpeske [1, 2].
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1119. Hanucatb Gpopmyny Ko n maiitTu ¢ 1A pynrumii:

1) sinz m cosz wma orpesre [0; 7/2];
2) 2% u /2 na orpeske [1, 4].
1120. lloctpouth rpaduk ¢pyurmuun y = |x — 1| na orpesre [0, 3].

[louemy 31ech menb3A NpoBeCTH KacaTelbHYI0, HapalliielbHyI0 Xopie?
Karoe u3 ycnoBuii Teopemsbl Jlarpamma 31mech me BbInolueno?

1121. B karoif Touke KacaTedbHasd K KpuBoil y = 4 — x% mapai-
nexbra xopre, crarusaoieit Toukn A(—2; 0) n B(1; 3)?7 loscants
rpaguuecku.

§ 3. PackpoITie HeolpemeaeHHOCTEN.
IlpaBumo Jlonmurama

o 0
1°. HeonpenmeneHHOCTD ik MMeproe mpaBuao Jonurama.

B Ji ) = iy )= . iy 23 = o £42

, ROrga 1mocJel-

HUI cylIecTByeT.

2°. HeompengedeHHOCTH f. Bropoe nmpasuao Jonurama.
!
Ecau lim f(z) = lim ¢(z) = oo, To lim /(=) = lim ! (x), KOT/la TOCJefi-
T—a T—a r—=a go(l‘) r—=a go/(l‘)

HUI cylIecTByeT.
3°. Heonmpeneaennoctu 0-00, 0o — oo, 1%° u 0° comArea & me-

0 oo
OIIPeIeEHHOCTAM i U — TMyTeM ajredpandecKuX Mpeobpas3oBaHmMil.
)

Hatitin mpenensr:

. sin3z Coef—1
1122. lim . 1123. lim — .
z—=0 I z—0 sin 2x
) T —a |
1124. lim ———. 1125. lim .
v—a g™ — q” =1 Inz
. 1 —cosazx . 1—-cosz
1126. lim ————. 1127. lim ——.
#—0 1 — cos bz z=0 2
. xr—sina . tgae—sinz
1128. lim — 1129. lim ————.
z—0 z =0 T —sinx
. ’ ) e’ . Inz
1130. 1) lim 7 2) lim —. 1131, lim —.
r—4o0 $3 T—>—00 $3 r—=00 X
| t
1132. lim — 1133. lim 27

=0 ctgr’ var/2 tg3a
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. T .
1134. lim (7 — 2)tg > 1135. lim zIn 2.

T z—0

1136. lim z2"-e™%. 1137. lim z~.

z—+00 z—0

3 xT
1138. lim (sinx)*®”.  1139. lim (1+ —) :
r—0 =00 z

1140. Omnpenenutb nopAnok Geckomewno maioii xe® — sin z oTHO-
cutenbuo z — 0.

1141. [Jorazarh, uto mpu ¢ — 0:

3

1)$—arctng%; 2) al’—bxzwlng;

<~

3) €2 — 1 — 22~ 22% 4) 20 —In (14 22) ~ 222,
3
X

1142. [lorazars, uto (npu 2 — 0) 2 —sin z & 5 [ oTciola sin z &

A T ¢ NOTPelIHOCTbI0, Npubinmkenno papuoil °/6. Borumcants sin 1°
u sin 6° u OMEeHUTDH MOTPEITHOCTD.
s 1 a?
1143. [loxasarn, uto (mpm o — 0) v/1+a — 1 — 3% R~y
s 1 a?
u orciofa 1+ a =~ 1+ 3@ € NMOTPIIHOCTRIO ~ 9 Boeruncianrsb

&1,006, 0,991, /65, ¥/210 u olleHUTDb MOTPEIIHOCTD.

Hatitin mpenensr:

. et — ebr .z —arctga
1144. lim ——. 1145. lim —
z—0 sSin z—0 x
. 1 —sinazx I A
1146. lim ———. 1147. lim
e—r/2a (202 — )2 e=0 tgw
. 1 —2sina . 1—tga
1148. lim ———. 1149. lim ————.
v—=7r/6  COS 3T w—=7T/4 COS 2%
. e — 1 . Inz
1150. lim ———. 1151. lim .
z—0 In (1 4 2z) z=1 1 — g3
1152. lim (1 — e**)ctgz. 1158, lim 2/(1-%),
z—0 =1
: 1 1 : 2 1
1154. lim — — — ], 1155. lim (e* + 2)V/°.
z=»0\zsinz = z—0
23

1156. [lorazath, uto mpu © — 0 arcsinz — 2 & 5
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1157. lokaszarb, uro (mpm o — 0) vV1+a — 1 — % Ay

a s
orciona v/1+a~x 14 ) ¢ NMOrPelIHOCThIO, NPUOIHKEeHHO PABHOM N

Boruncauts /T, 006, /T, 004, /0,998, /0, 994, /65, /35 u onennth

IorpelmIrHoCTb.

§ 4. Bozpacranue u yoObiBaHHe (QYHKIHH.
MakcumMyM H MHHHMYM

1°. Onpeneaenus:
I. dyurumA f(x) HaseIBaeTcA so3pacmanuetl 6 MouKke Xy, €CIH B He-
KOTOPOM £-OKPECTHOCTU 9TOM TOUKU

f(zo—h) < f(zo) < f(zo +h)

IpH JTE000M TOJORUTETBHOM h < €.

II. ®yrruna f(x) HasbIBaeTcA sospacmarnweti Ha ompesxe [a, b], ecin
IJIA TH0BIX 1 W £ Ha 9ToM orpeake f(x1) < f(x2), Korma x1 < @2.

Amanormuno onpenenderca yobBanme QyHKIMA B TOYKe W Ha OTPe3Ke.

IT1. ®yuruua f(x) HazbBaeTcA HUMeROIIEil akcmpenym (MARCUMYM TITH
MUHUMYM) B TOURE Lo, ecanl f(29) ABIACTCA HANOOMBIIINM HIIH HAWMEHBIITIM
3HaueHneM (DYHKIUW B HEKOTOPOH ABYCTOPOHHEH OKPECTHOCTH HTON TOYKH.

2°. locTaToyHbLIe MpU3HAKNW BO3pPacTAaHUA W yOBIBAHUA
bpyrruun y= f(x) (B ToURe W HA OTPE3KE):

ecmm ' > 0, To QyHKUUA 603pacmaem;

ecmn iy < 0, To QyHEIUA ybvisaem.

3°. Heobxonumoe ycaoBue srcrpemyma. Dyaruua y = f(x)
MOMET UMeTh JKCTPEMYM TOIbKO B Toukax, rae ¥ = 0 mam He cymiecTByer.
Takne TOYKN Ha3BIBAIOTCA Kpumuueckumu. B HNX KacaTeqbHad WM TOPHU-
sonTanbHa (Y = 0), naM BepTWRadAbHA (B TOYRe BO3BpATa), WM HET ONpe-
meJeHHOW KacaTeslbHON (HamprMep, B yrIoBoil Touke). B IOByX mocienHHX
ciaydadx y' He CyIecTBYeT.

4°. MocTaTouHble ycaAOBUA 3KcTpeMyMa. Ecan dyaruna f(x)
HENnpepLIBHA B TOUKE Tp W MMeeT B HEKOTOPOM OKPECTHOCTH Tg, KpOME, OBIThH
MOMET, TOUKN T, KOHEYHYIO IPONBBOTHYIO0 W ECIH TIPH NEPEXOMIE T YEPES To:

y' MeHAer 3HaK ¢ + HA —, T0 f(%0) = Ymax,

y' MeHAeT 3HaK ¢ — HA +, T0 f(%0) = Ymin,

y' He MeHsAeT 3Haka, TO YKCTpEMyMa HeT.

Tpermit cayuait mMeeT MecTO B OOBIRHOBEHHON TOUKE (HpI/I y > 0 mm
y' < 0), a Tarme B TOURe Meperuda W B YIIOBOM TOUKe.

Wrar, uTobbl HAlITH HKRCTPeMYM (QYHRIIUN, HYHRHO:

1) Haittu ¢ w wpuTHYecKHe TOYKM, B KOTOpHIX y = 0 mam He cyre-
CTBYeT.

2) OnpenenuTh 3HAR §' cieBa U ClpaBa 0T RamIoil KPHTHUECKOW TOYRM,
COCTABUB TA0IHMIY, HAIIpUMep, BUIA
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x T; 2 3
/ _ He CyILIe- _ _
Y 0 T CTByeT 0

Hanee Mo#HO HaﬁTlWﬂ Ymin W TOCTPONTH [kpuByilop Ha pic. 28

Y Y ObIBaet T BOSRACTABL T L N b Y OpIBAET \ | yObIBaE"
yA JKCTpeMyMa (Bropoi 0%06 fceae- HepeI‘I/I6

TOBAHUA).
Ecau B HEKOTOPOIT TOURe—#—=1#y=
1)y =0,ay” <0, ro fze) =
max;

(o)

"= 0,ay’ >0, 10 f

Lo

y” = 0, To BoOmpoc
HBIM U HYRHO 00pa-
crocoby MccIenoBa-

CTaeTcda |Hep€H_I
NUThHCA IIepBo
|.E | HUA. |

C}/IccneﬂmaaltgBosbacmﬂne HlVﬁbIBaHI/IE! OVurpi: o,

01158, 1) ¥ o2 2)y=¥2 3) yl@si; DITES T
1159. 1) y = tga; 2) y=e% 3)y=4r — 22

Haiiti skcTpemym GyHRIUK 1 TOCTPOUThH ee rpaduk !):

3
1160. y = 22 + 4z + 5. 1161.y = 4o — %
$3 $4
1162.y:?—x2—3x. 1163.y:1—|—2x2—z.
a4 3 x 2
1164. y = — — 2. 1165. y = — + —.
4 2 x
1
1166. y = V22 — 1. 1167. y = .
y=Vuz Y=
2
— 62+ 13
1168. y = 20T T 1169,y = 22(1 — a).

x—3
1170. y =1 — J(z —4)2. 11Ty =",

]) B samauax 1165, 1168, 1173 1 HeROTOPBIX IPYTHUX IJA IOCTPOEHUA KPHUBOLI
HYy®HO HallTu ee acuMurorsl (cMm. ria. 5, §9).



§ 4. Bospacranne um yOpIBaHHE (BpyHKIIHI

135

1172. y = & + cos 2z B murepsaie (0, 7).
1173. = 4z — tgz B unTEpBale (—7T 7T).

272
14+Inz
1174. y = . 1175. y = & — arctg2z.
x
1176. 1) y = ze™"/2; 2)y==zlnz.

1177. 1) y = Vsin 2?; 2) y=Ver* —1.

1178. y = sin? 2 + cos? . 1179. y = 2v/1 — 2.

4
1180. y — VT 18l y=—
T+ 2 (z —1)(z —4)
2
1
1182. y = %+ - 1183. y = 22/3 4 (v — 2)2/3,
T
$5
1184, y = — - zt+ 23 1185,y = 23(x + 2)%
11 z?
1186. y =2 (- — — ). 1187.y= :
Y (w x2) Y= a3

1188. y = 2tgx — tg?z.  1189.y = z + In (cos @).

1190. 1) y =In V1 + a2 —arctga;  2) y = |z|(z + 2).

1191. y = 2%2e7".
1192. y = 33/ (2 + 1)2 — 2z.

Hatitu sRcTpemMym QYyHRIIuM U TOCTPOUTH ee Tpaduk:
1193. y = 42 — 22, 1194.y = 22 4 22 — 3.

3
1195. y = %er?. 1196. y = 23 + 622 4+ 9z.
2 $4
3
1197. y = . 1198. y = 2° 4+ —.
x—2 4

4
1199. y = % — 222, 1200. y = 2z — 3722

(x— 1)
241
1203. y =z — 2lnz. 1204. y = 22/3(x — 5).

1201. y = 1202. y = ze=7 /2,
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1205. y = sin 2z — « B nntepnane (—7/2, 7/2).
1206. y = 2z + ctga B mnrepsaue (0, 7).
1207. y = x + arcctg2z.

1208. y = 1+ /(2 — 1)2.
1209. y = 2sinz + cos 2z B nntepsane (0, 7).

I
1210. y = 32 — 823 4+ 622, 1211,y = .
X

1212,y = 220 1213 42

Y= . y=x+ —.

Y T+ 2 Y x

1214. 1) y = ae~%cosz (npu « > 0); 2) y = 3z° — ba>.
4—2)3 123 2)2

1215y = L2 g, = 2V 2P
9(2—x) 2?2 +8
222 — 1

1217, y = —5—. 1218. y = (1 — 2?)(1 — 23).
14+ a2+ 22

1219. y = —— . 1220.y =z 4+ 2v/ —=.
1—2z+ 22

(z+3)° g
1221. 1) Yy = m7 2) Yy = 1—cosz.

§ 5. Jamauun 0 HaHOOABIIMX M HAHMEHBLIIHX
3HAYEeHHAX BEIHUYHH

1222. Pemterroft naunott 120 M HYEHO OTOPOAUTEL MPUIETAIOIIYIO K
I0MY TPAMOYTOJbHYO MIIOIanKy Hanbonblieil mioniain. Onpeneintsb
pa3mepbl PAMOYIOJbHOM MJIOMIATKHA.

1223. Pasmomuth yucao 10 wa mBa ciaraemblX Tak, 4TOOBI TTPOU3-
BelleHre UX ObIJI0 HAMOOJMBIIHM.

1224. B tpeyroibHuE ¢ OCHOBAaHMEM ¢ M BBICOTOI A BImCaH MPAMO-
yroibuwk nanbonblieii miontain. OnpeneanTs MI0MIaib MPAMOYTOdb-
HUKA.

1225. 113 kBampaTHOTO MKuCTa RAPTOHA CO CTOPOHON @ BLIpe3aioTcd
10 yriaM OJnHAKOBbIe KBaIpaThl W U3 OCTaBIIeicA YacTu CKRIEMBaeTCA
npAMoyTronbuad kopobkra. KakoBa mommua OBITH CTOPOHA BEIPE3aeMOro
KBagpaTa, uTo0bl 00beM KOpoOKHM OLLT HaubOmbITIM?

1226. Onpenenurb pasmepbl OTKpPbITOro Gacceiima ¢ KBaIpaTHbIM
nHOM 00bemom 32 M> Tak, uTo6bl Ha 06IMIOBKY €ro CTeH 1 J1HA MOILIO0
HamMeHblllee KOJImyeCcTBO MaTepuasa.

1227. bokoBBIe CTOPOHBLI M MeHbIllee OCHOBaHMe Tpalelnu PaBHbBI
10 cm. OnpenenuTh ee Gosblilee 0OCHOBaHWe Tak, 4yTo6bI TIIOIIAlh Tpa-
nenuu ObLIa HAnOOIBIIE.
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1228. B monykpyr Bmmcama Tpanellmd, OCHOBaHWe KOTOpOil ecTb
auameTp nodaykpyra. OnpeneianTb yroi Tpaneniwu Ipw OCHOBAHUU Tak,
4TOOBI MIIOIIanb Tpaneluu Oblda HaudOJbIIEH.

1229. Ceuenne Tommeds wmeer (GHOpMy NPAMOYLOJbHUKA, 3aBep-
[MIeHHOT0 TOAyKpyrom. llepumerp cevenud 18 m. IIpu Kakom pamuyce
MOJIYKPyTa MIolanhb ceuenud 6ymer maubosbiiieit?

1230. B6ausu 3aBoma A npoBooumTCA 10 HAMEYEHHONH NPAMOIT K
ropony B mene3uaa mopora. Ilom Rakum yriaom o R mpoeKTupyemoft
#elle3Hoil 0pore HYMHO IPOBECTH MIocce ¢ 3aBoga A, wTo0bl foCcTaBKa
rpy3oB u3 A B B 6blia mauboisiee feleBoii, eciim cTOMMOCTb | TOHHO-
KulioMeTpa Npu NnepeBo3Ke 10 LI0CCe B M pa3 I0pome, 4em M0 Hejes-
HOIT mopore?

1231. /Ipa ucrounuka cBera pacmonomentl B 30 M mpyr oT mpyra.
Ha npawmoii, coennndAtonieil nx, naiiTn nanMenee 0CBeIIeHHYO0 TOUKY,
eCcllu CHJlbl CBeTa MCTOYHMKOB OTHOCATCA, Kar 27 : 8.

1232. [IBa camoieTa JeTAT B OQHOM TJIOCKOCTH W TPAMOIMHENHO
mox yrimom 120° ¢ omunakoBoif cKOpocTbio v KM /4. B neroropwrii mo-
MEHT OJMH caMOJIeT IpuJieTell B TOUKY Nepecevenus JUHUI IBUMEHNA,
a BTOpOIt He MoJjereln 0 Hee Ha @ KM. Yepe3 Rakoe BpemsA paccTodHUe
MeH Iy camolieramMu OyleT HauMeHbIIWM W YeMy PaBHO HTO PaccTodA-
nue?

1233. banka mpAMOYTOJILHOTO CcedeHudd CO CBOOONHO ONepPThIMu KOH-
IaMu PaBHOMEPHO marpy#ena no Bceil mnumme. (rpena ee nporumba
00paTHO TPOMOPIMOHATbHA MOMEHTY wuHepluu ceyenud bamru [ =

= 197 rie & m y — pasmepbl 6anku. OnpenenuTh pasdmepbl Gaikm
Ipu HauMeHbllleil cTpene nporuba, eciu danka BbIpe3ana u3 KPyrioro
OpeBna ¢ nmamerpom D).

1234. Bo croabko pa3 odbewm 11apa 007bllle 00heMa HAUbOOIBIIETO
HWINHIPA, BIUCAHHOTO B BTOT 1ap?

1235. /IBa wopumopa mupunoit 2,4m u 1,6 M TepecekatoTcd Tox
npAmbiM yriom. QnpenenwnTh HaubGOAbINYIO IJIWHY JECTHHUIIBI, KOTO-
PYIO MOKHO TepeHecTH (TOPU3OHTAIBHO) M3 OTHOTO KOPHIOPA B IPY-
roii.

1236. B rouyc ¢ pamuycom 4 1M u BEICOTOHM 6 MM BUuCaH MUIUHIP
naubonpimero obbema. HatiTu 3TOT 00BeMm.

1237. B nonyrpyr pamuyca R BIucan mpAMOYTOIbHUR HandoIbIIe
miontanu. OnpeneiuTb ero pa3sMephi.

1238. Ha napa6one y = 22 maliTu TOUKy, HauMeHee YIATEHHYIO OT
npamoit y = 2z — 4.

1239. Kapruna noBemrena na crene. Humnuii ee Komen ma bewm, a
BepxHuil Ha @ cm BLIlle ra3a nabaiomaTend. Ha warom paccrognuu
OT CTeHbI N0JIHeH BCTaTh HabiltomaTelb, 4T00bl PACCMOTPETh KapTuHY
Mo HambOAbIINM YIIOM?
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1240. Obuas nimeA cTeH n300pamkeHHOr0 Ha I1axe 1oma (puc. 29)
nommua ObITh paBua 90 m. IIpu wakoit Mupune T Ropumopa MIaoNIalb
Tpex OCTAllbHbIX KOMHAT Oyier mambolublieii?

1241. B 1pAMOYTONBbHLIN TPEYTOAbHUEK C TUTIOTeHY30(t 8 cM 1 yTIOM
60° Bumcan npAMOYTOJIbHUK, 0CHOBAHIE KOTOPOI'0 PACIOJIOHEH0 Ha TH-
noTeny3e. KakoBBI NOMMHEBEI OLITH padmephbl MPAMOYTOIbHUKA, YTOOLI
ero miomianb 6biia maubosbiieit?

1242. Jlanor Tourkn A(0; 3) u B(4; 5). Ha ocu Oz maiitm Toury
M rag, urobbr paccrosumne S = AM + M B 6b1l10 HauMenbIlInM.

1243. Comporubienne Galku MPOIOIBHOMY CHATHUIO MPONOPIHO-
HAJbHO IJI0LIaMu Hoepednoro ceaenus. QnpeneanTb pa3mepsl Galkmy,
BBIPe3anHoll u3 KPyraoro 6peBua nuameTpom [), Tak, uTOOBI COMPOTH-
BJleHUE ee CHATHIO OBbIJI0 HAMDOIBIIHM.

1244. 113 rpyra BuIpe3aercd CeKTop, comepmaliuil yroa «, a 3aTem
CeKTOp cBepThIBaeTcd B kouyc. Illpu Karom 3HaueHuu yriaa « odbhem
KoHyca 6y1er mauboabimm’

1245. ['py3 Becom P, nemaluii Ha Topu30HTaIbHON TIOCKOCTH,
HYAHO CIBUHYTH Npuiomennoli k wemy cuioif I (puc. 30). llon karmm

Puc. 29 Puc.|30

YoM « F TOPUMSUATY OVAA0 HampafuTh cuny F',|4Tob®r oma 6nIma
manvenKigeit. | Kosd punment tpenna |u = 0, 25.

§ 6. Hanmpapaenue Bﬁxyﬂnoccm ToqkK mepéruda KpHUBOIi.
s e drodar g

1locTpoeH HBBIX

1°. BeinyraocTh. KpuBad HasbIBaeTCA 6uinyka0t «BBEPX» ((BHHUS») B
TOUKE & = X, ECIIH B HEKOTOPOW ORPECTHOCTH 5T0if TOURM (clieBa W crpaBa)
KpUBafA PacloJoReHa (HUMe» ((BBIIIEY) KacaTedbHoi B 9Toil Touke. Ecam B
TOURE T = Tg:

1) ¥/ > 0, To KpHBaA BBINYKIA (BHU3;

2) y"’ < 0, T0 KpUBaA BBIIYRIA «BBEPX).

2°. Toukoit mepermba Ha3bIBaeTCA TOYRA, B KOTOPOIl KpUBafA Tepe-
XOIUT C OfIHOM CTOPOHBI KAcATENbHOM Ha IPYTYIO (M, ClefoBATENBHO, MEHAET
HaIpaBJIeHne BBIMTYyRKI0CTH). Heobrodumblu yeaoBueM TOURM Tiepernba ABIA-
ercA 10, yTo B Hell y’ = 0 mam He cymecTsyer, a docmamounblm — TO, YTO
y" TpuM 3TOM MeHAeT 3HaK.

YP
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3°. Jaa MocTpoeHUA KPHUBOI PEROMEHIYETCA ONPENETNUTh: 1) CHM-
MeTPHI0; 2) 00JacTh PAcIoNomeHNA; 3) TOURM NepeceueHuA ¢ ocAMu Ox u
Oy; 4) Tourn paapeiBa GyHRuUNH ¥ = @(x) win ¢ = f(y) ¥ acCUMITOTEI;
5) BoapacTaHite WK yObIBAHWE Y WIH & W SRCTPeMalbHble TOURK; §) Hampa-
BJICHHE BBITYKJIOCTH U TOYKHU Ieperuda.

1246. HccnenoBaTh mampaBiienue BBINYKJIOCTH W NOCTPONTH Kpu-
BhI€:
Dy=a% 2)y=2% 3)y=e%
4)y=Inz; H)y= 2%/3,
1247. OnpenednTb BKCTpeMalibHbie TOUKW W TOYKHU Nepermba Kpu-
BBIX W MOCTPOUTh KPWBbIE:
3
_ 7 2. _ a2, _ 2=
1)@/—€—9€7 2)y=e"" 3)@/—m7
[Ipumensas wmeroropble w3 npapumi 0. 3°, NOCTPOUTH KpPUBbIE, 3a-
nanuble B 3anavax 1248-1262 ypaBuenuAmu:
1248. y? = 22 + 9. 1249. y = —z? — 42.
Yrazanue. B 3amaue 1248 onmpeneanuTh CHMMETPHIO, 00J1aCTh Pacmosio-

FREHUA U TOYRU MepeceueHns ¢ 0CAMM, a B 3agade 1249 — TouRy sKCTpeMyMa
u Tourm mepecevernd ¢ Ox.

4) y =2\,

1250. y =sinx, y =cosx. 1281.y =shz, y=chu.

Yrazanue. B zamauax 1250, 1251 ompemenTh TOUKHM HKCTPeMYMa U
meperuba.

1252. y = In (z + 2). 1253. y = e ".

Yrazanue. B zamauax 1252, 1253 onpeneauTs 061acTh pacmoyokeHUA
TOYRU TEPECEUEHUA C OCAMHU, aCUMIITOTY W HANPABIEHUE BBITYRIOCTH.

1254. 1) y? = a3; 2) y? = (z + 3)>.
12 3 1
Jy=2+4 5 2y=—-—3
1
1256. 1) y = < nw; 2) y = exe ",
x
4 1 2
1257. 1) y = L9y =~ 2
Jy=a+ x 42 )y xt ax?
1258. 1) y =2 — In x; 2)y = %(el’/“ _|_e—l’/a).
! 4 1
1259. 1) y = ——; Ny=—+—
Jy= 57 Jy=—+—
1260. 1) y? =222 — 2% 2) z(y—2)* =4

1261. y = (z + 2)%/% — (z — 2)2/3,
1262. y? = ze™".



I'maBa 8
HEOIPEIEIEHHBIN HWHTETPAI

§ 1. Heonpenenennsrit unrerpaa. WHrerpupoBanue
pas3IomeHHEM

1°. HeonmpeneneHHBIM UHTET PAJOM ff(x) dx nHazwiBaercAa QyHK-
una F(z) + C, comepmaiaa nponsBoiasHoe nocroaruoe C', muddepeHnnan
KOTODO¥ paBeH nodvinmezpaabHomy Boipamenuto f(z) dx, 1. e.

/f(x) de = F(z)+ C,

ec/in

d[F(z)+ C] = f(z) dx.

2°. Tabamma 0OCHOBHBIX HHTETPaoB:

xn+1
1. /x"dx: +C 6. /sinxdx:—cosx—l—C’.

n—+1
(n #—1).
d d
2./—x:ln|x|—|—C’. 7./ f =tgx+C.
x cos2 x
a® dx
3./axdx: + C. 8./ - = —ctge 4+ C.
Ina sin? z
d arctgx + C
4. e“dr=¢e"4+C. 9. — = Wi
1+ 22

—arcctg z + C.

arcsinz + C
nim

dx
5. coszdr =sinz + C. 10. /7:
/ V1—z2

3°. CBoticTBa HeoMpemedeHHOT0 UHTETpaa:

I.d/udx:udx. H./du:u—l—C.

I11. /Audx:A/udx. IVv. /(u—i—v)dx:/udx—l—/vdx.

—arccosz + C.
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WNaTerpupoBanne pasqodicenueMm ecTh TPUBedeHNe MTaHHOTO WHTeTpala
(no cofictBy IV) K cymMme Dollee TPOCTHIX MHTETPATIOB.

1263. B crenyromux paBencTBaxX 3an0dHUTH HPONYIIeHHLIE MeCTa:

Dd()=2xdx; 2)d()=a3da;

3)d( ) =coszdz; 4)d( ):dx—x;
()= 6 d )= s

Hatitu 3aTem unTerpans /236 dz, /x3 dx u T. 1.

Hatitn naTerpans:

1 1028
1264. 1) / (962—|— 20 + —) dz; 2) / 0z 4+3 dz.
x x
x—2 (22 +1)2
1265. 1) / " dz; 2) / 3 dz.
1 1
1266. 1) /(\/5+ &) du; 2) /(ﬁ - 5 963) dx
-1)® -1
1267. 1) /de; 2) /963 dz.
x 22
" e—ft ) " a/—f['
1268. 1) /e (1— $—2) dz; 2) /a (1—|— \/x_3) dz.
1269. 1) /L%dx; 2) /Ctg2x dz.
cos? x sin® x
dx 3 — 2ctg?x
1270. 1 ; 2
)/:si112avcors2av7 )/ cos2 x
1271. 1) /sin2—dx; 2) /COS2 —dx
2 3 zd
1272. 1 — dz; 2 dz.
)/(Hw? \/1—902) . )/l—l—a@2 v
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Hatitn naTerpans:

1273. 1) /(96296;31)2@; 2) /(3%2— %) da.

2 27 +1)?
1274. 1) 96\/_3 dz; 2) /(\/Eij)dx_
T z

1 1 1 . x\2
1275. 1) /(E—I_P—I_F) dz; 2) /(81115 — cos 5) dz.
e ”® a” %
1276. 1) /ef (1+ . ) dv; 2) /ax (1+ —5) dz.
cos? z x

1 —sin®
1277. / ST e 1218, / tez da.

sin? z

§ 2. MurerpupoBanye NMOACTAHOBKOH H HeENMOCpPeICTBEHHOE

Tomomns & = p(u), de = ¢'(u) du, Toayurm

J@)de = [ fle(w)]¢ (u) du. (1)
J o=

Taroe npeobpazopamie HHTErpajga Ha3LIBACTCA URMEZPUPOSAHUEM NOO-
cmaHoskrol.

B mpocThiX ciyuasx BBedeHMe HOBOIT TepeMeHHOM ¥ PEKOMEHIYETCA BBI-
HONHATH B yMe, MTPUMEHAA CAeIYIOITIe mpeobpasoBanuda nud depenimana de:

1
de = —d(ax 4+ b); 2xdr = d(=?);
a
) dx
coszdr =d(sinz); — =d(lnz)u1. m,
T

1 0b03HaYadA MBICIEHHO BhIDaMieHHe B CROOKax uepes3 u. Taroit IIpUeM UHTE-
T'PHUPOBAaHHA Ha3bIBaIOT Henocpe&cmeeHHbm.

Hatitn naTerpans:
1279. /COS 3rde. 1280. /sin%dw.

Yrazanue. 3amauy 1279 MOmMHO pemiuTh AByMA crocobamm: 1) mo-
momuB 3¢ = u, @ = u/3, dv = du/3; 2) npmBenA WHTerpa;m K BUIY

% f cos 3z d(3x).
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d
1281. /e—“dx. 1282./ v
cos? 5zx

1283. /(ef/2+e—f/2) dv. 1284 /\/4$ ~1da.

1285. /(3 —2z)*da. 1286. /\3/5 — 6xda.

1287. 1288. /sin (a — bz)dz.

/ dz
V3=2z
20 — 5 rdx
1289. — d=z. 1290. _
22 —bx+7 241

Yrazauue. 3amaun 1289-1298 pemratorca mo dopmyite

d du
/u T “ =In|u|+ C,
u

U

T. €. ECIOH YUCAUMEAb TONBIHTETPAIBHON TPOBU ecTh npouzsodnas om
SHAMEHATEAR, O UHMERPAA PAEEH A02GPUPMY ZHAMEHATNEAR.

dz 2% dy
1291. _ 1292. _—.
1 - 10z 1 — 3e2=
1293. /Ctg zdzx. 1294. /tg zdzx.
cos2x sin z dx
1295. —dz. 1296.
sin x cos @ 1—|—SCOS$
CosS T
1297. / ———dz. 1298. /
14 2sinz (14 ln )

1299. /sin2 rcoszdx. 1300. cos® zsinx dx.

\

Yrazauue. 3amauy 1299 MomHO PENIUTH MOACTAHOBRON SIN & = % WU
HEMOCPECTBEHHO, 3aMeHIB cos ¥ dx uepes d(sin ).

cosz dx sin = dx
1301. _. 1302. .

sintz cos3 z

1—2coszx .
1303. ————dx. 1304. [ sinxzcosz dx.

Sln2 T
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1305. /ecosmsinxdw. 1306. /€x3$2 dz.

Yrazauue. 3agady 1306 MomHO pemTHThL MONCTAHOBEKOM 25 = v mam

HeTocpencTBeHHo, 3aMeHuB x2 dr depes gd(x?’).
eV dy
Ve
1309. /\/aﬂ +1zdz. 1310. /\3/$3 — 822 dx.

Yrazamue. 3amauy 1309 MomHO permmnTh mogcTaHOBROH 2 4 1 = u

1307. / e~z de. 1308.

1
WL HENOCPEICTBEHHO, 3allucaB HHIErPail B BHIE o [(=? + 1)1/2 d(z?+1).

1311 v? da 1312 vdv
1313, [ _Sinzdz 1514, / Vlidtnzds
V14 2coszx x

1315. /\/ 1+ 4sinzcoszdz. 1316. / V1 — 62524 da.

Hatitn naTerpans:

1317. /(ex +e %) 2dx. 1318. /sin3 zcosz dz.

1319 1320. /COS (a — bz)dz.

/ dzx
) VI—4z
1321. /\3/1 + 3x da. 1322. / V1 —2a32%dz.
1323 zdx 1524 / 1—2sinz d
. _—. . — ax.
V1 22 cos?x

1+ sin2 ,
1325. /Mdaa 1326. /esmcosxdx.

sin? z

1327 / «’ de 1328 /dix
) o1—a¥ T ) (a—ba)¥
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§ 3. Uurerpaasl Buma 2

1329. llorasath, uro:
dx

1)/(12—|—x2

) [ e e

.z .
= arcsin — + C', nono#uB = asin t;

3)/ dz 11 x—a_l_c
——=—1n a37I0M B
2 —-a2 2a |z+4a ' P "
1 _1a—|—x—|—a—$_1 1
22 —a2 20 22— a2 2 \z—a

4) N/—————

1330. 1) /9626[_79625;

1331. 1) /\/%;

1332. 1) /\/%;

1333. 1) /\/%;
x dx

V3 — a2t

1334. 1)

1335. 1)

x
/\/3—49627

Sx — 2

x—l—l
1/962

1336.

1337. 1)

+ 2’

H K HHM INIPpHBOIAINIHECA

dz

2 /x2+9'

N

2)/ dz
2243
z2dx
2) g
z
dz
2) /1,2962_@2‘
%) z3dx
Vg — 1
3z —4
2) /x2_4d9€.
2) x—l—l
\/1—362

\/2_

2

2

1 x
= —arctg — + C, nonomus * = atgi;
a a

v i+

ac—l—a);

=In|e+ va2 4+ k|4 C, nonomus Va2 + k=t—uz.
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/ z2dx / zddx
1338. _ 1339. .
22 +1 22— 3

Yrazanue. B pagavax 1338, 1339 nymHo W3 TOTLIHTETrpadbHOL
HENPAEUAbHOT TPODU MCRIIOUNTE IEJ0e BhIPaKEHNE.

/ dz / dz
1340. _ . 1341. _
224+ 4245 22462+ 13

Yrazanue. B 3amauax 1340-1347 nymH0 M3 RBaZpaTHOTO TPeXUeHa
BBIIEIUTE TOMHBIN KBaIpar.

/ dzx / dzx
1342. _— 1343. —_—
Va2 4+ 22 +3 V1—2z — 22
1344 / _de 1345 / dx

) Viz — 22 T 224 3: 43

1347

/ dz / dz
1346. _— . _—
V24 3z — 222 V322 -2z —1

Hatitn naTerpans:

1348 / 3 + 6 dzx
) 224+3  z22-3 '

1349 /( ! + L )dw
) V2 =22 2422

4o — b 22 dx
1350. dz. 1351.

s oy
1352 / vt da 1353 ¢ du
T a4 2 R ARV
/ rdx / dz
1354. _. 1355. _ .
x4+ 0,25 22442429
/ dz / dz
1356. —— 1357. .
22 -2z 45 Vb —dx — z2
/ rdx / dz
1358. IR 1359. SR
¢ +a+1 422 4+ 42 43



§ 4. HarerpupoBaHme 0o 9aCTAM

§ 4. MurerpupoBanme 1o YacTAM

W3 dpopmyisr qud depennnana nponssenernd d(uv) = u dv + v du momy-
yaercA (QopMysaa MHTETPUPOBAHUA 110 4acTAM

/udv:uv—/vdu.

dTa dopmyiaa dalle Bcero MPUMEHAETCA TOrAa, KOTda MOA WHTErPajoM
MMeeTcA MpOoM3BemeHne aarebpandyeckoii W TpaHCIeHAeHTHON GYHKINIHI, Ha-
TpUMep f 22e® dx nam f 22 1nx dz. Tlpu sToM 3a u npUHUMaeTcA QYHRIHA,
roTopad mnuddepeHINPOBAHIEM yIIpoIIaercd, a 3a dv — Ta YacTh IOILIH-
TerpaiabHOTO BRIpakeHNA, cofep/mariad dr, MHTerpail 0T KOTOPOM M3BEeCTeH
WU MOMeT OLITH HalileH.
W3 rpancienneHTHEIX QyHRINI 3a u 00bIYHO TpUHUMAaOTCA In x, arctg x
u arcsin .
Hampumep, B muTerpae f 22 In z dx 3a w Hy®HO IPUHATH |n 2 (a He xz),

a B MHTerpaie f x2e® dx 3a u HymHO NIPUHATL &

Hatitn naTerpans:

1360. /lnx dz.

1362. /xe”dw.

2

1361. /xln (z —1)dx.

1363. /x arctgx dax.

1364. /xZ cosrdr. 1365. /egc sin x dzx.

1366. llorkasath, uTo

/\/$2—|—kd$:1[$\/$2—|—k—|—kln($—|—\/($2—|—l€))] + C.

2

Hatitn naTerpans:

1367. /(ln x)? de.

Inz dx
1369. / .

2

1371. /arcsin zdzx.

1373. /ln (x% 4+ 1) da.

1368.

1370.

1372.

1374.

/ rdx
sin?z’

arcsin z dz

vV1+zx '

/x3e_x dz.

/ cos (In 2) da.

(a me €7).
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Hatitn naTerpans:

1375. /\/Elnxdw. 1376. /xZe_xﬂdac.

xdx
1377. | arctga da. 1378. 5 -
cos? z
arcsin (z/2)
1379. [ e“cosx dzx. 1380. | ————— du.
/ V2—z

d
1381. /w 1382. /arctg\/Qx ~Tda.

sin®

§ 5. UHTerpupoBaHie TPUTOHOMETPHYECKHUX GYHRIHH

1°. Marerpaabl 0T KBagpaTOB W IPYyTUX YETHBIX CTENEHEN C H-
Hyca W KOCHHYCa HAaXO0IAT, IPpUMeHAA ciaenyomue GopMy/abl TOHAAe-
HUA CTelleH!:

5 1 —cos2z 9 14 cos2z ) sin 2z
sin“g = ———; Ccos“r = ————; SINTCOST =
2 2 2

2°. Murerpanbl oT KYyDOB U OPYIrUX HEYETHBIX CTEMEHEN CHUHYCA
U KOCHHYCa HAaXOIAT, OTHeJNAd 0T HedeTHOIl cTelleHN OOWH MHOMUTENb 1
mostarad ko@dyHkyulo paBHON HOBOIT MepeMeHHOM u.

Harerpadn f cos™ x sin” ¢ dx HaxomuTeA To mpaBUAy 1°, ecaw m u n oba
YeTHBIE, W 10 TpaBuiy 2°, eciid m WM N HEYETHO.

Hatitn naTerpans:

1383. /sin2 3z dux. 1384. /(1 +2cosz)? da.

1385. [ (1 —sin2x)2de. 1386. [ cos®xdz.

sin?z cos?xdx. 1388. sin z cos? z du.

/ !
/ /
/ /
/ /
/ [

2

1391. sin?zcos®xdr.  1892. sin® z cos® z dz.

1393. cos” z dz. 1394. [ (1+2cosa) 3 dz.

1395. 1396.
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1397./ 'dx :/sin2x—|—6052xd$:?

sin 2@ 2sinz cosw

dz dz
1398. 1) / . 2) / .
sin z COS T

i d
1399. /wclx. 1400./ _

sin 2 sine — cosa

1401. / tg3z dz. 1402. / ctg®z du.

Yrazanue. B 3agaue 1401 momomuts tgz =1, x = arctgt.

1403. / sin 3z cosz dz. 1404. / cosmz cos nx dx.

Yrazanue. B zagavax 1403-1406 npumMeHUTL GOPMYITHI

sina cos 8 = %[sin(a—l—ﬁ) —|—sin(a—ﬁ)],
cos o cos 3 = %[cos(oz-l—ﬁ) + cos (a — B)],
sina sin 8 = %[cos (a—f) — cos(oz—l—ﬁ)].

1405. 1) /sin 3 sin ba da; 2) /sin ma sin nx dx.

1406. /sin (536 - %) cos (w + %) dz.

1407. NUnTerpupyd 1o dvacTAM, BBIBeCTH (HOPMYIbI «TOHUMEHUA
CTENeHT»:

1 -1
1) /sinnxdx = ——coszsin® g+ i /sinn_dex;

n n

1 -1
2)/Cosnxdx_—sinxcos_ x—l—n /Cosn_2xdx

u 10 5TuM Qopmyiam mafitu: 1) /sm zdz; 2) /C086$d$.

dx
1408. HaiiTn muTerpasbl: / 3 / 3
sin® 2’ cos3 x

dx

sin ¢

Yrazanue. [lpumennts popmynst 3amaun 1407 ® nHTETpaTaM /

dx
u .
cos
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Hatitn naTerpans:

1409. /(1 +3cos2z)®dz.  1410. /sin4 zdz.
1411. /sm zcos? z dx. 1412. /Cos5 zdzx.
1413. /sm z cos? x dz. 1414. /(1 + 2sinz)3 da.
(sin z — cos 96)2 . .
1415. dz. 1416. sin 3z sin z dx.
sin 2@

sin®z + 1 . T

1417. S — 1418. sin (w + —) cosz dz.
cos 6

§ 6. MurerpupoBanne panHOHATIbHBIX
aaredpanveckuX (QyHRUU

1°. Ecsin MOBIHTEr paibHAA IPodh HENPAGUAbHAA, TO HYAHO HCRIIOYHTE
13 Hee IeJ0e BhIpamEeHHe.

2°. 3namMeHaTenb MPaBUIBHON APOOM pasiaraercAd Ha MHOMHTENN BHIA
(x — a)* u (22 + pz + ¢)?, a npaBmALHAA MPOGH pasmaTaeTCA Ha CyMMY
5IeMeHTapHBIX Apobeil caemyonmM obpas3oM:

P(l‘) Al Az Aa

(x—a)o‘(xz—I—px—l-q)ﬁ...:x—a—i—(x—a)2+"'+(x—a)°‘
Mll‘—i—Nl le‘—FNz M@l‘—i—N@
2 2 2 T Tz 7o
224+pr+q (22+pr+q) (2 + pr+q)

rie P(l‘) — IIOJIMHOM CTeIlleHM HHAe CTelleHHM 3HaMeHaTeJlIA.

Hatitn naTerpans:

x3 xd xd
1419.1)/x_2d$; 2)/md9€; 3)/$3_a3d$.

L)dx. 1421. /ﬂdag.

1420.
24+ —2

2 _ 3
1422. /wdx. 1423. /&daa

22—z

2 1425. /M da.

1424.
x4 — qz3
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222 — 1 _1
1426. / 2t st 1427. / ol
3 — 2224z 3 — 32z —2
2 Ay —
1428. /de. 1429./ v-24
22+ 22 + 10 22 —-0,2¢+0,17

Yrazanue. B zagade 1428 BeimenuTh B 3HaMeHaTelle TTOMHBIN KBagpar
1 3aTeM TMONOmUTh £ + 1 = 1.

2 _
1430./ 2ot +d 4. /&daa

3422442 +4 3 — 222 4 bz
2
1432. / _dv 1433. / 37+ 22 41
348 (z+1)%(22+1)
1434. 1) / de 2) / de
: (22 + b2)2° (22 1 b2)3

Yrazanue. lomomnurs & = btgt u 3aTeM (Bo BTOpoM HpHMEpe) HC-
mosb30BaTh opmyny 2) samaun 1407.

1435. 1) / 2z +1)dx 2) / dx
) (22 4 2z +5)2’ (22 — 6z + 10)3°

4z dzx z4+1
1436. / . 1437. /7(130
(1+ 2)(14 22)? x4+ 42244

HaiiTu unterpansl, He TpuMeHsAsd 0011IeT0 MeTONa HeOMPeleleH HBIX
KOYD PUUMeHTOB:

dx dx
1438./m. 1439./W.

Yrazanue & 3amauam 1438-1442. B umcanuTene MOMBIHTETpadbHOL
opobuW HamucaTh Pa3HOCTL MHOMKHUTETeN 3HaAMeHATeNA, pPa3meluB WHTETpas
HAa COOTBETCTBYIOITIEE YHCJIO.

1440 / _dr 1441 / dx
T a2 227 T ) (a2 =3)(a2+2)°

1442 / dx 1443 / dx
) x4 — g2’ ) a3+ 4
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Hatitn naTerpans:
20 — 1 2
1444, / 2T _dr. 1445 / _drt2 g
(z —1)(z —2) 202+ 2 -3

1446. / pr—14 i qaar, / _ Az+l6
@3 —a? —da+4 (x —1)(z+2)?

1448. / _ o= 8 e 1440, / 2 g

3 — 422 + 4z 3 — 222 4 2z
r—a dz
1450. —dz. 1451. .
34 a2z 34+ 22422+2
1452 / dx 1453 / v du
) 23— 8 ) (22 + 2z + 2)2°

B samauax 1454-1457 BLIMOTHUTL MHTETPUpOBaHue, He Tpuberad
K MeTO[Iy HeolpeleleHHbIX K03 PullneHToB:

/ dz / dz
1454. _. 1455. _.
22+ bz x4 4 322

1456 / du 1457 / du
M R ) oat—a2 -2

§ 7. MurerpupoBanie HEKOTOPBIX HPPALUOHAIBHBIX
aaredpanveckuX (QyHRUU

1°. Murerpan /R (x, Vax + b) dz, tne R(z, y) — paunoHambHadA
bYHRINA, HAXOAUTCA TOACTAHOBKOM ax + b = 1™, a mHTerpas Gosee obIero

BHIA /R (l‘m, Vax™ + b) ™~ dz — noncranoBroit ax™ + b = 1",

Mz + N
2°. Uuterpaa dz HaxomMTCA TMOICTAHOBKOL
(x —a)Var?+br+c
1
r—o=—.
it

3°. TpuroHoMeTpHUYeCcKHUEe MOACTAaHOBKHU. K pannoHamsbHOMY
TPUTOHOMETPUYECKOMY BHUIY NMPHUBOIATCA MHTETPaAJIb

/R (x, a? — xz) dr — noncraHoBKOM & = asint,

/R (x, vaZ+ xz) dx — momcraHoBRON £ = atgt.
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apr™ + a1z 1+ . 4 ap,

vVax? 4+ bz +c

JIUTE alredpanyvecKyro vyacTb 1o Ghopmyie

/aoxm—i—...—l—am dx

4°. I3 muaTerpama dx MOMKHO BBITE-

W dl‘:(Aol‘m_l—i——i—Am_l)W'i'Am 170

rre W = vaz2 + bx + c. Rospdummenter A maxomarca mocae nuddepen-
IUPOBAHMUA PaBeHCTBA 1 0CBODOMKIEHUA €ro 0T 3HAMeHaTesA CpaBHeHNeM KO-
5 pULUMEHTOB cilleBa U clipaBa P OOWHAKOBBIX CTelleHAX .

5°. Muterpaa 0T In(ppepeHUINATIBHOT O dburOMA

/J:m(a + b2™)F dr bepercA B KOHEUHOM BHIE B TpeX ciyyadx: 1) rorma

p — LeJjoe 4YMCiio, pas3iIomeHNEeM] 2) Rorga — lieJioe 4HncJjio, mopgcra-

HOBKOIT @ + bz™ = 1°; 3) worma + p — 1enoe uncao, MOACTAHOBKOM
ar~" 4+ b =1°, roe s — 3HaAMeHaTEeNh APOOH p.
Hcnonbaysa momctanoBku 1. 1°, HaiiTu mHTETrpaibl:

z+1 zdx

1458. —dx. 1459. —_
Bl NeTES
dx
1460. / m 1461. /$\/ a— d$

z3dx z3dx
1462. 1463.

14+ V2t 1 YR

H . HaAlTH nH :
Hcnonb3ya mopcTanoBRy m. 2°, maifr TerpaJjlbl

1464.

/ dz 1465 / dz
evVz? — 1 ) 202+ 2x + 1
dz

dz
1466. _— 1467. .
/vaax—x? /(ac—l—l)\/x2—|—2x—|—2

HaiiTu wuTerpaibl, HCMONL3YA TOACTaHOBEU M. 3°:

d
1468. /\/@2—902 da. 1469. /796
Ja+a2)8

2
1470. /x2x/4 ~zde. wam. [ 5%
/(a® + 22)

z2dx
1472. V3422 — 22dx. 1473. —_—

(2 —22)3
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Hatitin mmTerpannl, mIpuMendd TpaBmio 1. 4°:

22 4+ 4x zdx
1474. —dz. 1475. _—
Ve 42z +2 V3 =2z — 22

1476. / vVaeZ4kde. 1477. / \V2ax — 22dz.

Hatitu wurerpaibl o nuddepeHiualbubIX 6UHOMOB:

dz dz
1478. _ 1479. _ .
/x\4/1—|—x3 /x3\3/2—x3
z3dx

dx
1480. —_——. 1481. —_—
/ 22/ (14 22)3 / (a — bx2)3/2

Hatitn naTerpans:

1482 t-1 1483 / dx
2t — 1 S3x+1-1
Vo de / x

1484. . 1485. dz.
NEES! a —x ¢

z4+1 x3dx

1486. —dz. 1487. _—

v — 2 Ve?41-1

rdx 23 dx

1488. . 1489, | ———.
/x2—|—2—|—2\/1—|—x2 /2+\/4—$2

1490

dx dx
. —_—. 1491. .
/x\/x2—|—2x / (2 — 1)Va? -2z

1492 v? du 1493 / T
. —_— . xX.
i 7—a

Yrasauue. B zamaue 1493 momomurs x — 2sin’t.

1494. / \Vidxr + 22 dx.

$2
1495. / L
Vi +dx — 22
1496 / e 1497 / du
) 231+ 22 ) 221 F 22

dz
1499.

dz
/$\/1—$3‘ V322 —2r — 1

1498.
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§ 8. MurerpupoBanne HEKOTOPBIX TPAHCUEHIEHTHHIX (QYHRUUH

K panmonambHoMy anrebpandecKoMy BUIY TPUBOAATCA WHTETPAIBI:

dt
/R(ex) dxr — noncranoBroit €¥ =1, # = Int, do = -

bl

dt
R(tgx) dx — moncranoBroit tgx = ¢, x = arctgt, doe = —;
142
/R(' )d fitg L = ¢, sing = — -
sinx, cos ) dx — moncrarosroft tg o =1, sinr = g, cos =

1 —1¢2 2dt
= xr = .
14¢2’ 142

Hatitn naTerpans:

2 _ 2eT
1500. /udx. 1501. /tg"x de.

e 41
/ e3% dx / dz
1502. . 1503. - .
er + 2 sin x
/ dz / dz
1504. —_—. 1505. - .
54+ 3cosz 3sinx +4cosx
dz dz
1506. — 1507. el
sin z 1+ 3cos2z

Ywrazanue. B zamawax 1506, 1507, 1512, 1513, rme mom wHTerpajaom
SIN & U COS & CONEPRATCA TOABKO B UETHON CTENEHU, IyUIlle IPUMEHATE 101~
CTAHOBRU

. i2 1 dt
tge =1, szx:l—l——tz’ cos? x

= dr = .
1412’ v 141¢2

Haittu waTerpan:

2% dg 5
1508. 1 1509. [ tg°x dx.

e’ —

1510 /esxdx 1511/ du
: e2r —1° : 3+ cosa

dx dx
1512. Co1s13. [ —
cos? 1+ 3sin“z
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1514. /L 1515. /Hﬂdm

2sinx + sin 2z 3

sin® x

T4 1+t
1516. /e +1dx. 1517. /ﬂdx
e([/'

sin 2z

§ 9. UurerpupoBanue rumepooandecKux GyHRIHi.
I'unep6oanyeckne momcTaHOBKH

1./chxdx:shx—|—0. 2./shxdx:chx—|—0.

dx dx
3. =the+C. 4. / = —cthz +C.
/ ch? v sh?x e

WHTerpaasr oT KBafpaToB U APYTUX YeTHBIX cTenereli ch x u sh x maxomarca
pUMeHeHeM QOpMYI:

ch?z = Ch?x%, sh?z = MT_l, shexchzx = sh22x.

I/IHTGI‘paJH:I oT HeueTHLIX cremeHeil shx u ch x HaXxoOoATCcA TeM e CIIO-
CO6OM, 4YTO U MHTErpaJbl OT HEYETHBIX cremeHeil sin & U coS .

FI/IHGp6OJII/I‘{€CHI/Ie IIOACTAaHOBKN WMHOT A NPUMEHAIOTCA ITPKW HaXOM OICHUN
HMHTETrpaJioB BUOa

/R (x, 2 — az) dr — noncramoBkoit = acht;

/R (x, Vao+ az) dr — noacramoBkoit ¥ = asht.

ITpu sTom: ecau £ = acht, to t =In ,

x4+ Vx2 — a2
a

ecim x = asht, Tot = In

x4+ Vx2+ a2
p )
HaitT unTerpanbr:

1518. 1) /sh23xd1‘; 2) /(l—i—sth)zdx.

1519. /chsxdx. 1520. /thxdm.

1521/ du 1522/ du
) che+1° ) the —1°
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1523. /\/xz—l—azdx. 1524. /\/xz—azdx.

1525 / v 50 / _dy
ANV ") (@2 =5)3

Haiitu uHTerpais:

1527. /sh33xd1‘. 1528. /shzxchzxdl‘.

1529. /sh4 zchzdze. 1530. / cth?z dr.

1+ 2sh
1531. /\/chx—l—ldx. 1532. /udx

h? 2
2 2
1533, [ 2 1534. / i
VeZ =3

§ 10. CmenraHHbIe MPHMePHI HA HHTETPHPOBAHHE

Haittu waTerpan:

V1 d tgx d
1535. /ﬂ 1536. /M
x 1+ 22
dx dx
1537. _ 1538. —_—
3 4 azx? 1+sinz

1539.

/L 1540/ d
Vr(l—z) ") sin® /a2 + cos? x /b2’

d
1541. /mcoszxdx. 1542./ L

6217 + e® )

1—2 cos? ¢ dx

1543. dz. 1544. —
1+ sin* x

9 cos? x dz

1545. ztgle de. 1546. _
sin ¢

1547 / sinz dx 1548 / dx
) b2 4+ cos?zx’ ) \%5_2—1—2\/?

1549 / aw—b . 1550 / du
. — axr. . _
(ax + b)4 x4 22
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1551.

1553.

1555.

1557.

1559.

1561.

/

/
/
/

/

1)

1562. 1)

1563.

1565.

1567.

1569.

1571.

1573.

1575.

1577.

1579.

1581.

|52
| =
=R
/
I
[
IEeers

/<

/
/

dx

(sinz + cos )2’

z2dz

(@ — bx3)n’

dx

e’ —2
e2r 4 4

ctglz de.

Cos &
cos 3x

/ﬁiw

x—l—l
x3—x2

x J:3 T
arcsin \/z
NZ
cos?x

SlIl4 xr

In x—i—l

1—|—sm z

v .

Vitga dx

sin 2z
a® dx
a?r 4+ 1°

dz.

dz;

dz.

bl

dx
1552. _ .
/ zv/a+blnzx

1554.

1556.

1558

1560.

2)/..

sin 3x

/
/

!

/

V1—2zr—x2dz.
arctg @ dz
2

dx

(e + 1)(14++22 +1)
va—a? o

sl x

dz.

2>/ﬁ'

1564.

1566.

1568.

1570.

1572.

1574.

1576.

1578.

1580.

1582.

/
/
/
/

/

Va2 4 2z
—— dz
x

dx
1+tge’

sin 2z

dz.

cos? x

In (cos z) dx
sinfz

sin® z dx

cos® x

/\/1—sinxdx.

/
/

xdx
xd—x2 -2
arctg/x dx

Ve
In(z? +1)dx

x3 ’
1 _
Sm\/_dx.
\/_
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1583

1585

1587

1589.

././%dﬂ

/ dx
) w222 —1

/

r—da

SR S,
V2ax + x2

sin

2

cosPz +1

X

dz.

1584.

1586. /
1588. /

1590. /

x arcsin z dx

Vi—zZ

z2dz
(x+1)*

e+ 1

23 + 2 — 2

dx
x4 +4

dz.



I'maBa 9
ONPEIEIEHHBLIA MHTETPAI

§ 1. Berunciaenue ompeneeHHOT0 HHTETrpaia

Mlycrs Ha orpeske [a, b] onpenenena ¢yurimA f(z). Pasobbem orpesor
[a, b] Ha n gacTell TOYRaMHU a = 29 < &1 < x5 < ... < ¥, = b. U3 mammoro
uHTepBana (£;_1, ;) BOBBMEM NMPOU3BOMBHYIO TOURY & M COCTABHM CYMMY

n n

>° f(&)Aw, roe Aw; = »; — x;—1. Cymwma Buma y . f(&;)Az; HaseiBaeTcA
i=1 i=1

unmezpasbHotl cymmoti, a ee Ipegea npu max Ax; — 0, ecqin oH cyImecTByer
W ROHEUYeH, HASBIBAETCA onpedeteHubim unmezpatom ot Gysrunu f(x) B
mpemerax oT a o b u 0bo3HadaeTcA

b

/f(x) der= lim Zn:f(&)sz (1)

max Az,—=0
a 2

DyurimA f(2) B 9T0M ciiyuae Ha3bIBAETCA UHMEZPUPYeMorl HA OTPE3Ke
[a, B].

A unmeepupyemocmu mHOCTaTOYHO, YTOOBI Ha oTpeske [a, b] QyHE-
A OblNIa HERpEPhI6HA WM e WMela KOHEYHOe YMCI0 KOHEYHBIX pPasphbl-
BOB.

Mlyers f(x) HempephiBHA Ha [a, b]. Torma Ha TOM OTpe3Re CYIIECTByET
HeolpeeJeHHbIH MHTerpadl

/f(x)dx:F(x)—l—C’ (2)

u uMeeT MecTo dopMmyaa

[ raydr =) - F@) = [ 1@ e’ (3)

T. e. onpededennvlll unmezpas oT HellpephIBHON PYHRIUN pasen pazHocmu
anauenuti nepsoobpasnoti Gynryuu (NI HEOMPENeNTeHHOT0 HHTETpaa) Ipr
BepXHEeM U HikHeM mpenenax. Qopmyna (3) naseisaerca Gopmymoii Hb ro-
ToHa-JlleibuuIa.
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1591. CocraBienmeM WHTEr PAIBHLIX CYMM U MEPEXOIOM K TpeIeny
HaliTH WHTEr palbl:
a a a K

1)/xdw; 2)/962(196; 3)/e$dx; 4)/sinxdx.
0 0 0

0

Yrazanue. [Ipu permerun BTOPoro u YeTBEPTOTO MPUMEPOB BOCIOTh-
30BaThbCA pelyiabTaTamu 3amad 1034 m 647.

1592. BuluncinTh «<HMEHIOI0Y 1 «BEPXHIOIY MHTerpalbHbIe CyMMBbI
2

dz
85 u S5 LId unTerpaia / —, pasduB oTpe3ok [1, 2] Ha nATh paBHBIX
z

1
gacreii. (paBHUTH C TOYHLIM 3HAYEHHEM WHTEIPalla.

5 5
Yrazanue. ss = y_ m;Awx, Sy = > M;Ax, rne m; — HauMeHbIIee,
i=1 i=1
a M; — naunGounbIiee 3HAUEHNE IONLIHTET PANBLHON QYHKIH B -M 9acTHYHOM
ITPOMERYTHE.
Boruncinth:
3
3 2 1
1593. | z°dx. 1594. et + — | da.
x

1

4
1595. / Vzdz. 1596.
1

a\/g d 3
1597. /796 1598. /el’/?’dx.
a? 4 z2
a 0
1 /4
1599 / AT 600 / indaxd
. —_—. . SIinaxr arx.
0 $2+1 0
rod S e
£
1601. | —2 1602. /&da@
i1 I+ tg)?
/4

Yrazanue. B 3amaue 1601 HymHO NPUMEHUTh NOACTAHOBKY & = 12
TpPU 3TOM TIpelelbl MHTeTpana M3MeHATCA, UTO 3aMWUCHLIBAETCA B BHUIE Tad-
z|4]9
12]3

KO tgl‘ i HYAHO COOTBETCTBEHHO M3MEHHUTH IIPeIelIbI.

JIAITBI . Anmagoruuno B 3agave 1602 npu WHTErpUPOBAHUN TMONCTAHOB-
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4 1
1603 /diw 1604 /M
) 1—|—\/m' ) \/m
0 0

1 a/2
dz x
1605. . 1606. dz.
e +1 a—z
0 0
/2 Va

1607. / sinx cos’x dr. 1608.
0

—

0/

1
In(z+1)dz. 1610. /\/1—|—$2dx.

0

3

/ dz

1

1609.
0
V3
dx
1611. ——. 1612 3
J V(14 2%)3 T+
1613. U3 popmyant 3amauu 1407 nodyuuTh, 4To
/2 /2
-1
/ sin® z dz = = / sin" "%z dx,
n
0 0
U BBIUNCJINTh:
/2 /2 /2
1) / sin?z dz;  2) / sin' z dz;  3) / sin® z da.
0 0 0
Brruncnuts:
a 3 d
1614. /(ac2 —ax)de. 1615. | =
x
0 2
V3 /6
1616 vd 1617 / da
) A — z2 ) cos? 2z
0 /8

4
1618 /dix 1619 /ﬂ
) (14 x)2 T 14 e
1



§ 2. Breramcienue miorajen 163

V2

5
xdx
1620. —. 1621. V2 —a?d.
/ vidr+5 /
1 1
/2 /4
1622. / xcoszdr. 1623. /tg?’x dz.
0 0

1624. U3 popmynnt 3amauu 1407 mody4uTh, 4To

/2 /2
-1
/ cos” z dz = = / cos" 2 dz,
n
0 0
¥ BBIYHCIUTD:
72 /2 /2
1) /COS2$d$; 2) /Cos4xdac; 3) /COSGxdac.
0 0 0

§ 2. Beruncaenue miaomameit

1°. Iaomans KpuBodAHMHeNWHOW Tpameumu Ay ABB;, npuie-
mameit & ocu Owx (puc. 31):

T2

S = A];IBOZyAx = /yda:. (1)

T

Hud dbepernman nepemennoit miaomanu A; AM M,y pasen dS = ydz.

yA B

Ecau rpyiB

= () ["()|d
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2°, lnomans KpHBOMMHeliHON Tpameluu, HpUiemaiieil K
ocu Oy:

Y2
= 1 Ay = dy. 2
S Aérgozxy/l‘y (2)
Y1
Hud dbepernman nepemennoii mromanu dS = x dy.

3°. Maomanes cexropa OAB (puc. 32) KpuBO, 3agaHHON B
NOAAPHBIT KOOPIUHATAX

Y2

. 1 2 _ 1 2
S_Al;rﬂozir Ago_/Qr dep. (3)
¥

1
Hud dbepernmnan nepemennoit miomanu d.S = 57“2 dy.

BrruncnuTh nioman, orpaHuYeHHYIO TUHUAMY:

22 y?
1625.y =4 — 2%, y = 0. 1626. — + == = 1.

a?  b?
1627. y? = 2pz, z = h. 1628. y = 3 — 22 — 2%, y = 0.
1629. xy =4,z =1, 1630. y =Inz, z =€, y = 0.

z=4, y=0.

1631. 4> =22 +4, v =0. 1632.y> =23, y =8, 2 = 0.
1633. y> = (4 — 2)®, 2 = 0. 1634. llerneii kpuBoii

4(y2 — 362) + 2% =0.
1635.y = 2%, y=2—22.  1636.y = 2% + 4=z,
y=uz+4.
1637. a?y® = 23(2a — z). 1638. (y — 2)? = 2>, = = 1.
1639. lletneit crpodounst y?(2a — x) = z(x — a).

1640. llemrnott qunueit y = %(el’/“ e /%), 2 =4auy=0.

1641. Onnoit aproii mukimonnst = a(t —sint), y = a(l —cost) n
oceio Oz.

1642. Actpournoit = acos® t, y = asin®t.

1643. Jlemuuckatoii r? = a? cos 2¢p.

1644. Kaprmounoit r = a(1 — cos ).

1645. r = 3 4 sin 2¢ MeEIY CMeRHBIMU HAUOOIBITUM U HAUMEHb-
UM paluyc-BeKTOPaMHU.

1646. r = 2 — cos 3 Memny cMemHbIMY HANOOIBIINM U HANMEHb-
UM paluyc-BeKTOPaMHU.
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1647. r = acos2¢p. 1648. r = asin 3¢.

1649. r = a(sin ¢ + cos ). 1650.r = 2, % < ¢ < 27.
¥

. 3 " "
1651. r = asin® 3 Jemalell aume mMoIAPHON ocH.

1652. Ilerneii nexaprosa nucra 2° 4 y° — 3azy = 0 (em. pume. 79
Ha C. 334) (mepefiTu K MOJNAPHBIM KOOPIUHATAM).

sin? p cos? p dyp

Yrazaunue. B unrerpame / HONOAHATE tg @ = u,

(sin® ¢ + cos3 )2
pasgennB cHauala YNCJAUTeTb U 3HAMeHaTelh Ha cos® o.

BrruncnuTh nioman, orpaHuyeHHYI0 THHUAMY:

1653. y = 62 — 22, y = 0.

1654. y = 23, y =8, z = 0.

1655. 4> =1 -z u 2= —3.

1656. y? + 2* = 22

1657.y =22 + 4245, 2 =0, y = 0 u MunnMaIbHON OPIUHATOL.

1658. Onmoit nosyBoanoii cumyconsl y = sinz u y = 0.

1659. 4y = 22 u y? = 4z.

1660. 2y =6ux+y—7=0.

1661. Iletneit xpupoit 2° 4 2% — 3% = 0.

1662. r = 3 — cos 2¢p Mem Iy cMemHbIMY HANOOIBIINM U HANMEHb-
WM paluyc-BeKTOpaMN.

1663. r = 24sin 3¢ MeEIY cMemHbIMYU HAUOOMBITUM U HAUMEHb-
WM paluyc-BeKTOpaMN.

1664. r = asin 2¢p. 1665. r = acos 3.
1666. r = ae” or o = —7 10 ¢ = 7.
2 2 2?2
1667. O01eit vacTn HIAUICOB E—I_b_? =1mu b_2+ﬁ =1 (HepeﬁTH

K MOIAPHBIM KOODIMHATAM).
1668. r = a(1 +sin? 2¢) u r = a.

§3. 00bem Tema BpallleHHA
1°. Obobem Tema, obpasoBaHHOrO BparieHHeM BORpYT ocu Ox KPHUBOJIHU-

HeitHolt Tpanennn A3 ABB; (puc. 33), tne AB — nyra wpusoit y = f(z),
ompenenAeTca GpopMyIoit

T2

= h Az = 2dx. 1
Vv A;IEOZﬂ'y x /ﬂy x (1)

T

T pepernuan mepesenHoro odobema dV = my? de.
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. eM Teja, 00pa3oBaHHOTO Bpallle-
HueM BoBuyT ocu Oy KpuBoIuHeHOIT Tpare-
ateit & ocu Oy, OMpenenderca

Y2

D matAy = /ﬂxzdy. (2)

I/Id)(pe{)eﬂu as1 TepeMeHHOT0 00bema dV =
O oy -
0 Ap Bl x
OnpelennTh veheMeTe 0BaHHOIO Bpalllennem (QUrypbl, Orpa-

1669. 4% = 2px u o x.

22
1670. — — -5 = 1{n y = =W&Pprpyrjocn Oy.
a b?

1671. zy = = = O/Borpyr ocu Oz.
1672. y? = (v +4)° u @ = 0 Bokpyr ocu Oy.

1673. 22 + 4% = a? Borpyr npamoit x = b > a.
Yrasauue. dV = n(b+x)?dy— (b — z)?dy = 4nbx dy.

1674. y = ach E, x = £a, y = 0 Borpyr ocu Oz.
a

1675. 4> =4 — 2, 2 = 0 Bokpyr ocu Oy.

1676. (y — a)> = az, * = 0, y = 2a Bokpyr ocu Ox.

1677. y = coszuy = — 1l Borpyr npamoity = —lupu —7 < = < 7.
1678. y = 2v/—x, x = —4 u y = 0 Bokpyr ocu Oy.

1679. y = cos (w - g), =0, y=0 (mpuz > 0) Borpyr ocu Oz.

22
1680. y = a — — um = 4+ y = a Bokpyr ocu Oy.
a

OnpenennTsb 06bem Tela, 06pa30BaHHOr0 BpalllenueM (QHUTYPLI, 0T pa-
HUYEHHON JUHUAMU:

1681. y = sin & (ommoit momyBomuoit), y = 0 Borpyr ocu O.

1682. 22 — y? = 4, y = 42 Borpyr ocu Oy.

1
1683. y = T2 x==1, y =0 Borpyr ocm Oxz.

22’
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2?2
1684. — + -5 = 1 Borpyr ocu Oy.

a b?
1685. 22/% 4 42/3 = 42/3 Borpyr ocu O
1686. y = 23, 2 = 0, y = 8 Boxpyr ocu Oy.
1687. 22 — 4% = a?, = 42a Bokpyr ocu Ox.
1688. y = 2%, y = 4 Borpyr npAMoil x = 2.
Yrasauue. dV = (24 2)2dy — n(2 — 2)? dy.

1689. Onmoii apkn nukiounst z = a(t —sint), y = a(l — cost)

BOKpyT ocu Oz.
1690. (y — 3)? + 32 = 0, = —3 Bokpyr ocu Ouz.

§ 4. lnuna Oyrd miaockoii KpuBoii

1°. Daumua gyru AB KpuBo¥ y = f(x):
rB
5:/\/1+y/2d1‘.
Ta

Tuddepentman nyru ds = /14 y'2 de = /dx? + dy?.

2°. Dnuwa nyru AB wpusoit = f(1), y=¢(t):

tp
5= / Vi + 2 dt.
ta

~—

3°. Dnursa nyru AB wpusoidi r= f(p):

YB
s= / VrZ+r2de.
YA

OnpepennTh MIUHY Oyru KpuBOii:
1691. y? = 2, orceuennoil npAMOIl T = 4/3.
1692. Bceeit rpupoit 22 4 y? = a’.
1693. Bceit kpuBoit 223 4 y2/3 = a?/3.
1694. y*> = (2 + 1), orceuennoii npamoii x = 4.
1695. Onmoit apku UWKIOUTbI
z=a(t —sint), y=a(l—cost).
6 !

1696. z = —, y = 2 — n MEHKIY TOUKaMu ITlepeceyeHus 0CAMU

RoOOpOmHAT.
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22
1697. y = Cl 1, orcewennoii oceto Ox.

Yrazanue. /\/ 1+ 2 dr MomHO MM HaTH 10 YacTAM, MW HallU-

caTh 1o dopmyde 3amaun 1366.
a x
1698. y = 5(61’/“ 4 ¢7%/%) = ach = memuy npambivm & = Fa.
a

1699. y = Inx or ¢ = 3/4 no z = 12/5.
/\/1—|—l‘2dl‘
xr

Yrasauue. Huarerpan HaXOOMUTCA IMOICTAHOBKOI

14+ 22 =12,

1700. y = In (2 cosa) MeKIY CMERHBIME TOYKAMHE TEPECEYeHNH C
ocamnu koopamuar Oy u Ox.
1701. 1) 9y* = x(z — 3)? memny Toukamm nepecederus ¢ 0chio O.
2) e®the =1loraz=1nm0z=2.

1702. 1) Kapmnonnsr r = a(l — cos ¢).
2) llepsoro 3aBuTka crnmpaiu r = agp.

" U .3 ¥

1703. Bceit rpuBoit r = asin® 3
1704. ['mbrasa muTh momBellleHa B Toukax A m B, maxomammxcs
Ha oflHOi BbicoTe ma paccrosmuu AB = 2b, u umeer crpeny nporuba
f. Cumras Gpopmy mmrm napabosoil, mokazaTh, 4T0 MJINHA HUTH S R

2 f? f
~2b|14+ == ) npu mocTaTouHO MaJIOM —.
( 3 b2) P b
1
Yrazanue. lIpumennts mpubaumentyto dopmyay /1 4+ a ~ 1+ §oz
samaun 1157.

OnpepennTh MIUHY Oyru KpuBOii:

oty 3 " o — —
1705. y* = —(2 — 2)°, orcevennoii npamoit z = —1.

9
1706. y = In (sinz) or 2 = 7/3 mo @ = 27 /3.
1707.y =In(1 - 2%) or 2 = —1/2 1o @ = 1/2.
1708. y? = 2px, orcevennoii npamoii © = p/2.

t
1709. » = %, y = —({? — 3) Memay Toukamu TepecedyeHus C

3

oceio Ox.
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§ 5. Ilno1ians MOBEPXHOCTH BpAallleHHA
1°. Manomans mMoBepXHOCT U, 00pAa30OBAHHON BpaIlleHIEM BOKDPYT 0CH

Ox nyru AB kpuBoit y = f(x):

P, =2 / yds, rme ds=+/dx?+ dy?.
AB
2°. Mlaomanb MoBepXHOCT U, 06pa30BAHHON BpalleHHeM BOKPYT 0CH

Oy nyru AB wpuBoit x = ¢(y):

Py:2ﬂ'/xds, roe  ds = +\/dx? + dy?.
AB

OnpenennTs MI0IIaLh MIOBEPXHOCTH, 06pA30BaHHOI BpallleHueM Kpu-
BOIi:

1710. 22 + % = R? Bokpyr ocu Ox.
1711. y = 22/2, orcevennoii npamoii y = 1,5, Bokpyr ocu Oy.

x
1712. y = ach — memny 2 = £a Bokpyr ocu Ox.
a

1713. 422 + y* = 4 Bokpyr ocu Oy.

Yrazanue. [Ipuaas y 3a He3aBUCUMYIO TepeMeHHYIO, MOTYIUM, ITO
2

HMcRoMad Taomansk P = 71'/ \/16 — 3y2 dy. Hanee npuMeHAeM IOACTaHOBKY
0

y = —=sint.

V3

1714. Onmoit noaxyBoanbl KpuBoit y = sin & Bokpyr ocm Ox.
1715. Onmoii apkn uukimounnst z = a(t —sint), y = a(l — cost)
BOKpyT ocu Oz.
t
1716. lernu kpuboit x = {2, y = §(t2 — 3) Borpyr ocu Ox.

1717. 22 + 4% = a? Borpyr npamoit x = b > a.
Yrazanue. dP =2n(b+ z)ds+2n(b — ») ds.

OmpenpenwnTh NI0IaTL TOBEPXHOCTH, 00pa30BaHHOll BpallleHneM Bo-

kpyr Ox:
3

1718. [Iyru upuBoit y = % orx=—-210zx=2.
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1719. JIyru puBoit y? = 4 + z, oTcevennoil mpaAmoil z = 2.
1720. Beeit kpuBoit & = acos®t, y = asin®t.

3 t2
1721. [Iyrm ®puBoit z = —, y = 4 — — memIy TOuRaMu Tepece-

2
yeHusd C 0CAMHU ROOpHmHAT.

§ 6. 3amaun u3 QUBHKH

1722. OnpenednTh cuily HaBjeHud BOIbl HA BePTUKAIbHLII TpH-
MOYTOJIBHBIN 103 ¢ ocHOBammeMm 8 M u BbicoToil 6 M. OnpenennTh
TaK#e CHJy JaBleHWA Ha HUMHIOW NOJOBHHY [I1103a.

1723. Oupenennth cuily HaBieHWsA BOJbl HA BePTHKAIBHYIO Tpe-
YTOJIbHYIO MJI0IIaNKy, OCHOBaHWE KOTOPOIl @ PACloIOReH0 Ha N0BepX-
HOCTH BOIIbI, a BbICOTA paBHa h.

1724. Oupenennth cuily HaBjenud BOJIbl HA BepTHKAIbHBII MOTY-
RpPYT, TuaMeTp KOTOporo 2R pacmosomed HA MOBEPXHOCTH BOIEI.

1725. Il7otnra mmeeT dopmy Tpalellmu ¢ BEPXHNM OCHOBAHNEM
20 M, nu#naum 10 M u Beicoroii 6 M. OnupenesnTh cuily TaBienws BOIbI
Ha TJIOTHHY.

1726. Haiitu momenThl mmeplimm oTmOCHTEIbHO Oceit Oz u Oy
nJollany NpAMOYIoJbHUKA, Orpanmuenuoro Juuauamu ¢ = 0, 2 = q,
y=0wmy=>».

Yrazanue. Pa3duB mpAMOYTOIbHUE Ha TOPUBOHTANLHBIE THIOMTATKH,
VYMHOM UM RaiOylo INIOIIAaIRy Ha KBalpaT €€ pacCTOAHUA OT OCH Ol‘, T. €.
Ha y2. CyMMmpya U Hepeifia K Ipeferny, MOLyIHM

b

= li Ayy? = 2 dy.
J. Aéﬁloza yy /ay Yy
0

a

Ananoruuno J, = /ba:z dz.
0

1727. Haiitu moment mrepiinm ornocutenbuo oceit Ox u Oy nio-
manm TpeyrojibHuKka, orpanndenuoro jJuuauamu r = 0, y = 0 n

r Y
o + b= 1.

1728. Haiitu momenT wmuepiium otmOCuTeNbHO ocu Oy mioinanm,
orpanmuennoll dunnAMu & =2, y =22 u y = 0.

1729. Haiitu crarwueckme momenthl otHocuTedbuo Ox uw Oy u
KOOPIWHATBLI lleHTPa Macc TPeyrolibHuKa, 00pa30BAaHHOTO JWMHUAMN
z=0,y=0uz+y=a.

a

a
Yrazauue. (ratmueckue MomeHnto: M, = /xydy, My = /J:ydx.
0

0
M M,
y
RoopmmHaTet neHTpa Mace: ., = , Yo = , T7ie S — Tioranb GUrypst.

S S
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1730. HaiiTi nenTp Macc MII0MIANN, OT PAHHYEHHON THHAAMHI a2y =
=bz?, r=amuy=0.

1731. Haiitu 1menTp macce moayepyra z2 + y? = a?, orcesennoro
ocbio Oz.

1732. 1) BeruncanTh pabory, KOTOPYIO HYEHO 3aTPATUTh HA BBIKA-
yuBaHMe BOIbI U3 IMIWHIPHUYECKOro Daccelima ¢ paguycoM 0CHOBAHUA
0,5, ecim B HaualbHBII MOMEHT YDPOBeHbL BOIbI B Oacceiline paBen
2,8m u mva 0,2 M HuAe BBIYCKAIOIIEro BONY OTBEPCTUA B UWJIHHIPE.

2) Bbrumcanth pabory, KOTOPYIO HYHKHO 3aTPAaTHTh HA BBIKAYMBa-
Hue BOIBI u3 ToayInapa panuycom R wm.

1733. Onpenenutrh paboTy, KOTOPYIO HY#HO 3aTPATUTh, YTOOBI MO~
HATH MacCy M € MOBEPXHOCTH 3eMJM HA BLICOTY h.

Yrazauue. CI/IJIa F' 3emnoro IIPUTAMREHNA Ha paCCTOAHNUN X OT IIEHTPpa

3eMsIN ompenenseTca u3 nponopuun I mg = R? : x2, rne R — panuyc
3EeMHOT0 Iapa.

1734. Koren umeer Gpopmy napabosionia Bpatiennd rayonnoit H =
= 0,5v u pammycom ocuoBaums R = 0,4m. Oupenenurb pabory,
KOTOPYI0 HYMHO 3aTpaTuTh HA BhIKauMBaHMe BOIbI M3 TAKOTO HAIOJ-
HEHHOI'0 KOTJa.

1735. B nusuumpe mom MopIrHemM HAX0TUTCA BO3AYX 00bemom Vy =
=0,1m> ¢ naBmennem py = 1,033 - 10° lla. Onpenenuts pabory uso-
TepMHUUeCKOro cHaTua Bo3nyxa 1o obbema Vi = 0,03 m>. (Ilo akomy
Boitna—Mapwuorra pV = poVy.)

1736. Boruuciauth pabory pacramenud wa 0,001 m memHoit mpoBo-
ToKu AauHo#M 1M ¢ pamuycom cederHus 2 MM.

Yrazauue. Cuna F'H nHarAmeHnA TpoBOJIORH TIWHON [ M ¥ TII0TIATLEO

cedeHHA sMMZ2 IpH yIJIHHEHHH ee Ha &M ompefeiserca GopMmyton F =

ST
= ET’ rme £ — wmonyab ymupyroctu. Hiaa Memum MOmHO TPUHATL F &
~ 1,210 H/mm2,

1737. 3a rkakoe BpeMmA Bojia, HANOJIHAIONIAA [UIKHIPHICCKHIIT CO-
¢yl ¢ miomaneio ocmoBanug S = 420cm? u BeIcoToit H = 40cu,
BBIT€UeT uepe3 OTBepCTHe HA THE ILIONIANbI0 § = 2cm>?

Yrazauue. CROPOCTh MCTEUEHNA RUTKOCTH IPU YPOBHE €€ HA BBICOTE
x cM ompemendercA 1o dhopMmyite v = pn/2gx, rae g — Ro3DOUIHEHT, 3aBU-
CAMUI 0T BASKOCTH FRUIKOCTH, (HOPMBI cocyma U orBepcTusA. Mel mpumem
3Iech, Kak U B 3amave 1738, p = 0, 6.

1738. 3a rakoe BpemdA Bola BhITeYeT u3 KOHUUYECKON BOPOHKHU Bhi-
coroit H = 40cm, panuycom numuero ocuoBanud r = 0, 3cM u Bepx-
nero R = 6cm (cm. ykasanume k 3anauwe 1737)7

1739. Oupenenuth cuily HaBieHWA BOJbI HA BePTUKAIBHYIO Tpe-
YrOJIbHYIO TJIOIIANKY BbICOTOH h, OCHOBaHmE KOTOPOIl ¢ MapajlieiibHO
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MOBEPXHOCTH BOIbI, & NPOTHUBONOJOKHAA BepllimHa HAXONUTCH HA I0-
BEPXHOCTH BOIbI.

1740. Oupenenuth cuily HaBieHws BOJIbI HA BepTHKAIbHBIN napa-
Oofnueckuii cerMeHT, OCHOBaHME KOTOPOT0 paBHO 4 M ¥ PAClOOKEHO
Ha T0BEePXHOCTH BOIbI, a BeplInHA HAXONUTCA Ha rNydmae 4 M.

1741. Haittu tiybuny x, na KOTOPOH MPAMOYTOILHBIH IIII03 BBI-
coToit h pasnesmTcA ropm3OHTAIbHO HA TaKWe [Be YacTh, BeJIWYWHA
CUIbl [aBJeHnA HA KOTOPbIe OJIHMHAKOBA.

1742. lunuunpuyeckad MUCTePHA C TOPU3OHTAIBLHON OCBHIO HATO-
noBuHy Hanosnena macioM (maoraoctsb 0,9). Onpemennuts cuiy naBie-
HUA Maclla Ha KamIyl0 u3 MIOCKUX CTEHOK NUIWHIPA, €CIN PAluyC ee
paBen 2 M.

1743. OupenennTh MOMEHT uHeplinu OTHOCHTENbHO (2 MioLIATN
yeTBepTu Kpyra x = acost, y = asint.

1744. Haittn KoopamHaThl IeHTpa Macc TJoIIaiu, OTPAHNTYEHHO
aummaMu y =4 — 22 u y = 0.

1745. BolunciinTh paboTy, HeodX0nnmMYyI0 NJA BbIKaunmBanud BOJIBI
u3 AMbI, nmeroleil popmy Komyca (¢ BepIInHOil Ha IHE), BBICOTA KO-
toporo H = 2w, a panuyc ocuoBauusag K = 0,3 m.

1746. Onpenenuth pabory agmabaTuvaecKoro cmaTud Bo3ayxa 00b-
emom Vo = 0,1m° u ¢ maBaenuem pg = 1,033 - 10°Ila 1o o6bema
Vi =0,03m>. (Annabarmueckoe cikartme mponcxonuT no 3akony Ilyac-
cona: pV7 = poVy', rne y ~ 1,4.)

1747. 3a rakoe Bpemd BoOla, HANOIHAWIIAd wally (HOPMbBI M0-
aywapa paiguycom 40cwm, BbiTeueT u3 OTBepCTHA Ha NHE IJIOLIANbIO
2cem?? (Cm. yrasamme k 3amaue 1737; nomomnum KodQPUINEHT BA3KO-
cru 1 =0,8.)

§ 7. HecoGcrBeHHBIE HHTETPATLI

1°. Onpeneaenus:
+o0

b

I. Uurerpamom f(x) dz mazwiBaerca lim f(z)dx, ecam sror

b=+
a a

Ipefen CyIIeCTBYeT W KOHedeH. AHaJOTUYHO OMpEeNeAloTCA WHTETpadbl

/b fla)de u 701’(9;) du.

II. Ecim f(x) HempepbIBHA IJIA Beex BHAUeHH & oTpeaka [a, b], KpoMe

TOUKN ¢, B KoTopoli f(x) mmeer paspsis II pona, To mHTerpasom or f(z) B
mpenensax or a A0 b Ha3bIBAeTCA CyMMa

c—e b

lim z)dr + lim x)dz

e=0 f( ) =0 f( ) ’
a c+d

€CJIU 5TU TIpelellbl CYIIecTBYIOT U KOHEYHBI.
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Hurerpaibl ¢ 6eckoHEUNBIMU Npedeaamu W UHTETPAIBI OT PA3PblEHbLL
(Heoepanuuennblr) QYHRINN HABBIBAIOTCA HECOGCIMEEHHBLMU.

Ecau IIpUBEIEHHLBIC BBIIIE MIpele/Jbl KOHECYHBI, TO TOBOPAT, YTO HecobCT-
BEHHBIC MHTET PAJIbI cmo&ﬂmm, €CJIn HeT, — TO pacmo&ﬂmm.

QO.CXOJII/IMOCTB HecoOCTBEHHOTO nmHTETr palqa 4acTo yCTaHa-
+o0

BJHBAETCA MeTOZIOM CpaBHeHHA: ecanl pu & > a|f(2)| L ¢(x) / o(z) de

a

+o0
CXONUTCA, TO CXOOUTCA U / f(x) dx. AmagoruyHbIN TPHU3HAK CXOMUMOCTH
a

MOMHO yKal3aTh U JIA WHTerpaia oT pa3pbIBHON QYHRKINHU.

Boruncantn nuTerpaJbl:

o0 o0 o0

1748. 1) /Oodw‘ %) /dw‘ 3) dr 5 dz
' 22 A NGE an
1 1 1 Ve

1

o0 o0 o0 d
1749. 1) /6_9” dx; 2) /xe_xz dz; 3) / N _I_ZQ;
0 0 1
4) / - ;D) / - ; 6) /$2€_$/2 dz.
x2\/z2 -1 2?2+
1 1 0
T dx T arctg x dx T dx
1750. 1 2 ; .
)/96 2 -1 )/ x? 3)/($2+1)2
2 1 1
; d / d / d
1751. 1) / 2 / L 3 / -
V(4 -1)? (z —1) Y (z —1)2
2 0 0
1752. HccienoBaTh CX0OUMOCTh WHTETPAJIOB:
T dx T dx Ooe_x dx
1 — 2 ;3 ;
)0/\/1—|—$3 )2/8963—1 )1/ z
T sin z dx T xdx r 2
4 ;b —; 6 e~ " dx
[T [ ]
1 2 0
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1 b
dx dx
1753. 1 —; 2 ——— (upu b > a).
[0 [ o s> a)
0 a
Ywrazanue. Paccmorpers Tpum ciayuaa: n = 1 —a < 1, n = 1 u
n=14+a>1.
1754. BuluucauTh NIoIanb, 3aKII04EHHYI0 MEEIY TOKOHOM 4 =
1
= ——— ¥ aCHMIITOTO# HTOI KPHUBOIi.
14 22 P

1755. BeruucnuTh miomianb, 3aRITIOUEHHYI0 MEMAY KpuBoit y =
—z2 .
= z¢~""/% u ee acummroTO (npu z > 0).
1756. BoruncauTh II0MAanh, 3aRII0UCHHYI0 MeRIY Tuccontol y? =

$3

= —— U ee aCuMIITOTOIi.
2a — x

Yrazauwme. lomomns z = 2asin®t, mepeiitn k mapaMerpuuecKuM
yDaBHEHUAM.

1757. Haittu o6bem Tema, 06pa30BaHHOTO BpallleHUeM UCCOUIBI
3
y? = v BOKDYT ee acCHMNTOTHI (cum. 3amauy 1756).
20 — x
1758. OupenennTsh niomianb MOBepXHOCTH, 00pasoBaHHON Bpalie-
uuem BOKPYT ocu Oz Geckomeunoii nyrm KpuBoit y = e~ % mnpwm moso-
MUTETbHBIX .
1759. Haittu 06bem Teda, 00pa3oBaHHOTO BpalleHuemM BOKPYT ocCu

1 1
Oz 6eckomeunoii BeTBu KpuBoii y = 2 (— — —2) mpu z > 1.
T oz
1760. [lora3aThb, uTo TPy M MEIOM U TOTOKUTETHLHOM 1):
o0 o0 '
m!
1) /e_l’xm dz = m!; 2) /€—x2$2m—|—1 de = 5
0 0
1761. BblunciinTh nHTETpailbl:
x 3 nxde
1 —; 2 z2e™ du;
) / z2’ ) / ' / / zlna’
2 0 1 1

(o0
1 Oymruma | e x! 7! dz = ['(t) maseBaerca ramva-pyHRImet ot ¢, [[pw memom
y y P

0
t > 1, rak s10 caenyer us samauu 1760, 1), I'(t) = (¢ — 1)! Ioaarasa snecy ¢ = 1,

[o0)
nonyynm yemogro 0! =T'(1) = /e_x ®dx = 1. Tosromy mpumATO cymrars 0! = 1.

0
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. Inz
Yrazanue. B npumepe 3) mpu HaxommeHHH lim —— TUpHMeHWTH
r—=o0

IIpaBHJIO Jomuras.

o0 o0 o0
1762. 1) / e / 3) / do
’ a1+ 22 V(1+2)3 2 4zt
1 0 1
1763. BrruucnuTh niomianb, 3aRITIOUEHHYIO MEMIY KpuBoit y =
= 2% u ocAamu Koopamrat (npm x > 0).

1764. Haittu 00bem Teda, 00pa3oBaHHOTO BpalleHuemM BOKPYT ocCu
Oy miomann 6eckonednoil IINHBI, 3aKIIOYCHHON MeHIY JTUHIAMU:

zy=4, y=1, z=0.

1765. Onpenenanrb o6bem Tena, 06pa3oBaHHOrO BpallleHWeM KPu-
BOil Yy = re=*/? (HpI/I x> 0) BOKDYT ee acCHMIITOTHI.

§ 8. Cpennee 3HaueHHE QYHRUHH

Teopema o cpenuem. Ecau Ha orpeske [a, b] dynrima f(x) Henpe-
b

PBIBHA, TO MemIy IIpelnesaMi WHTerpasia /f(x) dx wmaiimerca Takoe r = ¢,

a
NP KOTOPOM

b

[ e = - a5 m
Suavenne QyHKIAN
jzf(x) dx
Ym = [f(c) = abfa (2)

HasbIBaeTcA cpednum 3HaueHneM QyHruun f(z) Ha orpesre [a, b].
1766. Oupenenurh cpennee 3mauenue QyHKInm:
1) y = sin z ua orpesre [0, 7];
2) y = tga mna orpeske [0, 7/3];
[1, el;

4) y = 2% na orpeske [a, b];

5)y=—1+$2

YrasaTh na uepreme cpennee 3HaveHue PyHKIUM B RaKIOM TIpuMepe.

3) y = In 2 na orpeske

na orpesre [—1, 1].
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§9. Oopmyra rpamennit u dpopmyra CummcoHa

1°. ®opMmyaa Tpanenuii:

b n—1
Yo + Yn

de &~ h | —— il I
JECELTIS =Dy y] g
rme h = (b—a)/n, a yo, y1, Y2, - - -, Yo — PABHOOTCTOAIIHE OPIUHATHI KPHBOIT

y = f(x) Ha orpeare [a, b]. TorpemHocTs Gopmyast (1):

b—a)h?

e(h) < (b—a)h” 12) Y |max- (1)

2°. Mapaboauueckada GpopMyna CuMmcoHa A IBYX MOJOC:

h

/ F(&)de s & (vo + 4 + 2), (1)

rme h = (b—a)/2.

3°. ®opmyaa CumMncora mad 2n mojoc:

n—1
/f y0+y2n+42y22 12 el (I11)
i=1 i=1
rme h = (b — a)/2n. TorpemHocts dopmya (IT) u (I11):
b—a)h?
e(h) < ( 180) |yIV|maXa (2)

1. e. popmyna (IT) AaAercA TouHoOM miA mapabos BTOpoit 1 TpeTheil creme-
Helt: y = a + bx + cx? + dzB.
2
. x
1767. BoruncinTh mo dopmyie Tpanennii In2 = [ — u onennTh
x

1
MOT perruocTh mo popmyme (1).

5
1768. Ilo popmymne Cummncona (111) Boruncantsh mnrTerpanss / 23 dz
1

2
u /x4 dx, OUeHNTH MOTPENIHOCTH 10 hopmyie (2) n pesyIbTaThl CpaB-

0
HHUTb C TOYHLIMH 3HaYCeHUAMMN HMHTerpaJjoB.
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1769. [lo dpopmymne Cummcona (I11) Berumcants nurterpais:
/2

1)/\/1—|—$3d96 (2n=4); 2) /\/3—C082$d$ (2n = 6);

4

dz
/ e (2n = 4) u olEHUTDH MOTPEIIHOCTD, Mosaras B Gop-
z

myie (2 ) mpubnumenno h* |y | max & |A*Y|max-

1770. Haiitn mo dopmyne Cummcona (1I) obbem Goukm BbrcOTOM
50 cm ¢ nuamerpom Kamaoro nua 20 cM u ¢ TuaMeTpoM CpelHero cedye-
uud 30 cm.

1771. BoiBectu $hopMyabl 00bema TupaMulbl U Iapa ud QopMyas!
Cummcona (II).

d
1772. Boruncauth In 2 = / o obrefi popmyre Cummcona (111)
T

(mpm 2n = 10) u OUeHNTH MOTPENIHOCTh 1o hopmye (2).

1773. HafiTu nauny nyru saaulica @ = bHcost, y = 3sint, mpu-
MEHHB K MHTerpally, ONnpeleisioliemMy NepByl0 4eTBepTh Beeii Iyru,
popmyray Cammcona (I1).

1
1774. BuluucauTh TpubIuEeHH0 T = 6/ NMPUMEHUB K
0

dz
Vi — 22’

unrerpany Gopmyry Cummcona (I1).

1

T dz
1775. Boruucauth — = o obieit dpopmymne Cummncona
4 14 22
0
(I11) (mpu 2n = 10) n oueHUTH MOrPEIIHOCTD, Noxaras B hopmyie (2)

4,1V ~ 4
npubnumenno A%yt |max & |A*Y|max-
1776. PaccmarpuBad IIomanh vacTu Kpyra, Or PAaHHYEHHOI0 KPH-
4

Boit 22 + y? = 32, nokasarsb, uro /\/ 32 — 22 dx = 4r + 8; naiitu 7,

BBIuncaAA waterpan no gopumyite Cummcona (mpu 2n = 4).
1777. Berumcauts no dopmyine Cumncona (I11) nauny nyrm momy-

BOJIHBI CHHYCOMIBI i = Sin &, pa3oumB OTpe30ok [07 77] Ha IIeCTh PaBHBIX
qacTeii.



IF'masa 10

KPUBU3HA ILIOCKOI
1 MMPOCTPAHCTBEHHOII KPHUBOI1

§ 1. KpuBusHa miockoif kpuBoii.
IlenTp M pamuyc KpHBH3HBI. JBOJIOTA

1°. Kpususua:
. dgo B y//
T ds (1_|_y/2)3/2'
2°. Paguyc RPUBUBHEL

(1 4 y/2)3/2 (1,2_1_ y2)3/2

R= =
|| |ij& — &y
3°. KRooponuHaThl MeHTPA KPUBUIHEL
B 1_|_y12 , l',Z_i_y'Z )
X=x— i y—l“i'wya
B 1_|_y12 B l',Z_i_y'Z )
Y=y+ y// —y—I-y.i_iyx.

(3)

Teomerpruecroe Mecto 1eHTpoB KpuBHaHBl C'(X; V) HasbiBaeTcA 260-

atomoti. YpaBHeHHA (3) W OyAYT NAPAMEMPUNECKUMYU YPASHEHUAMU HBO-
JIFOTHL.

4°. Paguyc RpuBH3HB Kpusoilt r = f(p), e r 1 ¢ — MOTAPHBIE

KOOpOWMHATHBI:

(rz 4 7“'2)3/2
2 2r2 — |

(4)

OnpenennTh painyc KPUBU3HbI U MOCTPOUTH KPUBYIO W KPYT Kpu-

BU3HbI KPUBOil B ee BepllInHe:

1778. y = 42 — 22.  1779.y = e,
1780. 22 + 4y2 = 4. 1781. 2 = a(t — sint),
1782. y = ze™". y=a(l—cost).

OnpenennTh KOOPIWHATHI HEHTPA KPUBU3HBI U MOCTPOUTH KPHUBYIO

U KPYI' KpUBU3HBI KPUBOIi:

1783. zy = 4 B Touke z = 2.
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1784. y = In & B Touke mepecevenns ¢ Ozx.

23+ 1

1785. y = — B Touke nmepeceuenwns ¢ 0.

Hanwucarh ypaBHeHue HBONIOTHI KPUBOH v HOCTPOUTH KPUBYIO U ee

IBOJIOTY:
2

1786. y =1 — % 1787. x = 2cost, y = sint.

1788. 22 — y2 = a? (unm @ = acht w y = asht).
1789. x = a(cost +tsint), y = a(sint — tcost).
1790. HaitTu makcumalIbHYI0 KPUBU3HY RpuBoit y = e”.

x
1791. lokazaTh, 4T0 paiuyc KpuBU3HbI uemHoil Junwun y = ach —
a

2
B J1000i1 TOYKe paBeH ~—— | PaBeH OTPE3Ky HOPMAaAW MeHIy KPuBOH u
a

ocbio Oz.
1792. OnpenennTh paiuyc KPUBH3HbI B TPOU3BOJILHON TOUKE Kpu-
2
a
Boit: 1) r = a(l —cos); 2) r?2 = a%cos2¢p; 3) r? = .
) r=a(l - cosg); 2) w3 =

OnpenennTh painyc KPUBU3HbI U MOCTPOUTH KPUBYIO W KPYT Kpu-
BU3HbI KPUBOil B ee BepllInHe:

1793. y = 1794. 22 — 4% = 4.

14 z2°
1795. y = sin z. 1796. 2y = 22 + 4x.

OnpenennTh KOOPIWHATHI HEHTPA KPUBU3HBI U MOCTPOUTH KPHUBYIO
U KPYI' KpUBU3HBI KPUBOIi:

1797. y = €® B rTouke mepeceuenus ee ¢ Oy.

3
1798. y = % B Touke (—1; —1/3).

1799. y2 = 23 B Touke (1; 1).
1800. y = cosx B Touke T = %

Hanwucarh ypaBHeHue HBONIOTHI KPUBOH v HOCTPOUTH KPUBYIO U ee
HBOJIIOTY

t3
1801. y2 =2(x +1). 1802.2 =2, y= 3

1803. zy = 4. 1804. z = acos®t, y = asin®t.
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1805. Ilora3aTh, uTo B 060t TOuKe acTPOUITELI 223 4 y2/3 = o2/3

pamuyc KpuBu3Hbl paBen 3 {/a|xyl.

§ 2. lnuna Oyrd KpHBOi B MpocTpaHcTBE

Iuddepernman gyrn: ds = \/dz? + dy? + dz2, nun
ds = /22 + 42 + 22 dt.

iz
mmnaa oyrm: s = / 2+ g2+ 22 di.
ty

Hatitin miwuny oyrm KpuBoii:
5 2t3
1806. xr =1t, y =1°, ZZ?Othoﬂot:&

1807. x = 3cost, y = 3sint, 2 = 4t or t = 0 10 n1pou3BOIBLHOTO I.

22 23
1808.y:77 z:FOszoﬂox:&

Hatitin miwuny oyrm KpuBoii:
t
1809. » =t —sint, y =1 — cost, z:4sin§ ort=0n0¢=m.

1810. z = ¢!, y =7, z=tV2ort=0n0t=1.

1 z?
1811.y:§1nav7 z:EOszlz[ox:Z

§ 3. llpouzBogHaAa BeKTOP-QYHRUMH MO CKAXAPY
H ee MeXaHHUYeCKOe U TreoMeTPHUecKoe 3HAUeHHE.
EcrecrBeHHbBIN TpeXrpaHHUEK KpPHBOIL

Pammyc-Bertop v = #i + yj + zk tourn wpusoit # = x(t), y = y(t), z =

= z(t) ectb sexmop-Pynxyus cranapat. lponsponnad r = £i+yj+7k ects
. - - - . ds

TAHTEHIMAIBHBIN BEKTOD M UMeeT MOAYIb || = /22 + 92+ 22 = 5 = R
Tlosromy, ecam ¢ — BpeMA, a KpUBad — TPAEKTOPUA NBUAKEHUA, TO T = v
€CThb BERTOP CKOPOCTH, I = W — BEKTOp YyCKOPEHWA.

Yepes roury M (x; y; z) wpusoit (puc. 34) mpoBemeM TPH MIOCKOCTH:

1) TepUeHANKYIAPHYIO K I; OHA HA3BIBAETCA HOPMAALHOT;

2) comep#allyio I U I; OHa HASBIBAETCA CONPURACAOUETCS;

3) MepHEeHTURYIAPHYIO K MEPBBIM IBYM.

Onn o6pasyior ecmecmeennbiti mpereparnur (TPUSIP) KPUBOIA.
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B nepeceyennn miockrocTell MMeeM TPU MPAMBIE: KACAMEAbHYKW, HUHOP-
MAAD T 2AA6HYIO HOPMAAL, ONPEedAeMble BEKTOPAMMU:
1) T — maneenyuabHbid,
2) B =71 X ¥ — 6unopmasbrvid,
3) N =B X 1 — 24asHuill HOpMaabHbL.
Ennnuvnble BERTOpHI 9TMX HampaBieHuil 0bosHaunM T, (3, V; OHU CBA-
dr dr
3aHBI 3aBUCUMOCTBI0 — = |—
ds ds
Myers M1(X; Y; 7)) — toura wacatenbHoit (puc. 34). Torna M M || u
M3 yCIOBHA MapaiedbHOCTH BEKTOPOB MOJYYNUM ypaBHEHNA KacaTeqbHOM

vufB=71xv.

X—z Y-y Z-z

x Y z M

Myers Mo(X;Y; Z) — roura
Ha HOpMaJbHOMN TIOCKOCTH.

Torma MMy 1L v m us yemo-
BUA TEPIEHTUKYIAPHOCTH BEKTOPOB
TOJIyYNM ypaBHEHHE HOPMAJbHOI
TIOCKOCTH:

#(X —z)+9(Y —y) +
+2(Z—-7z)=0. (II)
YpaBHeHusa OMHOPMAaIW W TIIaB-
HOW HOpMAaJX TOJYYUM, 3aMEHUB B Puc. 34

ypasrennax (I) &, y, £ coorBerct-
BeHHo Ha B, By, B, umu na N, Ny, N,. YpaBHenue conpukacatomeiica

IIOCKOCTH TOIy4nM, 3aMeHuB B ypasuenuu (II) &, y, z ua By, By, B,.

1812. Pamuyc-BexTop ABumYyIeiicd TOuKU B MOMEHT ¢ 3alaH ypaB-
nennem r = 441 — 3tj. OmpemenuTh TpaeKTOpUIO, CKOPOCTH U YCKOpPe-
HUe [BUHEHNA.

1813. Ypasuenue nBumenus r = 3ti+ (4¢ —t2)j. Onpenenurs Tpa-
eKTOPHUIO U CKOPOCTH ABmikeHus. IloCTPOUTH TPAGKTOPHUIO 1 BEKTOPLI
cropoctu B momenThl ¢t = 0, 1, 2 u 3c.

1814. B 3amaue 1813 omnpenenuTh ycKopenue w IBUEEHU U €ro

v
TAHTEeHINAJIBHYI0 W, = a 1 HOPMaNbHYIO W, = y/w? — w2 cocra-
BafAOlUIne B n1000it moment ¢ u npu £ = 0.

1815. YpaBuenue mBumenud r = ¢ cost-i+bsint - j. Onpenesutn
TPaeKTOPHIO, CKOPOCTh 1 YCKOPEHHe NBUMEHNA U MOCTPOUTH BEKTOPLI
CROpPOCTU 1 ycKOpenudA B Toukax t = 0, 7 /4, 7/2.

B samauvax 1816-1818 namucaTh ypaBuenusa KacaTelbHOi MpAMOil
1 HOPMAJIbHON NMJI0CKOCTH KPHUBOIi:

1816. x =t, y = t%, z = ¢ B m06oI Touke u Tpu t = 1.
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1817. y = 22, 22 = 2 B m0O6oit Touke (v > 0) u npu = 4.
1818. 22 + y2 = 10, y? + 22 = 25 B roune (1; 3; 4).

Yrazauue. Baas nuddepeniuan or aeBoif u mpasoit yacreit Kammoro
ypaBHeHUA, HafiT 3areM oTHOeHUA de : dy : dz.

1819. Haiitu tanrenumanbublii I, 6mHOopMalbublili B u riaBmbii
nopmaibublii N BeKTOpHI KpuBoit x = 1 —sint, y = cost, 2z = ¢ B
toure ¢t = 0. Haiitm Takme 7, 3 u v B Toil #e TOuKe.

1820. Hanucarh ypaBmennd TaBHON HOpMAalim, OMHOPMAIHW W CO-
npuKacaroliefics MI0CKOCTH K KpuBoit & = t, y = t2, z = t> B Touke
t=1.

1821. HanwucaTh ypaBuenud T7aBHON HOpMAaJu n OmHOpMAIW Kpu-
Boit # = e!, y=e~!, 2 =1 B roure t = 0.

1822. llorazaTb, uTo ypaBuenusa x = tcost, y = tsint, z =t
ONpPeNeNAnT KOHUYECKY0 BUHTOBYIO JTMHNIO, U HAluCaTh ypaBHeHUA

riaBuOil HOpMaNu, OuMHOPMAalu U KRacaTelbHO!N K Hell B mavalle KOOD-
NuHAT.

1823. HanucaTh ypaBHenud KacaTelbHOll K BUHTOBON JuHumM T =
= acost, y = asint, z = bt B m060it Touke u npu t = 7/2. lorasars,

4T0 BUHTOBAsA JHHIA NlepecekaeT obpasylomne nminuipa v2+1y% = a?

Va2 + b2
1824. HaiiTu yriibl ¢ ocAMu KOOpAMHAT TaHTEHIHAIbHOT'0 BEKTOPA
kpuBoit 22 = 2az u y? = 2bz B Touke z = Vab.

ol 0InHAKOBBIM YIVIOM 7Y — arccos

1825. Ilnocrocth y = 0, Ha KoTopoil Jama KpuBad 22 = 22, y = 0,

HaKpyuYuBaeIrcd Ha UHIWHAP z? + y2 = 2y. Hanmucatb mapameTpuue-
CKue ypaBHeHud 00pa30BaHHOI0 KPuBOil BuHTA 1 ONpeNenuThb OuHOp-
MalbHBIN BEKTOP KPUBOH B J1000if Touke u B Touke t = 7 /2, rue t —
yroJl IM0BOpOTa MI0CKOCTH.

1826. Pamuyc-BexTop ABumyIeficd TOuKu B MOMEHT ¢ 3alaH ypaB-
werneMm r = a(t — sint)i + a(l — cost)j. Onpeneauts u mOCTPOUTD
BEKTOPbI CKOPOCTH U yCKOpenus nput =7/2 ut = 7.

B zagauax 1827-1829 manmucaTh ypaBuenus RacaTelbHOW R Kpu-
BOii:

1827.y =z, z = 222 B Touke © = 2.

1828. 22 + y? + 22 = 14, v + 2y — 2z = 2 B Touke (1; 2; 3) (cm.
3anauy 1818).

1829. x =2t, y =Int, 2 =t B Toure t = 1.
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1830. r = e'i + e7tj + t/2k. Hafitu yriasl ¢ ocAmu KoopruHart
bunopmaibuoro Bekropa b B toure ¢t = 0.

1831. HanucaTh ypaBuenud T7aBHON HOpMAaJu n OmHOpMAIW Kpu-
Boit y = 22, z = y? B Touke = = 1.

1832. HanucaTh ypaBuenud T7aBHON HOpMAaJu n OmHOpMAIW Kpu-

t
Boit x =¢ —sint, y =1 — cost, Z:4Sin§BTO‘{Ket:ﬂ'.

§4. KpuBusHa ¥ KpyueHHe TPOCTPAHCTBEHHOH KpHBOI

Kpususna 1/R ecTh mpelen 0THOIIEHUA yrila  MOBOPOTA KACAMEAbHOT
& maune nyru As, worga As — 0. Kpyuenue 1/p ectb npenen oTHOIIEHUA
yraa 6 nosopora 6unopmaau & As, worma As — 0. Tar waw ¢ &~ |A7| un
0 ~ +|AB|, 10 1/R u 1/p uncieHHO 0KA3BIBAIOTCA MOTYIAMH BEKTOPOB:

dr 1 dg 1 (1)
ds_RV’ ds py'

Ecanu wpuBad 3anaHa ypaBHeHHeM ¥ = r(¢), To

I o jexyl 1 rry

= = 2
R=WE " 5 ExaP @

1833. lIponud depeniinpoBaB paBeHCTBO V = UT TI0 ¢, C MOMOIIHIO
nepBoit Gopmyabl (1) MOAyunTh pasiomenne YCKOPeHNA W HA TAHTeH-
IuallbHOE W HOPMAaJbHOE:

L
w =0T + —U.
R

1834. Toura nBumercd To mapabome x = ¢, y =t — t2, Tme t —
BpemsA nBumenud. Qupeneauts KpuBuduy 1/R TpaerTopun u TaHreH-
HuallbHOE U HOPMAaJbHOE YCKopenud B momenT ¢ u npu ¢ = 0.

1835. Toura mBumerca mo saautncy = 4cost, y = 3sint, The
t — Bpemsa mBumenud. Onpemenuth kpuBusny 1/R Tpaektopuu u
TaHTeHlnajlbHOe W HOPMaJIbHOE YCROpEeHHUA Npu { = z.

4
. . 2
1836. 1A nBumenud ¢ ypaBuenuem r = ti 4 t2j + §t3k oTnpe-

meauTh KpuBusuy 1/R TpaekTopum u TaHTeHIUATbHOE U HOPMAIbHOE
ycropenus B 1000 momenT t u npu t = 1.

Omnpenenurs kpuBusuy 1/R u kpyuenue 1/p puboi:

1837. 2 =t, y =t?, » = t> B m0O60Il Touke u npu t = 0.

1838. x =¢!, y=e7t, 2= t\V/2 B m06oit Touke un npu £ = 0.
3

2

1839. y = - z = = B J100011 Touke u npu x = 1.
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1840. [lorazath, uTo Ha mpaBoM BuuTe (z = acost, y = asint,
z = bt) Rpyuenne NONOEHTEITHHO, a HA JeBoM (¢ = acost, y =
= —asint, z = bt) — oTpunaresbHO.

Omnpenenurs kpuBusuy 1/R u kpyuenue 1/p puboi:
1841. . = 2t, y =Int, z =t B m06oil Toure u npu t = 1.

2
1842. z = y—, 2z = 2% B m1060if Touke u Tpu y = 1.
2

i

1843. z = e'sint, y = e'cost, z = e' B Toure t = 0.



IF'masa 11

YACTHBIE ITPOU3BOIHDLIE, ITOJIHBIE
THOOEPEHIUAJIBI U UX ITPUJTOMAREHUA

§ 1. OyHKUHUH OBYX MepeMEHHBIX
H UX TreoMeTpUUecKOe H300pameHHe

1°. Onpenmeanenune. llepeMenHasd z Ha3bIBAETCA OMHOBHAYHON HyHK-
yueld MepeMeHHBIX £ U Y, eCliH KamIoll mape 3HadeHull £ U y B HEKOTOPOIl
obJTacTh WX M3MeHeHUA MOCTABIEHO B COOTBETCTBHE ONHO 3HaveHue z. DyHK-
UMOHAJIBHYIO 3aBUCUMOCTE 2 OT £ U Y 3alllCBLIBAIOT B BUIE

2= I, ). (1)

2°. TeoMeTpuyeckoe mzobpamenne. YpapHeHue (1) reomerpu-
YeCKHM ONpefielAeT HeKOTOPYIO TOBEpXHOoCTh. Ilapa 3Havenuii x m y ompese-
ader Ha mrockoctn £Oy Toury P(x; y), a z = F(#x, y) — ammiukaty coor-

BerctByforneit Touskn M (z; y; z) Ha noBepxuocTH. I[03TOMY TOBODAT, YTO 2
ecTb QyHKINA Toukn P(z; y), u numyr z = F(P).
3. llpenea byuruUHU PhH}J F(P) = A, ecim paznocts F(P) — A
—+ o
ecTb OecKOHeUHO Madjad, korma p = PoP — 0 mpm arobom cmocobe mpubdan-
mennA P r Py (HampuMep, mo 0607 THHIH).
4°. HenpepeiBrocTh GyHruuu. @Oyuruua F(z, y) HasbBaercA
Henpepblenoti B Touke Py, ecan Pli_>n11J F(P) = F(P,). Nnaue roBopa, GyHE-
()]

unda F(x, y) HenpepbieHa B HEKOTOPOI TouRe (%] y), ecan
lim F(z+ Az, y+ Ay) = F(z, y).

Ax—0
Ay—0

1844. Yrasath obnacTu udmenenuft & u Y, IIA ROTOPLIX CIeNyIiO-
e GyHKIUKY MMEIOT BellleCTBEHHbBIE 3HAYEHUA:

4
z=a+y% 2)ar=a® -2 -y’ 3) 2= e

4) z=+/a* — 2?2 —y%, b) z=./zy;
1
6) 2 = vy

—— 1) z= 7
V1—2a2—y? y—x

U TOCTPOUTh TeomeTrpuueckme u3obpamenud GyHRuuil mo ceveHmAM
noBepxuocTeil miockoctamu ¢ =0, y =0, 2=0wu z = h.
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1845. Jlan mepumerp 2p tpeyroiabrmka. QupenennTh mwioiiaib S
TpeyroiibHnKka Kak QymKumio IByX ero cropom z u y. Oupenenuth m
HOCTPOUTH 0071aCTh BO3MOMHBIX 3HaueHull T u ¥.

-2
1846. [lna pynrmun F(z, y) = ;C Y spramcmnts F(3,1),F(1,3),

F(1,2), F(2,1), F(a, a), F(a, —a).

1847. [lorasars, uro ecin F'(z, y) =+/a* + y*—2zy, 10 F(tz, ty) =
=t2F(x, y).

1848. [lnsa z = 22 — xy = y? onpenennth Ayz, Ayz w Az.

Beramenurs Agzz, Ayz, Az, ecnin x u3mensercs or 2 1o 2,1, a y
u3menserca or 2 o 1,9.

1849. Ilorasars, uTo ypaBmenme z2 — y? — 22> = ( ompegenser
Z KakK OecuuciieHHOE MHOMECTBO OJNHO3HAYHBIX (QYHKuuil = u ¥y, u3
KOTOPBIX [IBeé HENPePBHIBHLI. YKa3aTh 00JacTh onpeneleHusd BceX HTuX
dhyHRuuil 1 10CTPOUTHL TeoOMeTPUYECKOe n300pamenne MO0 UTENbHON
HenpepwiBHON GyuKnuu. IlpuBecTu npumep oTHO3HAYHON, HO pas-
peiBHOI QyrrunE z = F(z, y), onpenendemoii Tem e ypaBHEeHHEM

x? —y? =22

2

1850. [loctpounts auaun yposueit (npu 2 =0, 1, 2 u 1. 1.) dynk-

MHi:
22
1) z= 1—Z—y2; 2) z =2 —y;
3) z =% — y?% 4) z = xy.
1851. llorazatnb, uto upu & — 0 u y — 0 BuIpamenune u = Y
T =Y

MOEeT CTPeMuThCA K J06omy mpeneny. IlpuBectu mpumepsl Takoro
npubammennd Toukn (z; y) & Touke (0; 0), npn oropom limu = 3,
limu =2, imu=1, imu=0, limu=-2.

Yraszauue. PaccMoTpert m3MeHeHNe & U Y BIOIb IPAMBIX Yy = k.

1852. Ilorasath, uTo:

1) lim 2-veyt+d L 2) lim le;

z—0 Y 4’ z—0 Y
y—0 y—0
sin (x
3) Gim 5L
x—0 T
y—0

npn T060M cnocobe npubanmennd Toukn (2; y) kK Toure (0; 0).

Yrazanue. llomomutsh zy = a.
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1853. U300pa3uth reomerpuyecku GyHRIUIO
1 nmpm zy >0,
z=Flz,y) = 0 mpu ay=0,
-1 mpm ay <0
U YKa3aTh JWHWUHU €€ pa3pbiBa.

1854. Yrasarh obnacTu onpeneienud QyHRuil:

4 z x2 2
De=ety =y Vo=yia e
. 2?2
N Z=1- g =gy Ba=at /el

6) VEi= T+ i

1 M0CTPOUTDL eoMeTpuueckue udobpamkenns dTuX GyHKumit.
z
1855. [lorasarh, uro ecin F'(z,y)= ,10 F'(a, b)+F (b, a)=1.
r—=y

2 4
= ——5 5 omupejeiser z
4—z4—y
Kak OecumncileHHOe MHOMKECTBO ONHO3HAUYHBIX QYHKuul = u y, u3 Ko-
TOPLIX IBe HENPepHIBHBI. YKa3aTh 00JacThb omlpeneleHusd BCEX HTUX
dhyHKuuil u MOCTPOUTH TeoMeTpuuecKoe u3odbpamenue QPyHRIUM, I0-
JTomuTeNbHON B obmacTu 22 + y2 < 1 u oTpunarenbHoil Bue ee.

1857. IlocTpouTh TeomeTpuueckoe wudodpamenue ONHO3HAYHOMN

(ynkunu z = F(z, y), onpenensemoii ypaBuenuem x2 4+ y? + 22 = a2,
2

a
noJomnuTeNbHON B obmacTi 2 4 y2 < T u oTpuuare]bHOIl BHe ee.

1856. Ilorkasarh, uTo ypaBHeHue 2

YrasaTh OunHuio ee pas3phiBa.

§ 2. YacTHbIe MPOU3BOAHBIE TEPBOT0 MOPANKA

Mpoussonuana dyrruuu z = F'(x, y) no x, HallleHHAA B MPEMTOIO-

REHUM, YTO Y OCTAETCA MOCTOAHHBIM, HA3BIBAETCA udacmHol npouzsodnot z
<z /

no « u obozHawaercA —— uau FL(x, y). AHaIOIMYHO ompenesnAercA U 000~

Oz
0z

BHAYACTCA YACTMHAA NPOU3EOJHAA 2 TO y: — = Fy(x, y).

dy
HatiTu yacTuble TpoudBoIHBIEe QPyHKLKIL:
1858. z = 2% + 322y — 3. 1859. z = In (2% + ¢?).
Y

1860. > = 7. 1861. = = arctg .
z z

Ty 1 1
1862. z = . 1863. u=In|{ — — —= .

x—vy s ¥t
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1864. ¢ = Va2 + b2 — 2ab cos a.

1865. u=24+2_ 2 1866. 1 = 2V,
Ty oz
1867 2e -1 1868 in (1v/7)
s U= . . &y = arcsin X).
x -+ 2t

1869. lorazarh, uto eciwm z = In (\/5 + \/ﬁ), TO
0z L+ 0z 1
T— — = —.
oz y@y 2
1870. [lorasarth, uTo eciim z = /x sin g, TO
x

0z dz =z

2
1871. [Iorazath, uTo eciiu u = evlt , TO

Ju  Ju
20— +t— =0
er + ot
1872. [lorazarh, uTo eciu u = ¥, 10
x du 4 1 Ou 5
-+ —— = 2u.
yodr  Inzdy

1873. Hume, B 3amaue 1898, 6ymer mokasauna cielyiolias Teopema
ditnepa:

Ecim z = F(z, y) — onmoponnasd (yHRUKA CTeneHm 7, TO
0z L+ 0z
T— — = nz.
dx y@y

[IpoBeputhb 31y Teopemy Jitnepa niasa GhyHKimii:

1) z=a+ay? - 2¢y% 2) 2= /a2 +ay+y%
1

Ne=mo 1) 2= el

HatiTu yacTuble TpoudBOIHBIE QYHKIKIL:

1874. z = cos (ax — by). 1875. z = arcsin v,
x

x .
1876. z = ——. 1877. v = Insin (z — 2t).
3y — 2z

1878. u = sin? (x + y) — sin? » — sin? y.
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1879. lloraszarh, ut0 eciim u = /a2 + y2 + 22, 10

(3) + (5) + (3) =
dx dy dz)

1880. /lorazath, uTo eciu z = e/ 1n Y, TO

0z, 0z _ =
e y@y_ Iny

or or

[
1881. /lorazarh, uto ecau T = T\/j7 o [
g

7
1882. [TorasaTh, uTo eciinm 2 = /2 sin (Z — %)7 TO

%4_% Q—EGK‘QQ
ar Toy) T2 My

1883. [IpoBeputh Teopemy Diinepa 06 0OMHOPOTHBIX PyHKIHAX (CM.
3amauy 1873) mad Gpynrmmii:
3

x

1) 2= T

3) z = arctg Y.
x

§ 3. lloansrit muddepeHHAT MEPBOTO MOPATKA

Ecau pyurnmda z = F'(xz, y) uMeer B Touke (#; y) HeNpepLIBHBIE YaCTHBIE
ITPOM3BOJIHBIE, TO €€ TOJHOEe MPUPAIIEHNe MOKET OBITh TPEICTAaBIEHO B BHIE

0z 0z
Az=—A —A 1
e= g 00t 5 Aytep, (1)
0z 0z
rme € = 0 mpu p = +/|Az|? + |Ay|? — 0. Torma BripameHe a—Ax—l— 8—Ay
z )

ECTh 24A6HAA YACTbL NOAHO20 npupaujerusd Az; oHAa Ha3BIBAETCA NOAHBIM
Jugpepenyuatom pyurumu u obosHavaerca dz:

dz = —Azx+ —Ay. (2)
Y

Tlonaras B hopmyie (2) z pasubiM: 1) x; 2) y, Halinem: do = Az, dy = Ay.
Tosromy

dz = —dx + —dy. (3)
T Y
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Wz (1) caemyer, uto
Az~ dz, (4)

T. €. TIPU A0CTATOYHO Manbix Az u Ay noanoe npupaujenue GYHRIUT MPU-
OIREHHO PABHO ee noaHomy Juddepenyuaay (ra. 5, § 7).

Oyurimda F(z, y) HassiBaercd duddepenyupyenott B Touke (x; ), eCin
OHa WMeeT B 9TOH TOYRe TOJHBIN mudQepeHmmadl.

1884. Haiitn momuble nutdepeniimalbl QyHKImii:
) z=2a%; 2)z= it P u=et 4) 2= /22 42
)

1885. Haittu 3nauenue moiuoro nuddepennuana GyHRIuN:

De=2upua=2 y=1, de=0,1, dy=0,2;
X

Qu=e¥Yapua=1, y=2, de =-0,1, dy=0,1.

1886. Borumcauth dz w Az maa dyERuUum z = zy npu x = b,
y=4, Az =0,1, Ay =-0,2.

1887. llomcuntarh Npubiuken o udmenenue Gyukiuu ¢ = arctg =,
x

Korpa x uamensdercd or 2 1o 2,1, a y — or 3 mo 2,5.

1888. lIpu medopmanuu muauugpa ero paguyc K yBeluuuicda c
20cm mo 20,5cm, a Boicota H ywmeunbimuiaach co 100cem mo 98cm.
Haiitw npubnmmenno nuamenenne obbema V no Gopmyiae AV =~ dV.

1889. KaTers! mpAMOYTONALHOTO TPEYTOIbHUKA, UBMEPEHHEBIe C TOY-
noctbio o 0,1 cm, okasaiuchk paBubimu 7,5cm m 18 cm. Onpenennth
abCoJIIOTHYIO0 NMOTPEUIHOCTh MPHU BbIUNCIEHUN THIOTEHY3bI.

1890. Haiitn momuble nutdepeniimalbl QyHKImii:

1)z:g—£; 2y s=uzlnt; 3)u= /22 +y?+ 22

r oy

1891. Haiitu 3navenue dz u Az masa ¢ynkuun z = In (22 + y?),
Korpa « udmensdercd or 2 no 2,1,ay — or 1 mo 0,9.
1892. lloncuuTtaTh NpubiumEenHO u3menenne GyHRIMU 2 = arcsin g,
x
Korpa « uamensdercd or 5 1o 4,5, a y — or 3 no 3,3.
1893. Ilpu nedopmanuu Kouyca ero paguyc R yBequuuicda ¢ 30 cm
1o 30,1cm, a Beicora H ywmenbinuiach ¢ 60cm mo 59,5cm. Hatitu
npubiumenno ndmenenne obbema 1mo Gopmyae AV ~ dV.
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§ 4. llpousBoaHbie CA0KHBIX (QYHKIHIH

1°. Eemm z = F(x, y), * = f(t), y = ¢(t), 10 z HaseIBaeTcA caodcHOl
uryuetd or t. Ilpu srom
Y P

dz Ozdr 0Ozdy
R e Wit 1
dt 8xdt+8ydt’ (1)

ecau pyuriuu F, f u ¢ duddepenyupyemvr.
2°. Ecan z = F(x, y), toe « = f(u, v), y = ¢(u, v), u ecin QpyHKUNK
F, f u ¢ mudbdepennupyemer, To

0z &z@_x 0z 0y 0z 0z 0z &z@_y

= -z =2, -4 "7 2
du 3x3u+3y3u’ v 3x3v+3y3v )
d
1894. Haiitu no dopmyie (1) d—i u3 ypaBHeHul:

De=atayt+y?, a=10% y=4

2) z = /a4 y?, x =sint, y = cost.

[MTpoBepuTh TpenBapuTedbHOM MOACTAHOBRON 3Hauenuit & u Yy B BhIpa-
#wenwve 149 QYHKIUN 2.

dz
1895. Haiitn a eciin 2z = g, r=e y=1-— e
x
dz
1896. Haiitn e eciim 2z = u¥, e ¥ m v — QyHKIUM OT Z.
x

dz
1897. Haiitn e eciim z = xe¥, roe y — QYHKImMA OT x.

1898. Oyuruna z = F(z, y) wassiBaerca odnopodnod, ecin
F(at, yt) = t" - F(2, y). Inddepenunpys obe wactu 3Toro paBen-
cTBa 10 ¢ w nosarad B pe3yibrare t = 1, nokazaTh Teopemy Jitiepa o6

0z 0z
OMHOPONHBIX QYHKIUAX: T— + yy— = NZ.
dx dy
dz 0z z?
1899. Hatitu — u —, eclim 2 = —, e x = u — 2v, y = v+ 2u.
Ju  Ov y
dz 0z dz 0z
1900. II =F . B 3 — U 3 — U —
YCTb Z (z, y). Beipasuts 9 b Iy epes o 1 o,

ecim:
u=ma+ny, v=pr+qy; 2)u=uzay, v=y/z.
1901. llycte w = F(z, y), rne x = rcosp, y = rsin¢.

Ju Ju Ju Ju

Bripazuth — u —— uepe3 — u —— u TOKa3aTh, uToO

ar Oy dz Oy

(2 () o () (2
or rode)  \ozx oy )
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1902. llycth z = y + F(u), rne v = 22 — y%. JlokasaTh, uTo0

0z 0z
Yo + T, = & WA a06oit tud pepentmpyemoii pynrimmn F(u).
x )

dz
1903. Haittu a u3 ypaBHeHHI:
1) 2 = A2? 4+ 2Bay + Cy?, x =sint, y = cost;
2) z:arctgg, r=e4+1, y=e?—1.

x

1904. [lorasath, uto ecin z = a2y + xF'(u), rme u = y/x, 10

0z 0:_
x@x yay_z xy.

1905. [lokazath, uto ecan 2 = yo(u), rae u = 22 — y2, 10
10z 10z z

cdr ' ydy  yr
dz 0Oz dz 0z

1906. II =F . B 3 — U 3 — U —
YCTb Z (z, y). Beipasuts 9 b Iy epes o 1 o,

ecmm: l)u=za+42y, v=0—y; 2)u=.,Ty, v=z+y.

§ 5. llpousBogHbie HeABHBIX GYHRIHIH

1°. ¥Ypasuenue F(x,y) = 0, umeromee pemterne (Lo; yo), ompene-
JAeT B OKPECTHOCTH Lo NMEPEeMEHHYI0 Y Kak HelpPephbIBHYIO QYHRIUIO T NpU

YCIOBUM, UTO TPOW3BomHaA — 7 () W HempepbIBHA B HEROTOPOIl ORPECTHO-

dy
CTH TOYKH (Z0; Yo)-
Ecmm cBepx TOro, B ORPECTHOCTH TOYRH (Tg; Yo) CYIIECTBYET W HEIpe-

d
PHIBHAA NPOM3BOLHAT ——, TO HEAGHAA PyrKyus MMeer MPOUSBOTHYIO d_y’
T r
onpeneAeMyto GopMyaoit
dy  0F/o0x (1)
de  OF/0y

2°. Ypasuenue F(x,y, z) = 0 IpH aHATOTMYHBIX YCIOBHAX ONpe-
mendeT 7z Kak HeABHYIO QYHRIINUIO £ W Y, WUMEOINIYI0 YacTHLIE MTPOU3BOMHEIE

0z O0F/0x 0z _ OF/dy 2)
or  OFJ/0z’ 0Oy  OF/0z’

Lo dy N
Haittu u3 ypaBHeHHI:
dx

1907. 962—|—y2 —4x 4+ 6y = 0.
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1908. 1) 223 4 23 = 4213, 2) ve¥ — ye?® = 0.

1909. Az? +2Bxy + Cy? + 2Dz +2Fy + F = 0.

Hatttu yraoBoit KoapduilnedT RacaTenbHol K RPuUBOiL:

1910. 22 + 4% = 10y B Touke Nepecevenus ee ¢ NpAMOI T = 3.
1911. 23 + 4 — 2a2y = 0 B Touke z = y = a.

1912. Haiiti Toukn, B ROTOPHIX KacaTelabrad K KpuBoil 22 4 y? +
+ 22 — 2y = 2 napamnensna: 1) Oz; 2) Oy.
. 0z 0z .
Hatitu — u — u3 ypaBuenuit:
dv Oy
1913. 22 + 42 4+ 22 — 62 = 0. 1914. 22 = 2.
1915. cos (az + by — cz) = k(az + by — cz).

1916. Jokaszarh, uto ecin ryz = a°, T0

0z 0z
xa—x + ya—y = —2z.
1917. llora3aThb, uTo HudepeHnuaTbHOMY YPaBHEHUIO
0z 0z
xa—x + ya—y =z

yIOBIETBOPAeT nefiBHAd ()YHKIuUA z, olpeneldemad ypaBuenuem (Ko-
HUYeCKnX TMoBepxHocreit) z/x = p(y/x).

afiTm —— 3 ypaBHeHHIi:
dx
1918. 22 —4y? =4. 1919. 2y +Iny+Inz = 0.
1920. 2 + y = e¥/*.  1921. 2cos (z — 2y) = 2y — z.

1922. HaifTu yrioBoif ko3¢ pulnent KacaTelbuoil K KpuBoil y? —
— 2y = 4 B TouKax nepeceueHus ee ¢ npAmoit x = 3.

J J
1923. Ilyctb x? + y2 + 22 — 220 = a%. Haiitu gz n —Z.
dr Oy
1924. 2sin (# + 2y — 3z) = @ + 2y — 3z. llora3ars, uto0
0z L+ 0z .
dxz oy
1925. llorazath, uTo HudepeHnuaTbHOMy YPaBHEHUIO
0z L 0z 1
m——+n— =
dx dy

yIOBIETBOPAeT nefBHad (YHKIUA z, ONpeleldemas ypaBuenuem (Iu-
JTUHIPHUYECKUX MOBEpPXHOCTel ): & — mz = ¢(y — nz).
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§ 6. UacTHbIe MPOU3BOIHLIE U MOJHBIE U (QepeHIHATRI
BBICHIHX IOPAIKOB

Mlyers mana QyHrnma z = F(z, y), UMeoad dacTHbE TPOU3BOTHBIE
or
ads
oxr Oy
HBIMH IIPOM3BOTHLIME BToporo mopanka. OHI 0003HAYAIOTCA:

. YacrHble IIPOM3BOOHEBIE OT 3THUX MPOM3BOOHBEIX HAa3EIBAIOTCA YacT-

0(0F/ox) _0*F  O(0F/dx)  O%F

Oz T 922’ y T Ox By’
o(0r/dy)  9?F (0F/0x)  9?F
Oz T Oy o’ y G

AnanornyHo onpenenAwTcA W 0003HAYAIOTCA YAaCTHBIE TTPOU3BOTHBIE
TPeThero MopAnKa U APYTUX BBICIIAX HOPANKOB.

CMerriaHHBIE TPOM3BOMHBIE, OTIMYAIIUECA TOJIBRO MOpAMKOM mud de-
PEHIMPOBAaHWA, PaBHbBI, €CJU OHNM HENPepbIBHEL:

0°F _ 0°F  PF _ 0°F _ PF
dxdy  Oydz’ 0x20y OxOydzx  Oydz?

nT. O.

TosryurM cIenyomyo Tabauily Tpor3BOIHBIX BBICIINX MOPANKOB:
O’ PP PF
0x2’ Ox 0y’ 0y?’
3r  93F Br  93F
8x3’ Ox20y’ Oxrdy?’ 0Oy

Tommbie muddepeHTUATLI BRICIITAX MOPATROB OMPEIeNAIOTCA TaK:

BTOPOro IOpAIRa

TPETBLETO IOPAIRa nT. Io.

5%z 5%z 5%z
A2z = == d2? + 2 de dy + — dy?.
T 02 ™ + Ox Oy v y+3y2 Y

CuMBoIMUYECKH 5TO PaBeHCTBO MOMHO 3alMcaThb Tak:

2
d?z = (idl‘—l— idy) z.
x

0 Oy
Ananoruuno 3
0 0
3, _
d°z = <3xdx+3ydy) z
U T. O

1926. HafiTu yacTuble TPou3BOIHLIE TPeThero MOpANKa QYHRIUM
z:x3+x2y+y3.
9’z 9%z
dx 0y  OyOox
1) z =sin (az — by); 2) z=2a2?/y%  3) z=In (2 - 2y).

1927. IlpoBeputh, 4TO A QyHRImN:
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1928. HaitTu yacTuble TPOU3BOIHEBIE YeTBEPTOTO MOPAIKA PYHKI UM
u=x* + 32%y% — 2.
1929. HafiTu yacTuble TPou3BOIHLIE TPeThero MopANKa QYHRIUM
uw=y/x.
11 s s 1
1930. Ilycrts s = In (5 — Z)’ NpOBEPUTH, UTO 92 OF + ) = Pk
1931. Hafitu yacTuble TPOu3BONHELIE BTOPOT0 TOPANKA (YHEIUM

z = arctg g.

x
1932. [lorazath, uTo eciu z = sin (— — g), TO

a b

0,9 2 1 1)?
—+—] z=—|-==) =z
dv Oy a b
1933. lokasarh, uro ecin u = arctg (2z — t), 10
0%u 0%u
T, Ml
a2 dx Ot
1934. [lorasarh, uTo eciu s = v/ax + bt, T0

0.

1935. llorasaTh, uTo QyHKIUA U = ze~y/® yanoBjierBopaer nudde-
peHInaIbHOMY YPABHEHUIO

0%u ) (8u au) 0%u

Yavay T \oe Tay) TV

1936. lorasatb, uto ecin z = F(z, y) — ommopomnnasa GpyHKIuA
N-TO U3MEPeHusd, TO

0%z 0%z 0%z
2 2 — _
v o2 + %yax dy ty 0y? n(n = 1)z,

njan CuMBOJH4YECKNI

x
dx dy
Ox 0z
Yrazanue. PaBencrso xﬁ— + ya— = nz (cM. 3amauy 1898) mpoand-
z )

¢epentmpoBath: 1) mo ®; 2) M0 y, W Pe3yIBTATHl, yMHOMEHHBIE COOTBET-
CTBEHHO Ha & W HAa Y, CIORUTEH TTOYIEHHO.
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9\2
1937. llpoBeputh paBenctBo | 2—— +y—= | z = n(n — 1)z na=
dx dy
onmopopublx gymkumit: 1) z = a2 + a2y +y?; 2) z = %; 3) z =
T
1
=——; 4) z:ln(g—l).
22 —y? T
v Y
1938. Haiitu d?u, ecin: 1) u= =; 2) u =z 1In =.
T T
d’z =

1939. loraszath, uto ecam z = cos(ma + ny), TO
= —z(mdz + ndy)?.
1940. Jorasars, uto ecin z = In (az + by)

2) dmz = (—=1)""Y(n - 1)!dz".

1) d3z = 2dz3;
1941. Jorasarb, uto ecin z = F'(u, v), rme v = ma +ny nw v =
0%z A w0
X (ni—l—qi)z &: ( 0 —|—q8)22
ou ov/) 7 Oy? ou T ov '
0%z 0%z 0%z
K HOBBIM

1942. [IpeobpaszoBaTh BeIpamenne — — 3—
beoop PAREIHe 522 ™ "8z oy oy + 0y?
nepemenubIM ¥ = 3z +y u v = & + y (cm. 3amauy 1941).
1943. Ipeot 0z 0= 0%
. IIpeobpasoBars Bolpamenne — — K HOBBIM
beoop P 022 dxdy | 9y?

nepemenubiM ¥ = 22 +y n v = y (cm. 3amauy 1941).
1944. [lorasath, uTo ecin z = F'(u, v), e v u v — QyHRIUH OT

T Uy, To
9%z ,8+,82+,,82+,,8z
—=|u—+v.— ) z+u —.
Oz? s “ov ww gy T Yoy
0 2 0%z
npefielnTh aHaJO0HYHO 0 —.
P oz dy  Jy?
2822 , 0%z
— y?—— K HOBBIM Ilepe-

0y?

1945. IIpeobpa3oBaTh BEIpakeHue 922

MeHHBIM % = 2y n v = y/z (cm. 3amauy 1944).
%> 1 0% 10z
—— 4+ ——— K HOBBIM

1946. [Ipeobpa3oBarTh BLIpamenue — + —
peodp PamerH or? + r2de?  ror

MepeMeHHbIM & = 1 Cos @ u y = rsin¢ (cm. 3amauy 1944)
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1947. Hafitu yacTuble TPOM3BONHELIE BTOPOT0 TOPANKA (YHEIUM

2

z = .
1—-2y

1948. HafiTu yacTuble TPoOu3BOIHLIE TPeThero MOpANKa QYHRIUM

ry
x—y’
0%z 0%z 0%z 2

T2 10 %2 (T2 .
922 Conoy ToR 2y

1949. [Torazath, uTo eciiu z = TO

1950. lorasars, uro ecin s = In (az — bt), To
xi + tﬁ ’ s=2
dz Ot -

i
1951. [lokaszath, uTo eciin 2 = 2 cos? (w — 5), TO

0%z 9%z
2o T osor

e _os o
dxdy Oy Oz

1952. [lorasaThb, uTo ecin 2 = em/y, TO Y

1953. Ilycrs v = In 2. Haittu d?u u d3u.

0%z , 0%z
1954. [IpeobpasoBarh BBIpaEeHUE —— — 0°—— K HOBLIM Tepe-
Oz? 0y?
MEHHBIM % = a% + y n v = ax — y (cm. 3amauy 1941).
0%z 0%z
1955. [Ipeobpa3oBaTh BLIpamenue & —— + Y =—-— K HOBLIM Tepe-
Oz? Oz Oy
MEHHBIM % = Y U U = 4 (em. 3amauy 1944).
x
zflz
1956. Ilorasarh, uTo QyHRIUA U = & + ¢ (g) npu JH0BIX
Y x

nBaIbl Mubdepennupyembix dhynkiuax f wm ¢ ynoBierBopsaer mud-
(dhepeHINATBHOMY YPABHEHHUIO

0%u + 2@4_ @4_2 @_0
xy@x@y y8y2 e y@y_'
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§ 7. UurerpupoBanne moaHbIX auddepeHHATOB

1°. Yrobwmr BeIpamenne P dr + Qdy, rme P u Q — muddepenumpye-
Mble GYHKIUKA & U Yy, ObLI0 TOTHBIM AuddeperumransoMm du, HeobXOTUMO U

oP  0Q
JIOCTATOYHO BBINOJHEHUE YCIOBUA —— = ——.
0y Ox
. Ou Ju
IIna HaxomueHud u U3 ycaoBubi 9, — L5 = () nonydyum u =
z )

= [Pde +¢1(y), v = [ Qdy+ po(x). Beiucas U3 1epBoro BblpameHns
BCE M3BECTHLIE WIEHBI, 8 N3 BTOPOT0 — WIEHBI C Y, HEJOCTAOIINE B MEPBOM,
MOTyYnM QYHKIIIO U.
2°. Yrobwr Beipamenne Pde + Qdy + Rdz, rne P, Q u R — nudde-

peHImpyeMble QYHKIAI OT T, ¥ W 2, ObLIO MOTHBIM muddQepennmamom du,
HEeoDXOAMMO M JOCTATOYHO BBITOTHEHUE YCIOBUIA:

orP _0Q oP OR 0Q OR

dy ~ Oz’ Oz Oz’ Oz oy’

IIJIFI HaXOmIeHWA ¢ MMeeM:

u:/de—i—gpl(y, z), u:/Qdy—l—goz(x, z), u:/Rdz—l—gog(x, ).

BrinmicaB 13 mepBoTo BhIpameHNA Bce U3BECTHLIE UTEeHBI, a M3 BTOPOTO U
TPeTbero — HeNOCTAIINE YJeHBl ¢ ¥ U 2, MOIYyYnM (QYHRIUIO u.

Haxomnenve QyHRITNN 110 ee TOTHOMY AU QepeHTIany Ha3bIBaeTCA UH-
meapuposanuem noanozo uddepenyuaaa.

[IpoBeputh, uTo crenyioiee BhIpamenne ABIACTCA TMOJTHBIM Tu(-
dbepennnanom du, u HaliTH U:

1957. (22 + y) dz + (v — 2y — 3) dy.
1958. x sin 2y dx + 22 cos 2y dy.

1959. (z +Iny) dz + (E + sin y) dy.
Y
xdy —ydx
72 + y2
1961. (yz — 2z)da + (zz+ y) dy + (zy — 2) d=.

1 1 dy x 1
1962. [ — — — | d Z | =4+ —— d=.
(z x2) v y (22+1—|—22) N

[IpoBeputh, uTo crHenyioiee BhIpamenne ABIACTCA TMOJTHBIM Tu(-
dbepennnanom du, u HaliTH U:

1963. (y? — 1) dz + (2zy + 3y) dy.
1964. (sin2y — ytgz) dz + (22 cos2y + Incos & + 2y) dy.

1960.
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. 2 . 2
1965. (y — sm2y) dz + (w + S 2y + 1) dy.
z

X
2

1966. 1, |~ g LEVEFL
241 2z

1967. (Iny — cos2z) dx + (E + z) dy + (y + 2z sin 2z) dz.
Yy

dr —3d 3y —
1968. ==Y 22
4 4

§ 8. Ocobbie TOYKH TI0CKON KpHBOI

Toura wpusoit F'(x, y) = 0 HaswlBaercA ocofoti, eciim B 3TOW TOUKe
oF or
—=0u —=0.

Ox Oy

VraoBoit KosdduunenT k = y KacaTedbHON B TaKoll TOYKe HAXOMUTCA U3
ypasuenua A + 2Bk 4+ Ck? =0, rne A, B u C — 3HaueHUA IPOU3BOIHBIX
9*F  9°F  0*F

u
bl
0x2’ Oz 0y  Oy?

1) B2 — AC > 0 — 1Be KacaTelbHbIe; TOUKA HABBIBAETCA Y3A0M;

2) B2 — AC < 0 — Her KacaTelbHOIl; TOYKA U30AUPO6ANHAL;

3) B2 — AC' = 0 — win u304uposannas TOUKa, WIN TOYKA 6036pamd,
WA TOYKA CAMOCONPUKOCHO6EHUA, B TOUKAX BO3BpaTa M CaMOCOMPUKOCHO-
BEHUA CYIIECTBYET OfHa 00IMad KacaTelbHAA K IBYM BETBAM KPUBOIA.

YT00bI B TPETEEM, COMHUTETLHOM, CIIyYaE PENTATH BOMPOC OKOHYATENHHO,
HYMHO y3HATh, MMEIOTCA JIM TOYRU KPUBOIl B CKOIL YIOMHO MAaJioi OKPECTHO-
CTH MCCIAETYEMOM TOURH.

B 9TOit 0coboit Touke. Ilpw 9TOM BO3MOMBHBI TPH CIIyYas:

Ompenenuth 06aacTu PacHoOEeHns, TOUKN epeceueHud ¢ 0CAMHA
KOOpIHUHAT, 0CO0ble TOUKKM KPUBHIX W MOCTPOUTH KPUBBIE:

1969. 2° + 22 — y2 = 0. 1970. y? = (2 + 2)3.
1971, 2% — 22 — > = 0. 1972. 9% + 2% — 22 = 0.
1973. (y — x)? = a3, 1974. y? = x(x — 2)2.

OHpeI[e.HI/ITb obiacTu pacnoJiomennsd, 0co0ble TOUKH U aCUMIITOThI
KPpuUBBLIX W IIOCTPOUTH KpuBLIE:

1975. (v 4 2a)® + 2y? = 0. 1976. 23 — y® — 3% = 0.
1977. 2% 4+ 4 — 3azy = 0. 1978, y?(2? — a?) = 2%,
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Ompenenuth 06aacTu PacHoOEeHns, TOUKN epeceueHud ¢ 0CAMHA
KOOpIHUHAT, 0CO0ble TOUKKM KPUBHIX W MOCTPOUTH KPUBBIE:

1979. y? + 2% — 222 =0.  1980. a2y2 = 2%(2az — 2?).

1981. y? = z(z + 2)2. 1982. 2y? = (x + a)

1983. 4y? = 2° + 5z, 1984. y? — 2% 4 22

1985. Haittm Touku Tepeceuenmd € 0CAMHU KOOPIMHAT, Ymax, 0CO-

6y10 Touky u acuMmnToTy EKpmboit 422 — y? + 23 — y3 = 0 u nocrpoutTn
KPHUBYIO.

OHpeI[e.HI/ITb obiacTu pacnoJiomennsd, 0co0ble TOUKH U aCUMIITOThI
KPpUuBbIX:

1986. 1) y?(2a — z) = x(ac — a)? (crpodonna);
2) a?(2? + y?) = 22
1987. 1) (22 + y?) = (w y2); 2) a(a? + y?) = a(2? — y?).

§9. Orubaroniaa ceMelicTBa II0CKHX KPHBBIX

KpuBaa HazeiBaerca ozubanujeti cemelictBa RpuBBIX F(z, y, a) = 0,
ecan: 1) oHa Kacaercd RamIoil KPHUBOIl ceMelicTBa; 2) KammasA ee TOUKA ABJIA-
eTcA TOYKOI ee KacaHMA ¢ KpHUBOil ceMelicTBa, OTIMYHOM OT Hee caMoii.

Orubarornas cemeiictBa KpuBbIixX F' (2, y, &) = 0, eciim 0Ha CYIIECTBYET,
HaXOIUTCcA UCKIIOUEHHEM IapaMeTpa o U3 ypaBHEHUId

F(z,y,0)=0 m Fy(r,y, a)=0.

MomeT, oflHaKo, CAIYIUTHCA, YTO MOJAYYEHHAA STHM CII0C060M KpmBas 0y-
JerT He ormbaroreli, a TeOMeTPUUYECKHM MeCTOM OCODBIX TOUEK KPHBBIX Ce-
MmeifcTBa (cM. orBer K Bamaue 1990, 2)).

Hatitu orubaromyio cemeifcTBa RPUBLIX U MOCTPOUTH OTubAIOITYIO
U KpPuBbIe ceMeicTBa:

1
1988. 1) y = ax + a?; 2) y = az? + —.

a
1989. 1) (z — a)2 + y%> = R?; 2) day = (v — a)?
1990. 1) y — 1 = (2 — a)?; 2) (y—1)%= (2 — a)%

3) (y—1)?=(r-a)* 4)9(y—a)?=(r-a)

1991. OTpe3ok NOCTOAHHON IIWHBLI ¢ CKOIB3UT CBOMME KOHIIAMHI
M0 KOOpIuHATHBIM ocAM. HafiTu orubaioinyio cemeiicTBa TakuX OT-
PEe3KOoB.

1992. Hatiti ormbaroliyio cemeficTBa OKPYHHOCTeH, TPOXOTATIINX
Yepe3 Haual0 KOOPIMHAT U HMEIOMIKX LeHTp Ha Napabore y? = 4z.

1993. HaiiTu orubatoliyio cemeiicTBa OKpy®HOCTEH, mMeIOIInX qnua-
MeTpaMi PaluyCc-BeKTOPHI TOUeR THIepbolsl Ty = a’.
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1994. 13 wauvana KoopaimHAaT BBIMYyCRaeTCA CHAPAN € HavalbHO
ckopocThio b mon yriom o kK ocw Ox. Haiitu ormbaroniyio cemeiicTBa
TPAERTOPHil MPU PaA3IUUYHBIX .

1995. Haiitu ormbaroryio: 1) cemeiicTBa MpAMBIX 2 €OS oty sin a —
— p = 0 npu nocroAHHOM p; 2) cemeiicTBa MPAMBIX Y = a& + —;
a

3) cemefictBa Kybuueckux mapabon y — 1 = (z — a)3.
1996. Haittn ormbaroiiyto cemeficTBa ORpyEHOCTE ¢ IeHTpaMu HA
ocu Oz, pagmycamu KOTOPBIX CJIYHKAT COOTBETCTBYIOI[ME OPIWHATHI

napa6onsr y2 = 4z.
2 2
x

1997. Haittu orubaiomiyio cemeficTBa HIITUIICOB Py =1 npu
a
YCIOBHH, 4TO CyMMa NOJIyoceil mmeeT MOCTOARHYIO niuny [.
1998. HaiiTn ormbaroriyro cemeificTBa mapabos, mmeomuxX 0Ch CuM-
MeTpun, mapamienbuyio ocu Oy, u TPOXoaAnX yepes Toukn (—a; 0);

(3a; 0) u (0; 3a?) npu pasAMYHLIX a.

§10. KacareapHaa MI0CKOCTh U HOPMAlAb K TMOBEPXHOCTH

Mlyers noBepxHOCTH 3amaHa ypasHeHneM F(z, y, z) = 0; Bo3bMeM Ha Heif
roury M (z; y; z).
YpaBHeHUA HOPMalau K TOBEPXHOCTH B 3T0H ToYke OymyT

X—z Y-y Z—z

= = . 1
dF/dx  OF/0y OF/0z (1)
YpaBHeHHe KacaTeldbHOM II0CKOCTH:
OF OF oF
— (X —= —(Y — —(Z—2)=0. 2
P -n+ v -n+ - 2
B ypasuenuax (1) u (2) X, Y, 7 — Teryumne KoopAHHATE HOPMAIH WJIH
KacaTeJbHON INI0CKOCTH.
OF OF OF
Bertop N { ——; ——; —— > HA30BeM HOPMAIbHbLM BEKTOPOM MOBEPXHO-
Jx’ Jy’ 0z
cTH.
OF oF
Ecam ma moBepxHocTH ecTh Touka, B Koropoit — = 0, — = 0,
Ox Oy
oF
5 = 0, To oHa HaszbIBaeTCA ocoboti. B Takoll Touke HeT HU KacaTelbHOMN
z

IIJIOCKOCTHU, HU HOPpMAaJH K IMOBEPXHOCTH.

Hanmcarh ypaBHenma KacaTesbHO IIOCKOCTH K IOBEPXHOCTH:
1999. z = 22 + 2y? B Touke (1; 1; 3).
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2000. 2y = 22 B Touke (To; Yo; 20)-
2001. 2yz = @® B Touke (To; Yo; 20)-
2 2 2

2002. 2—2 Z_Q - i_Q = 1 B Touke (Zo; Yo; 20) m B Touke (a; b; c).

2003. OnpegenuTh NI0CKOCTh, KacaTelbHYIO K IIOBEPXHOCTH T2 +
+ 4y? + 2% = 36 u napaiIenbHYIO WIOCKOCTH T + Y — 2 = 0.

2004. Hanucars ypaBuenuns nopmaiu B Touke (3; 4; 5) K moBepx-
noctu kouyca 2 + y? = 2%, B raroil Touke Komyca HOpPMAlb HEOIpe-
nenenna’

2005. HaiiTm yrael ¢ ocAMu KOOPAMHAT HOPMAaJu K TOBEPXHOCTH
224+ y? — 2z — yz = 0 B Toure (0; 2; 2).

2006. Hamwcars ypaBuennus HOpMaIn K oBepxXuocTH 2224y%z = 4
B Touke (—2; 0; 1). llocTpouTs HOpMaTh 1 MOBEPXHOCTD.

2007. [lora3aTh, 4T0 KacaTeIbHBIE TIOCKOCTHU R TIOBEPXHOCTH TY2 =
= @? 06pa3ylor ¢ IIOCKOCTAMH KOOPIMHAT NHPAMIIbL [0CTOAHHOIO
obbema.

2008. IlorazaTh, uT0 cymMmmMa KBaIpaTOB OTPe3KOB, OTCEKAEMBIX HA
0CAX KOOPIWHAT MJIOCKOCThIO, KacaTelbHO! K MOBEPXHOCTH 223 4
+ y2/3 + 223 = a2/3, paBHA MOCTOSTHHOI BeIUUYMHE a.

2009. HaiiTm paccToAnme nayaja KOopiuHAT OT RacaTellbHO MIoc-

z
KOCTH K refqmronny y = & tg — B Touke (a; a; w7a/4). lloctpounts mo-
a

BepXHOCTh 10 ceuenurm: z = 0; wa/4; 7a/2; wa.

2010. HanmucaTh ypaBHenue KacaTeJbHON TJIOCKOCTH K TOBEPXHO-
et az = 2% 4 y? B Toukax Nepeceuenus ee ¢ NpAMON T =y = 2.
22
2011. ITorazath, uTo KacaTelbHad MIOCKOCTH K TOBEPXHOCTH — +
y? 22 @
+ b_2+ 2 = 1 B Toure Ha Heit (960; Yo, ZO) onpeneserca YpaBHEHHUEM

Lo  YYo , 220
@ttt

2012. HamucaTh ypaBHenus HOpMalu K TOBEPXHOCTH 2 + y2—
—(z = 5)2 = 0 B Touke (4; 3;0). IocrpouTh B MepBOM OKTaHTe MO-
BEPXHOCTh W HOPMAaJb.

2013. HaiiTm yrael ¢ ocAMu KOOPAMHAT HOPMAaJu K TOBEPXHOCTH
2z = 22 — y? B Touke (2; 2; 0).

2014. HaiiTn paccToAnme nayaja KOOpiuHAT OT RacaTellbHOo MIoc-
roctu K Romouny (2a% — 2%)a? — a?y? = 0 B touke (a; a; a).
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2015. llokazaTh, 4T0 cymMma OTPE3ROB, OTCeKaeMbIX Ha 0CAX ROOP-
IuHAT MJI0CKOCTHIO, KacaTelbHON K MOBEPXHOCTH x1/2 + y1/2 + 22 =
= a1/2, paBHA MOCTOAHHON BellMYnHE d.

2016. B raroit Touke RacaTellbHadA MJIOCKOCTH K TMOBEPXHOCTH 2 =

=4 — 2% — y® napannenbua: 1) mnockocrn xOy; 2) nnockocTn 2z +
+ 2y + z = 07 Hanmcarb ypaBHeHud 3TuX KacaTelbHbIX MIOCKOCTEIl.

§11. Craaapuoe mome. JJHHHH W TMOBEPXHOCTH YPOBHEN.
IlpousBogHaa B maHHOM HampaBieHHH. ['pamgmeHT

Ypasrenne v = F(x, y) onpenendAer u B Ramuoii Toure (; y) HEROTOPO
0bIacTy, KoTopad Ha3bIBAETCA NOAEM CKAAAPA U. Boonb Kammol w3 TUHMN
F(z,y) = w1, F(x,y) = ug, ..., TO€ Uy, U, ... — HOCTOAHHBIE, CKAIAD U
0CTAETCA MOCTOAHHBIM M MEHAETCA TOJIBKO IPU NEpexofie ToYRU (Z; y) C ofl-
HO JIMHWH Ha IPYTYI0. DTH THHUK HA3BIBAIOTCA U30AUHUAMYU (M30TEPMAaMH,
H300apaMiu W T. T1.) HITH AUHUAMU YPOSHET.

YpasHenne u = F(x, y, z) OUpeNeNAer node CKAAAPa U B HEROTODOW
JacTU TPEXMePHOTo TMpocTpaHcTBa. H3onoseprnocmamu, WIN NOGePITHO-
cmamy yposred OymyT

F($a Y, Z):ula F($a Y, Z)ZUZa
Mlyers Toura (#; y; z) TepeMeraerca Mo TpAMoOR £ = &g +{cosa, y =

= yo +lcosfB, z = zp + {cosy co cropoCTIO 7= 1. Torma cramap

u= F(x,y, z) Oyoer M3BMeHATHCA CO CROPOCTHIO

du du OF n or a4 or N .1
=—= cos o + — cos —cos =
dt ~dl o dy TEae
or or or )
rme N —  HOPMGAbHBIY BEKTOD U30NOEEPTHOCMU, A
oz’ Ay’ 0z
lo{cos a; cos B; cosy} — enuHuuHbIN BekTOp HampaBiaeHusd 1.
IIponssonnasn
du OF

OF oF
W_ﬁ—xcosa—l—aycosﬁ—l— cosy=N"'1

HasbIBaeTCA npoussodnol om dynurxyuu v = F(z, y, z) 6 dannom Hanpa-
saenuu lo{cos a; cos 3; cosvy}.
I'paduenmom cranapa u = F(z, y, z) HaswBaercd sexkmop grad u =

_ Ou,  Ou, Ou
i+ —j+ 2y I'paguent ecTh BEeKTOp CKOPOCTU Haubbicmpetiutezo

o 31‘ Oy 0z

H3MEHEHNA CRajJApa u.

2017. llycts 2 = 4 — 22 — y?. HocTpouts Muuun yposuelt u grad 2
B Toure A(1; 2).
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2018. IIycto 2 = arctg Ly lloctponTh nwuum ypoBmeit u grad z:
x

1) B Jw00H Touke NpAMON y = z; 2) B JH000H TOukKe TPAMON
y = —x, B wacTHoCTH B Toukax (1/2; £1/2), (1; £1), ...
2019. TopusonTaiu BO3BBIIIEHHOCTH ONPENENAOTCA YPaBHEHUEM
22
h = 20— T y?. IlocTpouTh TOPU3OHTANN, COOTBETCTBYIOIIIE OT-

metkam h = 20m, 19wm, 18 M, 16 u 11m. Hanpasnenwe gradh
onpenendeT 3/eCh HAllpaBleHne JUHNT Hanboiee KPyToro cKata, a Be-
JuunHa — KPyTW3HY 9TOro cKkara Bospbiniennoctu. lloctponts grad h
B Touke * =2 u y = 1.

2 _

2020. Hatfitu nauboIbUIyI0 KPYyTU3HY TOBEPXHOCTH 2° = ZY B
Touke (4; 2).

2021. Haiitn npomsBomuyto ¢yukunn v = In (e” 4+ €¢¥) B mampa-
BIIeHUH, MapallliellbHOM OMCCeKTPUce KOOPIMHATHOLO YIIa.

2022. Haiitun npomsBonuyio ¢yuknum u = 22 + y° + 2% B Touke
(1; 1; 1) B nanpaBiennn l{cos45°%; cos60°; cos 60°} u maittu grad u
B TOil e Touke m ero miauHy. IlocTponTh MOBEPXHOCTH YPOBHEI.

2023. IlocTpouTh MOBePXHOCTH YPOBHell ckamzApa v = 22 4+ y% —
— 2z u maiitu n nocrpouth grad u B Toukax mnepecewenud ocu Oz ¢
MOBEPXHOCThIO U = 4.
2 2 2
2024. HatiTu Tpou3BOIHYIO PYHRKIUM U = 2 + o] + 2 B TOuKke
(a; b; ¢) B mampaBIennn pammyc-BeKTOpa HTO TOUKH.

2025. Ilycts 2z = . lloctpoutrh nwaum yposmeii u grad z B

72 + y2
touke (—1; 2) n maiitn |grad z|.
du

2026. Ilycts v = zyz. Hafitu npousBonuyio Vil B HallpaBJIeHUN,

COCTaBIAIIEM € OCAMK KOOPIWHAT paBHbIe YIbl, B N1000# TOuKe u
B Toure (1;2; 1).

2027. [locTpouTh NOBepXHOCTH YpOBHEll cramapa u = x2 +y2 — 22,
onpenenunTh grad u ma MOBepXHOCTH, NPOXOAAIeil vepe3 mavaio Koop-
IWUHAT, U MOCTPOUTH €ro B TeX TOUKAX 3TOi MOBEPXHOCTH, B KOTOPbHIX
y=0wu z=2.

2028. llycrs u = /22 + y2? + 22. Haiitu grad v n ero miauny.
22 y?
2029. ITocTpouTh u30TOBEPXHOCTH TOMA QYHRIMU U = — — PrART)
c a
v HAfiTH MPOM3BOIHYIO OT % B Touke (a; b; ¢) B HAlpaBleHun pagnyc-
BEKTOpa JTOH TOUKHU.
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§12. IkcTpeMyM QYHKUHH OBYX TNEpeMeHHBIX

1°. Heobxomumseie ycaopuda. Oyuruna z = F(x, y) MomeT HMeTh

oF

IKCMpeMYM TOIBKO B TOUKAX, B KOTOPBIX — = 0 u —— = 0. Itu TouRM

Ox Oy
HAa3BIBAIOTCA KPUMUUECKUMU.
2°. Tocrarounsie ycaoBusa. Obosuaunm uepes A, B u C 3Havenus
9?F  9°F 9%F
8x2’ Hzx dy " Ay
Torna, ecau:

TIPOU3BOIHBIX B KpUTHYeCKOM Touke (Zo; Yo).

A B
1) B C >0, 1o F(an yO) = Zmax 1pu A <0, F(an yO) = Zmin
mpu A > 0;
2) é g < 0, To BKCTpEMyMa HeT;
3) é g = 0, To BKCTPEMYM MOMET OBITh, a MOMKET W He OBITH (COMHH-

TeNBHBIN cayvait).
3°. YcaoBubiil 3rcTpeMmy™. Yrobbl Haiitu srcTpeMyM (yHKIAN
z = F(», y) npu yclIoBuH, 4T0 & W Y CBA3aHBI ypaBHeHWeM ¢(x, y) = 0,
cocTaBUM BCIoMoraTenbHy0 QyHRIMO u = F (2, y) + Ap(x, y).
KoopamHaTh SKCTpeMabHOM TOURM (2] ) TOMAHBI YIOBIETBOPHTE TPEM
u Ju

aﬁ_xZOa %

ypasHeHuaM: ¢(z, y) = 0 = 0, W3 KOTOPBIX U HAXOTATCA A,

T U Y.

Hatitu srcrpemym QyHRmuum:

2030. » = 22 — 2y + y? + 92 — 6y + 20.

2031. z = y\/z — y?> — = + 6y.

2032. - = 2% + 8y3 — 6xy + 1.

2033. z = 2zy — 4z — 2. 2034. z = em/Q(x +y?).

2035. z = sinz +siny+sin(z4+y) nwpu 0 <2< 7/2 nu 0L
<y </

1 1
2036. : = —+—nopux+y=2.
z Yy

2037. z = x4+ y upu %—I—%:l.
T Y 2

2038. OnpenenuTrh pa3Mepbl NPAMOYTOIbHOI0 OTKPLITOr0 6acceiina,
UMeIOIero HanMeHbIIYI0 TOBEPXHOCTh MPH YCIOBUM, YTO €ro 00bem
paBen V.

2039. Ioctpouts smnunc 22 4 4y? = 4 u npamyio 2z + 3y — 6 =
= 0 u ma 3AunmCe HANTH TOUKN, Hanbollee 1 HaWMeHee yIajeHHble 0T
MPAMOIi.

2040. Ha runepborne 22 — y? = 4 waiiTu TOURy, HAUMEHee yIaleH-
uyio or toukn (0; 2).
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2041. Oupenennth pazmepbl HWIKHIPA HAWOOIbIIET0 06bema mpu
yCIIOBHHM, UTO €TI0 IOJHAA MOBEPXHOCTH paBHa S = 67 M2,

2042. 1) B smmumnc 2? 4+ 3y? = 12 BuucaTh paBHOGeIpEHHEIN Tpe-
YyTOAbHUK C OCHOBaHWEM, mapalielbHbiM 00IbIION ocu, Tak, uTOOLI
WIoIIanh TPeyrolbHuka 0blia HaubodbImeit.

2) Ocb Oz pacnosomena na rpanumne 1ByX cpen. llo kakomy myrn
nomken npofitn ayu cBera u3 Toukn A(0; a) B Toury B(c; —b), uTobb!
3aTpaTuTh Ha NPOXMKIEHUE HTOTO PACCTOAHMUA HAWMEHbIee Bpems
(a>0,b>0, c>0)?

a b

vy cosa Vg cos 3
npu ycaosuu a tg a+btg f = ¢, rme v U vy — CROPOCTH CBeTa B NBYX CPeNax,
a o u 3 — yribl NageHusa U IpeJoMIIeHU.

Yrazanue. Hymnao natttu Mmunumym pyarnmm 7' =

Hatiti sEcTpeMymbl GyHRumMI:

2043. » = 32 + 6y — 2% — 2y — y2.

2044. z = 2% + y* — 22 — 4, /7y — 2y + 8.

2045. z = 2z° — ny + 5z2 4+ y2.

2046.2:3$2—2x\/§—|—y—8x—|—8.

2047. z = 2y npu ycaoBuu, uto x> + y? = 2.

2048. Hatitm mambonpinii o0bem mpAMOYTOJIBHOT0 Tapajieleny-
mefia mpyu yCIOBHU, YTO IJWHA €r0 TuaroHajlu paBHA 2V/3.

2049. 1) Ha napa6oie y? = 4z naiiTu TOUKY, HAUMEHEee YIATeHHYIO

or npAmoit x —y + 4 = 0.
2 2

z Y
2) B snmmune — + % = 1 Buncan npAMOyrolbHUE HanboTbIIeit

a? = b2
wirotmanu. HaifTu 3Ty niomams.
2050. OnpenenuTrh pa3Mepbl KoHyca HAUO OJIbIIIEr0 00beMa mpu yCJio-

Brum, uTO ero 6OKOBaA TOBEPXHOCThL paBma S.
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TNOOEPEHIIAAILHBIE YPABHEHNA

§ 1. llonaTHe o muddepeHUHATHHOM YPABHEHHH

1°. ObrirHOBeHHBIM NudbepeHNUATbHBIM ypPaBHEHUEM
n-T0 MOpANKA Ha3bIBaeTCA ypaBHEHIE BUIA

F(z,y, vy, ..., y™) =0, (1)

rie y = y(x) — ucromaa ¢pyurnmd. JTrwbad dpyHrimA y = ¢(x), obpamiaro-
madA ypasHeHne (1) B TOHIECTBO, HASBIBAETCA pewleHueM JTOT0 YPaBHEHHA,
a TpaduE 3Toll QyHEKIME — umnmezpaavnoli xpusot. Ecim pemenue 3a-
naHo B HeABHOM Buae ®(z, y) = 0, T0 0HO 0OBITHO HABBIBAETCA UHIMESPAAOM
ypasrernd (1).

Oyurima y = ¢(x, Cy, ..., Cp), conepmarinad n He3aBUCUMBIX TPON3-
BOIIBHBIX TIOCTOAHHBIX, HASBIBAETCA 06uuMm pewernuem ypapHernd (1), ecan
OHa ABIAETCA €ro pelleHnueM IIPH JIO0bIX 3HadeHuAX nocToAHHBX O, ...
.., Cp. FEcam sra QyHRUMA 3amaeTcAd B HEABHOM BH/E BBIPAKEHNEM
Sz, y, Ch, ..., Cp) = 0, To 970 BBHIpaKEHHE HABBIBAETCA O06UUM UHITLE-
epason ypasuenua (1). Tlpunasaa B Beipamennn y = @(x, Ch, ..., Cp)
unn B Beipamennn ®(xz, y, C1, ..., Cp) = 0 ompeneleHHble 3HAYECHNUA M0~
croauabM (1, ..., C), TIOIyY9aeM uacmuoe peuterue WA COOTBETCTBEHHO
yacmubitl unmeepaa ypasaeand (1).

OGpaTHO, WMeA ceMeHCTBO KPHBBIX, 3aJaBaeMblX ypaBHEHNEM

Oz, y, C4, ..., Cp) = 0, u ucrmtouasa napamerpet Cq, ..., Cy, U3 cHCTEMBI
ypaBHEeHUT
do o
q):O, %:0”dl‘”: s
MOJLYYHM, BOOOIIIE ToBOPA, M depeHIanbHoe ypasHeHne Buna (1), nua Ko-
toporo ®(z, y, Cy, ..., Cy) = 0 ABAAeTCA OOIIHM HHTETPATOM.

2°. udbdepennnanbHoe ypaBHeHHe MNepBOTO MNOpPAAKA
uMeeT BHUI

F (x v, Z—i) =0. (2)

¥
Permue ypaBHeHMe (2) OTHOCHTEIBHO Tr’ €CJIM 3T0 BOBMOMHO, MOIYUYUM
x

W=t w). (3
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dy
e = flz, y) wunTe-
rpaibHOil KpUBOI B TOURe (Z; y), T. €. ONPENENALT NOAe HANPAGACHUL WH-
TerpaibHBIX KPUBBIX.

Ecmu B Heworopoit obmactn GyHrimA f(z, y) HENpepbIBHA U HMEET OTpa-
HITYEHHYIO YaCTHYI0 MPOU3BONHYIO fy (T, Y), TO OKABBIBAETCA, UTO Yepes Kasi-

Ypasrenue (3) ompemender makion k = tga =

Iy BHYTPEHHIOK TOYRY (Zo; Yo) HTOM 0bIacTH Mpoiiaer enMHCTBEHHAA HMH-
TerpajbHaA KpHBad.
B Takoii obmactu ypasHeHue (3) mmeer obiiee pemerne y = o(x, C'),

unn obrmmit waTerpan ®(xz, y, C') = 0, ©3 KOTOPOro MOKHO HaliTH €TMHCT-
BeHHOE YacTHOE pellleHue, WK eIMHCTBEHHBIN YacTHBIN WHTerpads, yIoBie-
TBOPAIOIINE HAYAAbHBIM YCAOBUAM: Y = Yo NIPU & = Xg.

2051. IIpoBepuTh noncTamoBRoil, uto Gynkuus y = C'z> apaserca
pemrernem nudQepennuanbaoro ypasaenna 3y — xy’ = 0. locTpouts
WHTerpalibHble KPUBbIE, TPOXONALINE yepe3 TOUKN:

1) (1:1/3); 2) (15 1); 3) (15 =1/3).

2052. [IpoBepuTh moacTamoBROM, uTo Tudhepenunalbuble ypaBHe-
and 1) ¥y’ +4y =0 u 2) y"” — 9y’ = 0 mmeroT cooTBeTCTBEHHO 06IINE
pemenns: 1) y = Cy cos 22+ Cysin 22 u 2) y = Cy +Coe3” + C3e737.

2053. lloctpoutrsh mapaboast y = C'22 npu C' = 0, £1, £2 u co-
craBuTh TuddepenunalibHoe ypaBHeHHEe ceMelicTBa TakuX mapadod.

2054. [loctponth n3obpamenns cemeficTBa: 1) oKpymuOCTef % +
+ y? = 2Cx, 2) napaboa y = 22 + 2Cz u cocraButh ux Auddepen-
nuajlbHble YpaBHEHWA.

2055. llocTpouTh uzobpamenud noielt manpaBienuil, onpenense-
MbIX KaiillblM W3 YpaBHEHWIA:

dy _y. dy : dy 2

2056. Iloctpouth uzobpamenue noidd HaunpaBienuti, onpenense-

d
MOI'0 ypaBHEHUEM d—y = /22 + y2, ¢ NOMOIIBIO OKPYKHOCTEH, BIOIb
x

d 1
KOTOPBIX d—y = 5; 1: 2; 3; ... HapucoBaTh npubiumeHH0 uHTET PAlhb-
x

HYI0 KPUBYIO, MPOXONALIYIO yepe3 Havalo KOOpIuHAaT.

§ 2. Iud pepennuainHoe ypaBHEHHE TEPBOT0 MOPAIKA
¢ pasfeladAwUINMUcA IepeMeHHBIMH.
OproroHaILHBIE TPAEKTOPHH

1°. IupdepeHumanbHoe ypaBHeHHEe NMepPBOTO NMOPANKaA
Pdr+ Qdy=0, (1)

rae P u () — QyHRIUY & U Y, HA3LIBACTCA YPABHEHUEM € PA3JeAf0 UUMUCA
nepemerHbly, ecian ko3dounuentsr P u () npu nuddepennuanax pasiaara-
I0TCA Ha MHOMUTEIN, 3aBUCAIINAE TOJIBKO 0T & WM TOJABKO OT ¥, T. €. ecyu
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OHO MMeeT BH]

f(@)e(y) de + fr(z)er(y) dy = 0. (2)

Pasnemns oba wieHa ypaBuenusa (2) Ha ¢(y) f1(x), momyanm

Jle)de  o1(y) dy
A T oW

O6mmm wHTerpamoM ypasHeHHA (3), a cienoBarenbHo, U (2) Oymer

f(z) da e1(y)dy
Siz) +/ e(y) =

2°. OproroHadbHBIMH TpPAEKTOPUAMH  ceMelicTBa auHHUN
F(z, y, a) = 0 HasbIBaIOTCA JTHHAN, MepeceKaloIIne JTHHIKA TaHHOTO ceMeii-
cTBa Ton mpAMBIM yraoM. Ilpogud depennnposas ypasaenne F(z, y, a) =0
0 £ W WCKIIYMB ¢ W3 TIOJYYEHHOT0 M NaHHOTO ypaBHeHWI, Hoayuynum nud-
(epeHIMaNbHOE ypaBHeHWe JuHMI mauHoro cemetictBa y' = f(x, y). To-
raa duddepenyuaibHbl;m YypasHeRueM OPpMoO2OHAAbHBT mpaekmoputi Gyner

fle, y)

B caenyrouinx mugdepennnaibubix ypaBuenuax: 1) wmaiitu 00-
wnii uHTErpan; 2) MOCTPOUTh HECKONbKO MHTErPAlbHBIX KPUBbIX;
3) mallTu yacTHBIN MHTErpajl N0 HAYaJbHBIM YCIAOBUAM Y = 4 Ipu
= -2

2057. zy' —y = 0. 2058. 2y’ +y =0.

2059. yy' +x = 0. 2060.y" = y.

—0. (3)

(4)

Yy =-

Hatiti ob1lime nuTerpaibl ypaBHeHmii:

2061. 22y’ +y = 0. 2062. = + 2y + y'(y + 2y) = 0.
2063. 2 dr + (r — a) dp = 0.
2064. 2st? ds = (1 + 2) dt.

B crenyromnx ypaBrenmAX maifiTu o0MInit m wacTHBITT mHTEr paIbl
10 HAYAJIbHLIM YCJIOBHAM!:

2065. 2y'\/r =y, y =1 npu z = 4.

2066. y' = 2y + 1) ctge, y =1/2 npu @ = x /4.

2067. 22y’ + 42 =0, y=1npuz = —1.

2068. IlocTpouTh nuTeTpalbHble RPpuBbIe KaKIOT0 U3 YpaBHEHUN:
1) /(2% — 4) = 23y; 2) v’ + ytga = 0, npoxonAmme yepes TOUKM:
1) (0; 1); 2) (05 1/2); 3) (0; =1/2); 4) (0; —1).

2069. Haiitn ®puByto, mpoxondamryio yepes Touky (1; 1/3), ecan
yIIoBoil Ko3(pdunueHT KacaTelbHOW K Hell B 100071 TouRe KpuBOil

BTpoe Oodblile yrioBoro ko3 guuueHTa pagnyc-BeKTOpa TOYKH Kaca-
HUA.
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2070. Kpusas npoxonut uepe3 toury A(0; a), M N — npousBoib-
mad opimuarta Kpuoit. OnpenesunTb KPUBYIO U3 yCJIOBUA, 4TO MIIOIIATh
OAMN = as, rne s — namna nyru AM.

2071. Haittu KpuByt0, NIPOXONAIIYIO uepe3 TOUKY (a; a), ecin Moi-
RacaTenbHasd B N10601 TOuke ee paBHa YIBOEHHON adclucce TOURM Ka-
cauus.

2072. Haittn kpuByio, mpoxomAiiyio uepes Touky (—1; —2), ecin
momHOPMAaNh ee B Kammoil Touke paBua 2.

2073. 3a rawoe Bpems Tejio, marperoe no 100°C, oxsammTed 1o
25°C B rommuare ¢ Temueparypoit 20°C, ecin 1o 60°C ono oxsamma-
ercsa 3a 10 mun? (Ilo 3akony Hpiotona ckopocTs oxmammenus npomop-
IMOHATbHA PA3HOCTH TeMIepaTyp.)

2074. Harpyska ma kanat BucAuero mocra (cm. puc. 6) oT kamoit
eNUHUTIBT IIUHBI TOPU30HTANLHOM 6anku paBua p. llpenebperas Becom
Ranara, HaliTu ero ¢opmy, eciu HaTAKeHue KanaTa B Hudlleil Touke
npuHATHL 3a H.

Yraszanue. Bospmem Ha nyre OC' (puc. 6) mpousBoabHyto Toury M.
Ha uacts wamata OM Oynyr meficTBOBaTH TPU CHJIBI: TOPU30HTadIbHad H
(BmeBo or TourM M), BepTHRAIbHAA — BeC p& M TaHTEHIHAIBHAA CHIA Ha-

ramenna T (Bupaso ot Touru M). JaA paBHOBecHA cyMMa TPOERIHIT CHIT
va Oz u Oy nommua paBHATHCA (.

2075. OnpenesuTrh u NOCTPOUTH KPUBYIO, TPOXOIAIIYIO 4epe3 TOUKY
P(—a; a), ecian oTpe3ok AB 060l KacaTelnbHO K meil, 3aKir0Uen-
HBIH MEeRTY ocAMu KOOPIUHAT, TenuTcsa Toukoit kacanuda M momomam.

2076. HaiiTn opToronajbuble TPaeKTOpuu cemelicTBa mapaboi ay =
= z2. llocTpouth ux.

2077. Haittm oproromalbuble TpaeKkTopum cemeiicTBa TuIepdoI
TY = cC.

2078. HaiiTn opToronalbuble TPaeKTOpuu cemeicTBa MOAyKyOuue-
ckux napabon ay? = 3.

2079. HaitTu oproronalbhBble TpaeRTOpuu cemeficTBa HIITUIICOB

22 4+ 4y2 = a2,

Pemtuth ypaBuenus:

2080. y'z3 = 2. 2081. (22 4+ 2)y’ =2y + 1.

2082. y'v/a2 + 22 =y. 2083. (1+ 22)y' + 1+ y? = 0.

2084. dr +rtgepde=0; r =2 upu ¢ = 7.

2085. y' =2, /ylnz; y=1n1pn z =e.

2086. (1 + 22)y’' + yvV1+ 22 =2y; y=1npuz = 0.

2087. OnpeneqnTh KPuUByIO, TPOXOIAIIYIO yepe3 Toury A(—1; 1),

ecyu yIioBoil Ko3(pdulueHT KacaTeJbHoil B Mt000i Touke KpuBOil pa-
BeH KBalpary OpIuMHATLI TOUKM KacaHmA.
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2088. Kpusas npoxonut uepe3 toury A(0; a), M N — npousBoib-
mad opimnarta Kpusoit. OnpenesunTb KPUBYIO U3 yCJIOBUA, 4TO MIIOIIATh
OAMN = a(MN — a).

2089. OnpenesuTrh u MOCTPOUTH KPUBYIO, TPOXOAAIIYIO 49epe3 TOUKY
(—1; —1), naa woropoit orpesor OT', orceraembrii na ocu Oz Kaca-
TelbHO! K KpuBOil B 1t000(1 ee TouKe, paBeH KBanpaTy adCIUCCHI TOUKHI
RacaHud.

2090. HaiiTu oprorosazbHble TpaeRTOpHN cemeiicTBa Tulepbor 22 —
— 2y? = a2

2091. Oupenenurh KpuByi, paimyc-BeKTOp Jt060il TouKm KOTOpOit
paBeH OTPe3Ky HOpMallnm Me#Iy KpuBoil m ocbio Oz.

2092. OmpenenuTh JUHWIO, eCIW TIOIalb, OFPAHUYEHHA OCAMU
KOOPIMHAT, 3TOH Juuueil u NpousBoIbHOI ee opaunaroil, paBua 1/3
TJoUIany TPAMOYTOIbHUEKA, TOCTPOEHHOT0 HA KOOPAHMHATAX KOHEYHOI
TOYKK KPUBOIi.

§ 3. Iud hepennuanbible ypaBHEHHA NEPBOTO NMOPAIKA:
1) omuopomHoe, 2) auneiinoe, 3) BepHymiu

1°. Opunoponuoe ypaBHeHwue. YpaBuenue P dr 4+ () dy = 0 Hasbl-
Baerca odnopodnvim, ecaiu P u () — omHoponHbie QYHKIUN OT & W Y OIH-

Y Y
HaKOBOI'0O H3MEPEHHA. Omno IIPpUBOIUTCA K BUIY d_ = @ | — | U pemaercA
xr xr

LY
IIOACTAaHOBKOU — = U WJIN Y = UZX.

2°. Jlunetinoe ypasueunune. udpdepeHnnaibHoe ypaBHeHIE HAZhI-
BAETCA AUHELHBIM, ECITA OHO TEPBOH CTENeHN OTHOCUTENHHO MCKOMOM (YHE-
1MW Y W BCEeX ee TIPOW3BONHEIX. JIWHeliHOe ypaBHeHWe TEPBOTO TOPAMKA
nmeer Bun y + Py = (). OHo cBogWTCA K OBYM ypaBHEHWAM C pasfiedid-
IOIUMUCA MePEMEHHBIMU TONCTAaHOBROM y = wv. [Ipyroit cmocob permtenus
(sapuayus npoussoabHoli NOCMOAHKON) COCTOMT B TOM, UTO CHavala pe-
maem ypasHenme y' + Py = 0; nonyuaem y = —Ae~ JPdz  loncrasnaem
5TO pEIlleHNe B IaHHOe ypaBHeHHE, cunTad A QyHRIuell £, U 3aTeM HAXOTUM
A'm A.

3°. yp%BHEHI/Ie BepHXJIJII/I y + Py = Qy”gpemaeTCH TaR e,
RaR U JuHeltHOe, MOMCTAHOBKOM Yy = uv WU Bapualmeil TPpON3BOIBHON MO~
CTOAHHON. YpaBHeHWe BepHynnm mpwBoOWTCA K JTUHEWHOMY MOACTAHOBKOM

7= yl"”.

Petiinth nuddepeniinaibuble ypaBueHnd:

2093. yy' = 2y — z. 2094, 22 4+ y2 — 2zyy’ = 0.
ds s t , 3y
2095, — = — — —. 2096.y' — — = =z.
dt  t s x
e

2
2097. o' + 24 =

T T
2098. y’' cos x — ysin x = sin 2.



212 I'n. 12. Adugppepennnairaple ypaBHEHUA

2099. v’z +y = —xy?. 2100. ' — 2y = —y3e"".
2101. zy’ cos g _ Yy cos L
T T

2102. 2%y’ = y2 + 2y. 2103. zy' +y=1Inz + 1.

2104. 22y%y" + ya3 = 1.

B 3amavax 2105-2107 naitTu yacTable uHTETPaNBl MO TAHHLIM Ha-
YaTbHBIM YCIOBUAM:

2105. y + /a2 +y2 — 2y =0; y=0 npu v = 1.

d
2106. t2d—f =2s—3; s=1uput=—1.

Y 1
2107.$y':y(1—|—1n— iy =—=1pu = 1.
x Ve

2108. Haittn cemeiicTBO KpuBBIX, TOfKacaTedbuad B JO00 Touke
KOTOPBIX eCcTh cpelnee apupmMeTnuecKoe KOOPIUHAT TOUKM KAaCaHUA.

2109. HaitTw opToronajbubie TpaekTOpru cemelicTBa OKPYMHOCTeH
22 4+ y2 = 2azx.

2110. Cuiia ToKa ¢ B 1enw ¢ conpoTuBienmem R, camMomnIyKimeii
L v snerTponBumyIiieit cumolt I ynoBieTBopAer nuddepeHiunaibHOMY
yYpaBHEHHIO

dr .
L—+ Ri=F.
dt

Pemtuth 310 ypaBuenwe, cuutag R u L TocToAHHBIMU, & DIERTPO-
IBHMARYIYIO cuay F nwmeiinmo mapacratomeii: F = kt. Hauvanbubre
yenoBusa: ¢ = 0 npu t = 0.

2111. Haittu dopmy 3epkana, oTpamalolllero Bce JTyuu, BBHIXOMA-
1niwe w3 NaHHO# TOUKM, NapajiiellbHO TaHHOMY HalpPaBIeHUIO.

Yrazauue. PaCCManI/IBaH INIOCKOE CeYeHHe 3epraJia, IpuMeM B HEM
ODaHHYIO TOUYRY 3a Havallo KooOpouMHAaT, a JaHHOe HallpaBJ/icHNe — 3a 0Chb Oy
Racarenbrasa k ucromoit kpusoit B Touke M obpasyer paBabie yrawl ¢ OM u
oceio Oy, T. e. orceraer Ha ocu Oy orpesok ON = OM.

Petiinth nuddepeniinaibuble ypaBueHnd:
2112, zy + y? = (222 + zy)y’. 2118, (a® + 22)y' + 2y = 1.

2114. zy’ + 2 /7y = y. 2115. 2z 4+ )y’ + y = «.
2116. v’ — ytgr = ctgx. 2117. tds — 2sdt = t3Int dt.
2118. i + zy = xy°. 2119. v’ + y cos x = sin 2z.
2
2120.y':y—2—g; y=1mnpu z = —1.
T T

2121. 3y%y' + > =2+ 1; y=—1 npu z = 1.
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2122. (1 —22)y' — 2y = 2y?; y = 0,5 npu x = 0.

2123. OmnpenenuTh KpuUBYIO, MPOXOIAIIyi0 uepesd Toury A(a; a),
ecJIu paccToAHue 0T Havala KoopauHaT 10 KacaTeJbHO B 110001 Touke
KpuBOil paBHO abcuucce 3TOH TOYRH.

§ 4. Iud dpepeHunadbHbie ypaBHeHHA, COMEPRAIIHE
I GepeHUHATLI MPOU3BENEHHUA H YACTHOTO

rdy—ydr d(x) _ydr—xdy

22 J ; y2

dlzy) = xdy+ ydx; d (%) =

Tarue YpaBHEHUA UHOrJa JerKo penraroTcA, €eCJIU COOTBETCTBEHHO II0JIO-
U

¥
HUTh TY = U, Yy = — WIN — = u, Yy = uz.
x x

Petiinth nuddepeniinaibuble ypaBueHnd:
2124. 22 dy + xy dx = dz. 2125. y2z dy — y3 do = 22 dy.

Yrazanue. B nmpumepe 2125 ypaBHeHWe TPUBOIUTCA K BUIY

yid (%) =dy um y?du=dy.

2126. ydz + (z — y3) dy = 0.
2127. ydz — (z — y3) dy = 0.
2128. ycosz dx + sinx dy = cos 2z dx.

d
2129. td—f —s=s%nt. 2130. 22y% + 1+ 23yy’ = 0.

2131. t2sdt + t3ds = dt. 2132. x dy — ydx = 2% dx.
2133. zy’ +tgy = 2w secy. 2134.y (ye—l’/2 + 1) = zy’.

§5. Iud depennuaanHble ypaBHEHHA NMEPBOTO MOPAIKA
B MOJHBIX TH()depeHnunarax. HHTerpupyomuii MHOKEHUTETb

1°. Ecau B muddepeHnnanbHOM ypaBHEHUH

Pder+Qdy=20
or _ 94
gy~ Ox

u =

, To oHO Tpuobperaer Bum du = 0 u ero 00Ut WHTerpaa Oymer

' oP |, 0Q
2°. Ecom 3_ + a—, TO TIPU HEKOTOPBIX YCJOBUAX CYIIeCTBYET DYHKIINA
y it

p(x, y) raraa, uro puP de 4+ pQ dy = du. Ira dysruua y(z, y) HaspBaeTcA
UNME2PUPYIOUUM MHOMRITEIEM.
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Wurerpupyromuil MHOBUTEIb Jerko HalTH B cyyasx:
OP/0y — 0Q/0x
) Q
0Q/0x — OP/dy
P

Hud dbepernnaabHbie ypaBHEHNA § 4 ABIAIOTCA YaCTHBIMU CIYUAAME ypaB-
HeHHi, paccMaTpUBaeMBIX B HAcTOAIEM Taparpade.

1) worn = ®(z), rorna Inp = [ ®(z) d;

2) worma = @y (y), rorna Inp = [ @1(y) dy.

Pemmtuth caenyiomue muddepeniinaibuble YpaBHeHUA «B MOTHBIX
nuddepennmanaxy:

2135. (4 - y—z) dr + 2—ydy =0.
x x
2136. 322e¥ dv + (23e¥ — 1) dy = 0.
2137. e Vda + (1 —ze™¥)dy = 0.
2138. 2z cos? y dx + (2y — % sin 2y) dy = 0.

HaiiTu wHTerpupyionine MHOKUTENIN U PeIuTh Tuddepennuailb-
Hble YDaBHEHWA:

2139. (2?2 — y) da + x dy = 0.

2140. 2z tgy da + (22 — 2siny) dy = 0.
2141. (e* — y?) do + ydy = 0.

2142. (1 + 322siny) dz — v ctgy dy = 0.

[Torasathb, uTO MeBbIe yacTu CAeAYIONMUX TuddepeHualbHBIX yPaB-
HeHUI CyTh NoJHbIe Tuddepeniinaibl,  PelInTh ypaBHEHWUA:

2143. (322 + 2y) dz + (22 — 3) dy = 0.

2144. (322y — 4ay?) dx + (23 — 422y + 12y3) dy = 0.

2145. (x cos2y + 1) dx — 22 sin 2y dy = 0.

Haiiti marerpupyolne MHOKATENN 1 PeIlnTh YPaBHEHIA:
2146. y? dz + (yz — 1) dy = 0.

2147. (22 — 3y?) do + 2zy dy = 0.

2148. (sinz + €¥) do + cosa dy = 0.

2149. (zsiny +y) dz + (22 cosy + xlnz) dy = 0.
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§6. Iud depennuainHble ypaBHEHHA NMEPBOT0 MOPAIKA,
He pa3pellleHHbIe OTHOCUTEILHO NPOH3BOIHOM.
YpaBuenna Jarpanmxa u Kaepo

1°. Ecan ypasuenne F(z, y, y') = 0 Bropoii crenenn oTHOCHTEmbHO ¥
TO OHO HMeeT JiBa peleHuA otHocuTenbho ¥': y = fi(z, y) ny = fa(z, y),
HENpepLIBHBIX OTHOCUTENBHO T W Y B HEKOTOPOIl 001acTH, 8 TeOMETPHYECKH
OIpenelnAeT B M000W Toure (o; Yo) HTOI 00macTH OBa HANpPABIEHHA WHTE-
IPaTbHBIX KPHUBLIX.

Tarue nuddepenunansueie ypapuenua F(xz, y, y') = 0, xpome obrmero
unrTerpana ®(xz, y, C') = 0 1 YacCTHBIX MHTErPaIOB, MHOTIA HMEROT €IIle 0Co-
6viti MHTErpas, He cofepAalInii TPON3BONLHOM MOCTOAHHON W B TO A BPeMA
He T0JTyYaroliiicA 13 o0IIero HA MpH KakoM 3HA4YEeHWH MOCTOAHHOM.

Oco0bIii MHTErpad, ecii OH CYIIECTBYeT, MOFHO IMOIYYUTh, MUCKIIOIIB
p =y us ypasnenutt F(z,y, p) = 0 u F)(z, y, p) = 0 nim e uCRIIOUNB
C' us obmero unterpata ®(z, y, C) = 0 u . = 0. Teomerpudecrn ocobwiti
uMmezpan ONPElelAer oeubauylo ceMeticmea UNMe2PatbHbLT Kpueblr ).

2°. Ypasuenue Jlarpauma

y=zf(p) + ¢p), (1)

roe p = 3, MHTErpUpyeTcA CIeAyIoInIM 00pasoM.
Mponud depentmporas (1) mo x, Haitnem:

p= ) + [£F'(0) + & (9)] j_i’

dx
910 ypaBHeHUE JUHEIHOe OTHOCUTENbHO & U o Pemns ero, mosyuymm:

z = CA(p) + B(p). (2)

Ypasrenna (1) u (2) OymyT mapaMeTpHYECKH ONMpPETENATh 00Nl MHTe-
rpai. VICKIIOUNB 13 HUX mapaMerp p (eci 5T0 BOBMOMHO), MOMYIHM OOTITHI
uHTerpan B popme &(z, y, C') = 0.

3°. Ypasueunue Haepo

y=px+¢(p) (3)

ABIAETCA YaCTHBIM ciydaeM ypaBHeHus Jarpanma. OHo nMmeer obrmuit wH-
terpai y = C'z + ¢(C') w 0cobrIit, TomyyaoUicAd HCRIIOUYEHHEM TapaMeTpa

p U3 ypaBHeHUit y = px + p(p) u x = —¢'(p).

2150. [locTpouTh HECKOIbKO MHTErPANTbHBLIX KPUBBLIX ypaBHEHHA

%4'2(1241)% Rarue n1Be unTerpaibubie KPuBBIe TPOXOIAT yepe3 TOURY
;4)7

]) CMm. ompenemenne orubatonieit Ha c. 200
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2151. llocTpouTh mHTeTpaibHble KpuBble ypaBHenud y'2 + y? —
— 1 = 0. Haxue mBe mnTerpaibuble KPuBHIe MPOXOIAT yeped TOUKRY
M(7/2; 1/y/2)?

2152. Iloka3arh, uTo HHTETpalbHLIe KPHBBe ypaBuenus Ty'? —
— 2yy’ + 4z = 0 comepmaTca BHYTPH OCTPOr0 yIIa MemIy NpPAMbBIMIE
y = +2z. llocTpouTh unTerpaidbuble KpuBble, ojdarad B 00IIeM WH-

terpaie nocroaunyio C' = j:§, 41, £2 u 7. 1.

2153. Periuth ypaBHennd:

Dyy?+y(z—y)—2=0; 2)zy?+22y —y=0
%1 HOCTPOI/ITB I/IHTEFpa.HbeIe KpI/IBbIe.

2154. PeirtuTh ypaBHenus, He comepmalliue ABHO OOHON u3 Tepe-
MEHHbIX:

1
_ 2. _ ot
Dy=1+y" 2)a=2y Yz
Yrasanue. (Obosmauus y' depes p, mpoamddepeHIMpPoOBaTL TEPBOE
ypaBHEHHe 0 X, a BTOpoe — 0 Y.

2155. Haittm ob11ime m ocobble muTerpaibl ypaBuenunil JJarpanma:
1 xyl2
— 12 12. — ! . —
1) y=zay?+y'% Q)y_Qavy—l—yT27 3)2y_yl+2.
2156. Hatitm obminit m ocoOblit muTerpanbl ypaBumenmnsa Kiepo u
MOCTPOUTh WHTEIPAJbHbIE KPUBbIE:

Dy=ay'—y? 2y=ay'—a/l+y? 3)y=ay'+

1
2y12 :

2157. [locTpouTh uHTErpadbHbIe KpuBble ypaBuenus y'2 + y = 1.
Karwe mBe nnterpambuble KpuBble MpoxonAT uepes toury M (1; 3/4)?

2158. PelrtuTh ypaBHenus, He comepmalliue ABHO OOHOM u3 Tepe-
!

_ 4y
/1_|_yl2'
2

2159. Peminth ypaBuenne y = 2y'z + % + y'2.

vennbix: 1) y=y2+y3; 2) 2 =

2160. Hafiti obminit m ocobblit muTerpaibl ypaBumenmnsa Kiepo u
MOCTPOUTh WHTEIPAJbHbIE KPUBbIE:

1
1) yzy’w+?; 2)y=uazy' +y + ¢y

2161. Haittu KpuByio, RacaTenbHbIe K ROTOPOi 00pasyoT ¢ ocAMu
KOOPIIHAT TPEYTONbHHUE MOCTOSHHON IomTanu, paBuoi 2a?.

2162. HaiiTm KpuByI0, KacaTedibHad K KOTOPOI OTCeKaeT Ha OCAX
ROOpAMHAT 0TPEe3Ku, CyMMa KOTOPBLIX paBHA (.
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§ 7. lud dpepeHunansHble ypaBHEeHUA BBICIIHX TOPAIKOB,
JONyCKAIOIHe MOHHKEHUEe TMOPAIRA

1°. Ypasuenne suna y = f(x) permaerca mocienoBaTeIbHBIM
n-KPaTHBIM WHTErpUpoBaHueM TpaBoil vactu. Ilpu rammom mHTerpupoBa-
HUH MOJYyYaeTCA ONHA MPOM3BOIbHAA MOCTOAHHAA, 4 B OKOHYATEIbHOM pe-
3yIbTaTe — 1 MPOU3BOJBHBIX TTOCTOAHHBIX.

2°. Ypasuenue F(x,y, y") =0, vHe conepmainee y B ABHON dopMe,

nomcraHoBKoil ¥y = p, ¥y’ = —— npuBomKMTCA K BHIY

dx

3°. Ypasuenue F(y, v, y") =0, He comepmaliiee ¥ B ABHOW (opMe,
d
noxcTaHoBKOl i = p, Yy’ = P& _ p,- IPHBOIMTCA K BUIY
Y

dx

dp
F (y, 2 pd—y) =0.

6
2163. 1) y" = —; mavaabuble yeaosus: y =2, y' =1, y’ =1
T

mpn x = 1; 2) y”" = 4cos2z; y =0, y¥y =0mpu z = 0; 3) y’ =
1

Petinth ypaBnenns:

=T
2164. 23y" + 2%y’ = 1. 2165. yy” + y'? = 0.
2166. y" + v’ tg @ = sin 2z. 2167. y" + 2y(y")® = 0.
2168. y"zIna = y'. 2169. y" tgy = 2(y')2.
2170. 1) zy” — y' = e%a?; 2) y" + 2zy"? = 0.

2171. Onpenennrb Kpubyio m3ruba ropu3oHTajibHON Oalku, OouH
KOHell KOTOPO#l Harlyxo 3alelaH, a Ha IPYroif meficTByeT cocpenoTo-
vennad cuia PP (Becom 6amkn mpenebpeun u cunTaTh n3rub HACTOTHRO
manbiv, uto 1+ 32 & 1).

2172. Oupenenuth KpuBbie, ¥ KOTOPBIX PagnyC KPWUBU3HBI BIBOE
0oJibllle NJIUHbl HOPMAJH.

2173. Oupenennth KpuBbie, ¥ KOTOPHIX PaimyC KPUBUBHBLI PaBeH
IJIUHEe HOPMaJln.

2174. Ha orpesre [0, 1] onmpemenuTh KpuByl, KacalollylocAa ocu
Oz B mauaile KOOpIWHAT, eCJiu KPUBU3Ha ee k = x, T. €. PABHOMEDPHO
napactaer Buoiab ocu Oz (neperoduas wpusas). Ilpuuars mpubin-

menno, uro 1 + y'%2 ~ 1.
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Petinth ypaBnenns:

2175. y" = ! Yy = In 2 sy =1lnpua= iy
cos?z’ 2 4
2176. (1 + 22)y" + 22y’ = 23, 2177 y"y3 =1
2178. 2yy" = (y')2. 2179. td2 + ds +t
dtz2  dt
2180. 2yy" = 1 + y'2. 2181. y"tgx =y + 1.

2182. Oupenennth KpuBbie, ¥ KOTOPHIX palimyC KPUBUBHBLI paBeH
KyOy IJIuWHBI HOpMAIN.

2183. B unrepsane (—7/2, 7/2) onpenennth KpUBYIO, Kacaromly-
focd ocu O B mavaile KOOPIMHAT, eCilu KPUBU3HA ee B 106011 Touke
k =cosuz.

§ 8. Jluneiinsie omHopomHbie MU epeHNHATLHBIE YPABHEHHA
¢ TMOCTOAHHBIMH K03 pUIIHeHTaAMH

Onuvoponuoe aunetinoe nudpdbepeHNMATbHOE ypaBHEHUe

n n—1
v+ pry Y+ 4 pay =0, (1)
rae p; — QYHRUIUM ¢, UMeeT o0lllee perieHre BHa
y=Cipn +Coya + ...+ Cayn, (2)
The Y1, Y2, - - -, Yp — JHHEHHO He3aBUCHUMBIEe YaCTHELIE PEIeHUA ypaBHEHUA
(1), a Ch, Cy, ..., Cp — TPOUBBOTBHEIE OCTOAHHBIE.

Ecau xosd GUIMEHTH p1, P2, - . ., Pp ypaBHeHHA (1) TOCTOAHHBI, TO YaCT-
HbIe PElieHus Y, Y2, - - ., Yn HAXOOATCA C MOMOIIBIO XapaKTEePUCTUUECKOTO
ypaBHEHUA

-1
4T+ +p =0, (3)

1) RammoMy BellieCTBEHHOMY HOpHIO 7 = a ypaBHeHUA (3) RPaTHOCTH M

COOTBETCTBYIOT 1 YACTHBIX pellleHuit e xe” L xmT s

2) Rammoit mape MHUMBIX KopHeit r= o+ ﬁz HpaTHOCTI/I M COOTBET-
CTBYIOT M IIap 4acTHBIX peIleHui:

e*® cos B, xe**cosBx, ..., =™ 1e* cos B,

e*Tgin B, xe*TsinPBr, ..., 2™ le*Tsin fu.

Petinth ypaBnenns:
2184. y" — 4y’ + 3y = 0. 2185. y” — 4y’ + 4y = 0.
2186. y"” — 4y’ + 13y =0.  2187.y" — 4y = 0.
2188. y" + 4y = 0. 2189. v + 4y’ = 0.

2 d d2

2190. T% 1 3% 40, 2191452 L, — .
a2 g T doz P
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2192.d—28—|—2§—|—28:0' mput=0s=1, s/ =1.
dt? dt ' '

2193. v"" — 5y” + 8y’ — 4y = 0.

2194. yIV — 16y = 0. 2195. y" — 8y = 0.

2196. y"” + 3ay” + 3a*y’' + a3y = 0.

2197. yIV + 4y = 0. 2198. 441V — 3y —y = 0.

2199. OupenennTh ypaBuenwe Kolebannii MaATHUKA, COCTOAIIEr0
u3 Macchl M, NOABEIIeHH0i Ha HUTH IAuHOM [ (COMpOTHBIEHNEeM Tpe-
Hebpeub n MOMOENUTh, YTO P MAJIOM YIJIe (v OTKIOHEeHHH Sin o & ).
Onpenenuth nepmoi Kodebanusd.

2200. /[IBa onuHaROBLIX TPY3a MOABEINeHBT K KOHTY Tpy#unbl. [lox
meiicTBUeM OJHOI'O T'Py3a Npymuna yuinudaercd na ¢cm. Onpeneinthb
IBHEEHNe MepBOro rpysa, eciim BTOpoil o6opBercd (cOmpoTHBIEHHEM
npenebpeun). OnpenennTs mepnon Kolebanns.

2201. Permuth 3amauy 2200 ¢ yueTom compoTuBienusd, TPOMOPIH-
OHAJbHOI'0 CKOPOCTH IBUMEHNA.

Petinth ypaBnenns:
2202. y" + 3y’ + 2y =0.  2203. 3" + 2ay’ + a®y = 0.

2204. " + 2 + 5y =0. 2205. o ydr
a2z~ “dt
2206, ©F 4 20 = 0. 2207. ©F 4 0% _ .
12 az "

2208. iy + 22 + 3z = 0. 2209. vy — 3y” + 4y = 0.
2210. y1V — 3y — 4y =0. 2211. 1Y + 8" + 16y = 0.

2212. Haiitu nnrerpanbuyio Kpubylo ypasuenusa y” —y = 0, ka-
catotyroca B Touke (0; 0) mpamoit y = x.

§ 9. Jluneiinsie HeomHoOpoaHbIe TH()DepeHIHATLHbBIE
YPaBHEHHA ¢ NMOCTOAHHBIMH K03 QUIHEeHTaMH

1°. OcuoBHoe cBoiicTBoO. llycTh maHbl ypaBHEHHUA:

y) 4+ oy Y 4 py = f(x) — HeomHOpOTHOE, (1)
y(n) + p1y(n_1) 4+ ...+ ppy = 0 — omHOpOmHOE (2)
U TMyCTh ¥ — obujee pellleHne ypaBHEHHA (2), a y) — “AcmHoe pelleHne

ypasaennd (1). Torna o6usee pernenne y ypasaennd (1) Oymer

y=u+1m. (3)
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2°. Meton HeompenedeHHBIX Kosbdunumenton. Ilpu mocro-
AHHBIX Py, P2, - - ., Pp YACTHOE peIleHue Y1 HAaXOMUTCA MEModom Heonpede-
AEHHBIT KOIPPUYUEHMOE B CAETYIONINX CIyIadx:

1) f(x) — wmHoroUmEH;

2) f(x) = €™ (acosnz + bsinnz);

3) f(x) ectb cymMMa MM TPOM3BENEHNHE TPEABINYINX QYHKIIIL.

B aTHX ciyuadx 4YacTHOe PeIlleHHe Y WMeeT TOT #e BHA, 4T0o U f(x),
OTIMYAACH 0T Hee TOoIbKO K03 QUImeHTaMy.

Hcraouennsa cocTaBIAIT 0cO0BIE CaTydan, KOTAa:

1) f(x) — mHorowseH, Ho r = 0 — ROpeHB XapaKTEPHCTUYECKOTO yPaB-
HEHHA KpaTHOCTH k;

2) f(z) = €™ (acosnx + bsinnx), HO ¥ = m £ ni ecTh KOPEHb Xapak-
TEPUCTHYECKOT0 yPaBHEHHUA KpaTHOCTH k.

B arux 0cobBIX ciyyadx y; ormmdaercA ot f(#) He ToabRO K03 GUIIEH-
TaMM, HO ellle ¥ MHOmUTeIeM x” .

3°. Meron Bapmanmm NpPOM3BOJILHBIX NMOCTOAHHBIX. Bomee
OOIITIIM NTPUEMOM PeITeHUA HEOTHOPOTHOTO JTHHEIHOT0 ypaBHEHUA ABIAETCA
meron Jarpanma, WM MEMOOD 6APUAYUU NPOUZE0ALHBLE TOCTOAHNDLL.

Ecim y1 m y» — HezaBuCHMBble YacTHBIE perreHnA ypasHenus y'’ + py’ +
+ qy = 0, ro pemerue ypapuenud y'’' + py’ +qy = f(x) no merony JNarpansa
HaxomuTcAa B Buge y = Ay + Bys, tme A m B — QyHRUNM x, yAOBAETBOPA-
IOINE CUCTEME ypaBHEeHUI

Alyy + By, = 0,
Ay + B'yhy = f(x).

Orcrona
A,:_ny(l‘)’ B,:y1f(x)’ a4 w— yll 3112.
w w oY
Petinth ypaBnenns:
2213. y" — 2y’ + y = €%, 2214. y" — 4y = 823,
2215. y” + 3y’ + 2y = sin 22 + 2 cos 2z.
2216. y" + y = x + 2€". 2217. y" + 3y’ = 9.
2218. y" + 4y’ + 5y = 52?2 — 32z + 5.
2219. y" — 3y’ + 2y = €*.
d?z
e 2, — i
2220. I 4+ k%z = 2k sin kt.
2221. y" — 2y = ze”". 2222, y" — 2y = 2% — 2.

2223. 4" + 5y’ + 6y = €77 + 727,
2224. i + 2k + 2k22 = 5k?sin kt.
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2225. y" 4+ " = 62 + e,  2226. yIV — 81y = 277",
2227. 7 + & = 3t2. 2228. y" + 8y = 727,
2229. 1) & + 43 + 4a =72, 2) a3i +ax = 1.

2z
2230. " + dy = —. 2231. 4" — 4y + By = .
sin 2z cos T
2232. y" — 2 +y=2"%e%. 2233.y" +y=tgx.
6—21’
2234. 1) " = 2) Y’ + 4y + 4y = .
)" 4y e )y 44y’ + 4y .

2235. Exnunua macesl gsumercd 1o ocn Oz mon jgeficTBreMm I0-
CTOAHHOW CUJIBI @, HAMPABIEHHON TO OCH, TPU COTMPOTUBIEHUHN TBU-
REHMI0, YMCJIEHH0 paBHOM CKOpocTm IBmmenudA. HaiiTm 3akom nBu-
mennsd, ecau npu ¢ = 0 umeem £ = 0 u cropocth v = 0.

Petinth ypaBnenns:

2236. y" + y' — 2y = 622. 2237. 4" — 5y’ + 6y = 13 sin 3.
2238. y" + 2y +y = €”. 2239. 4" + 1y’ + 2,5y = 25 cos 2x.
2240, 4y" — y = 23 — 24x. 2241, y" — y = e~ ".

d?s ds
2242, — +2— +2s =213 — 2.

et

2243. 1) y” — 2my’ + m?y = sinma;  2) n3y" — dny = 8.

2244. yV + 5y” 4+ 4y = 3sin z.

2245. y" — 3y" + 3y’ — y = €”.

Caenyromime ypaBHeHHA PeIINTh MeTOA0M BapHalil IpOu3BOJb-
HBIX NMOCTOSHHBIX:

2246. y" + 4y' + 4y = e In z.

1

2

2247. 1) " +y=—=—; 2)y"+dy= - .
cosd sin® x

Vi — g2

§10. Ilpumepnr aud depeHIHATBHBIX ypaBHEHHIT
Pa3HBIX THUIOB

2248. y"’ — 2y’ +y =

Onpegenuth Tun audhepennnalbHOT0 YPABHEHUA U PEIIUTh ero:
2249. ' + —_ — 7, 2250. ' + yter = to .

1+ 2z
2251. (z — 23)y’ + (222 — 1)y = 25.
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2252. (1 +22)y’ + y(v — V1 +22) = 0.
2253. t2 ds 4 2tsdt = e’ dt.  2254. zy’ = 4(y+ \/9).

2255. 2zyy’ = 2y + /y? + 24

2256. zy” + 1y = Inx. 2257. yy" — 2y'? = 0.
2258. y" — m?y = e7"", 2259. y’zlnz +y=2lnz.
2260. 21/ - yln % — 0. 2261. 2y’ +y = y*(z — 1).
2262. y" — 2" + o' = 2% 2263.y" = + 2.
2264. d—38 — 3@ —2s=g3sint + 2cost.

dt3 dt

t
2265. 1) sintds = (4t sin? 2 + s) dt; 2) yy'z —y% = 1.

2266. 1) 2y’ + y(x tga + 1) = sec x; 2)y" +y=e"".
3z
2267. 1) y" — 3y’ 4+ 2y = 14 ez 2) y"y = y"y'.

2268. llumwmuap paamnyca a¢ M n Maccoii m = a° KT TJIaBaeT B BoJe
Mpu BepTukKalbHOM ToMomenuu ocu. HaiiTu mepuon Komedauud, KO-
TOPO€e MOJAYYUTCH, eClu IUInHIP HEMHOIO NOrPy3uTh B BOIY U 3aTem
ornyctuTh. (onpoTwBienwe IBUMKEHUIO NPUHATH NPUOIMMEHHO PaB-
HBIM HYIO.

2269. Ilonwiit memne3ublil MIap ¢ paguycamu TOBepXHoCTelt @ u 2a
uMeer MOCTOAHHYI0 Temneparypy Buyrpenneil noBepxuoctu 100°C u
mapy#noii 20 °C. OnpenenuTsh TemoepaTypy BHYTPHU CTeHKH Ha JH060M
paccrosnnm 1 ot nentpa (a < r < 2a) n npu r = 1, 6a.

3

Yrazauue. (KopocTb TameHUA TeMIEPATYPhI T B IIPOBOIHUKE CO
T

CTallMOHAPHBIM paclipeleleHHeM TeMIepaTypbl 00paTHO IPONOPIHOHAIbHA
TJIONTAN TIOTIEPEUYHOT0 CeuyeHUA.

§ 11. lIuneiinoe muddepeHunaaIbHOe ypaBHeHHEe Jiiepa
n (n) + 1 n—1 (n—1) + + ne—1 / + n = ( )

YacTHoe pertieHne omHOpoaHOTo ypasHeHuA (mpw f(2) = 0) MomHO HaiiTH
B BUlle y = X", Tlle ¥ — IOCTOAHHOE YMCI0. A HAXOMACHUA 7 HYMHO MOJI-
cTaBUThL y = x" B omHOpomHoe TH(pQepeHINHadbHOe ypaBHEHHE M pPelluTh
TOIYYEHHOE TAPAKMEPUCTRULECKOE yPABHEHNE OTHOCUTENBHO 7. Ilpm 5ToM:
1) ®ammIOMy BENIECTBEHHOMY KODHIO 7 = @ KPATHOCTH 71 COOTBETCTBYET
m yactHbIX pemennit 2%, *Inz, z*(Inx)?, .. ;
2) ram0if mape MHUMBIX KOPHEW © = a= /37 KpaTHOCTH 17 COOTBETCTBYET
M Hap YacTHBIX peIeHMi:
z%cos (Flnz), x%cos(flnz)lnz, ...;
z%sin (Blnz), z%sin(Blnzx)lnz, ...
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Heonuopontoe muddepeniinanbioe ypaBHeHUe Jiiepa PeIaeTca MeTo-
IOM BapHalllu¥ MOCTOAHHBIX.

Petinth ypaBnenns:

2270. 1) 23y" — 3xy' + 3y = 0;  2) 22y" — 2y = 0;
3 2 y" 4+ 22y’ —n(n+ 1)y =0.

2271. 1) 22y" + 52y’ + 4y = 0;  2) 2%y" + 2y’ +y = 0.
2272. 1) ay” + 2y’ = 10z;  2) 2%y” — 6y = 12Ina.

) @
1)
)
2273. 1) 22y"” — 22y’ + 2y = 4u;
2) x 3y +32%y' + 2y =61Inz.
) @
)

2274. 1) 2%y" — 42y’ + 6y = 2°;
2 2//_|_$y_|_y_$

§12. Cucrembl auHeHHBIX THOdepeHNHATLHBIX YPaBHEHHUIH
¢ TMOCTOAHHBIMH K03 pUIIHeHTaAMH

Petinth ypaBnenns:

o215, M g W gy
T T TR
dz o dy o

2276'E+$_y_67 dt—w—l—y_e.

Yrazanue R 3amaue 2275. llponnddepeHnmpoBas nepBoe U3 ypaBHe-
HUM 70 ¢, UCRATOUAEM U3 TPeX YPaBHEHUU y 1

E.

o277, 555 _ oW — et
T dt dt rTy=e s

d—l—8 3 5e~!
7 T — 3y = He™".

2278. & — 4z + 4z —y =0,
i+ 41+ 4y — 242 = 16¢°.

Petinth ypaBnenns:
2279. 2 4+ 32 +y =0,

y_$—|—y:07 x:Ly:alI/It:O
2280. & =y, y=x + 2sht.
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§ 13. Tunetinsie mud depeHUHATLHBIE YPABHEHHA
B YacTHBIX MPOH3BOOHBLIX BTOPOr0 NMOPAIKA

(MeTom xapakTepHCTHE)

2281. Haiitn ofiiee pemrenne (comepmaliee IBe TPOU3BOIbHBIE
(GyHKIMN) ypaBHeHWI:

i 02 0% 10
) o =0; 2) S =0 3) 5 -~ =0;
dx dy Oy? drxdy x Jy
0%u T
4 =2a— +0b.
) dx dy ay +
Ou
Yrasanwne. llonomurh — = z.
dy
0%z
2282. HaitTu yacTtuoe pellenue ypaBHEHUS 92z = 0 no wavaib-
T

z
HBIM YCIOBHAM: 2 = Y5, 9 = y? mpu z = 1.
x

2283. lIpecbpa3oBarh ypaBHeHue

0%u 0%u 0%u
922 ozoy o =0

K KaHoHm4YeCKoll opme u HaliTu ero odlllee pelleHue.
2284. lIpecbpa3oBaTh ypaBHeHUE

5 0%u 49 0%u 0%u
l— 4 22 - =
Oy?

Oz? Yoz oy 0

+ 42

K KaHoHm4YeCKoll opme u HaliTu ero odlllee pelleHue.

B caenyromux nudpepenninaibubiX ypaBuenudX natiTu obiiue pe-
IlIeHNA, & eCllu NaHbl HauajlbHbIE YCJIOBUA, TO W YacTHbIe PelleHnA:

0%u 0%u 0%u

2285, — —4——- +4—— = 0.

Ox? Ox Oy + 0y?
a2gs. 20 _ v _ iny, O 0

— — —— =0; u=siny, — =y npu z = 0.
8$2 8y2 1 y? 8$ y pH
0%u 0%u Ju

2287. 1 —— =0: u=2 1, — = =1.

$8x2+y8x8y yu=z2y+ L oz e
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0%u 0%u Ju
2 2 0 0 — 9.2 _ .2 _
2288. ¢t atZ—xax2_0,u_2x, at_ac mpu t = 1.

Hatitu yactuble peiienus TudpepeHlinalbHBIX YpaBHeHuT:

2agg, LU OPu  Ou_ o Ou_ 1mput =0
"o Tozat T VT g T T =R
0%y 0%*u Ju Ju
2 2 0 . — _ _
2290.4a$@—w—|—2a 8—$—07U—07E—Q$Hpﬂt—0.
0?2 0?2 d
2291. a28—;; = 8—;;; u= f(z), - = F(z) npu t = 0.

5=
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IBOITHBIE, TPOMHBIE I KPUBOJIUHENHLIE
HHTEI'PAJIBI

§ 1. Boruncaenne IIoImagd ¢ MOMOIIBIO
IBOHHOT0 HMHTErpaia

1°. Asoiinbin unmezpaton or HelpepbiBHON dyHRINN I (2, y), pactpo-

cTpaHEeHHBIM Ha OrpaHWUYeHHYI0 obmacth (S) maocrocrn x0y, HasBIBaeTcA
mpemes COOTBETCTBYIONIEN NBYMEPHOI MHTETPAIBbHON CYMMBI:

//F(x, y)dedy = lim ZZF(l‘Z, Ui ) Az Ay,
(s) ik

max Az,—0
max Ayx—0
rne Ax; = 241 — i, AyYp = Yg41 — Yk U CYMMa pacipocTpaHeHa Ha Te
3HAUEHHUA ¢ W Kk, IIA KOTOPBIX TOUKM (%;; Yx) MpUHAmIEHAT odaacti (S).
Mnomans S obnactu (S) onpenenderca popmyoit

S = //dxdy.
(%)

2°. Ecan obaacts (S) onpenenderca HepaBercrBamu a < ¢ < b, y1(x) <
< y < y2(x), MpHYeM RamIad U3 HEMPEPHIBHBIX KPHBBIX y = yl( yuy =

= ya(x) nepeceraerca ¢ Beprukanbio # = X (21 < X < £2) TOIBKO B OTHOM
TOUKeE, TO

b y2(x)
//F(x, y)da:dy:/dx / F(z, y)dy,
(%) e yai(w)
y2(w)
I MpY BBIYUCICHUN HHTErpasa F(z, y) dy BenmnunHy » momararor 1o-
va(w)
CTOAHHOA.
3°. Ecan obmacts (S) onpenenserca HepaBeHerBaMu h < y < I, 21(y) <

< ¢ < »2(y), TpUUeM RamIad M3 HEMPEPHIBHBIX KPUBLIX & = #1(y) 1 & =
= wx2(y) mepeceraerca ¢ ropmaoHTamblo ¥y = Y (1 < Y < y2) TomBKO B
OIHOM TOYKE, TO

z2(y)

!
// xydxd:/dy/ny)dx,
[

z1(y)
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w2(y)

r7ie IpH BBIUMCIEHUH MHTErpaja / F(z, y) de BenmmumHy y momarawor mo-

z1(y)
CTOAHHOM.
4°. Ecau obnactb (S) olpeneieHa B MOJAPHBIX KOOPOWHATaX HepaBeH-

crBaMi 1 < ¢ < w2, m(p) < r < ra(yp), To miomane sTol obmacTi

P2 r2(p)

S://rdrdgp:/dgp / rdr.
(5) 1

()

Sanucalhb ¢ MOMOIIIbI ITBOMHBIX naTerpajJoB m BbIUYUC/IIHUTDb IIJI0-
Magm, OrpaHUYCHHbIC JJUHUAMI:

2292. zy =4, y=2x, v = 4.

2293. 1) y = 2%, dy =22, y=4;2) y =22 4y=22 z=42.

2294, y? =442, 2+ 3y =0.

2295. ay = 22 — 2az, y = .

2296. y =Ilnz, x —y=1uny=—1.

2297. llocTponTh 0bIacTH, mIoIIafn KOTOPHIX BhIpamaroTCad uHTe-
rpajiamm:

Va2 0 VIE—E

1>/“dx]dy; 2>/“dy [ s fe [

xr

HN3menuTh nopAmOR WHTErpupoBaHus.

Yrazanue. Yrodbl MONyuNTL ypaBHEHWA JUHUM, OTPAHUINBAIOINTNAX
00J1acTh, HYRHO MPeIedbl HHTETPAa 10 dr TPUPABHATE &, & MPENelbl WHTe-
rpasa mo dy mpUpaBHATH Y.

2298. IloctponTh objlacTu, niollafum KOTOPHIX BBLIPAmKAIOTCA WMH-

1 2—z? 0 0
Terpamamn: 1) /dw / dy; 2) /dy / dz. V3venuTh nopamok
0 z -2 yé—4

WHTEIPUPOBAHUA W BbIUUCAUTH MIOLIANN.

2299. BplumciuTh mwiollanb, OTPAaHWYEHHYIO JHUHEUAMEH J =
= a(l — cosg) n r = a n pacnoNoKEHHYIO BHE KPyTa.

2300. BoluucauTh niomianb, OTPAHUYEHHYIO NPAMON 7" COsS (@ = a
U OKPYMEHOCTRIO 17 = 2a.

Boruncantn mwomangm, OrpaHu4YeHHbIe JIUHUAMMK:

a 9 x
2301. zy = ER Ty = 2a%, y = 3 Yy = 2z.
Yrazanue. B zagage 2301 BviromHO MepeifTH K HOBBIM KOOpIWHA-
TaM Ty = ¥ W Y = vUZ, MOCIE Yero IJIOMIamb OMpeneddercA 1Mo GopMyle
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oxr Oy
_|Ou  Ou
|J| du dv, tne J = P P 1 Ha3bIBaeTcA AKkobmaHoM. B 3amaue 2302
z )
v Ov
monomuTh Y2 = ux, vy? = x°, a B 3amaue 2303 mepeifTH K 0GOOITEHHEIM

-3
IIOJIAPHBIM HOOpIWHATAM X = T COS3 YnYy=rsmn @.

2302. y? = az, y* = 16az, ay? = 2>, 16ay® = 3.

2303. 22/3 4 y2/3 = ¢2/3,

BrruncnuTh niomamu, orpaHuyeHHbIe THHUAMU:

2304. y = 22, y =2 + 2.

2305. az = y? — 2ay u y +z = 0.

2306. y =sinz, y =cosz u z = 0.

2307. 2 =a? —ax, y=a+x.

2308. r = 4(1 + cos ), rcosp = 3 (cupaBa oT npAMOii).

2309. r = a(l — cos ), r = @ m pacnoNOmEEHHYIO BHE KapPIHOWIBL.
2310. 2y =1, 2y =8, y? ==z, y? = 8z.

2311. IlocTponTh 0bIacTH, MIOIIAAM KOTOPHIX BhIpamarOTCAd WHTe-

rpajamm:
b P a v/ 2a2—y? 4 8—gz

1) /dw/dy; 2) /dy / dz; 3) /dw / dy.
a a 0 Sy 0 o/z

N3amenutTh TMOPAINOR mHTerpupoBanufd W BbIUYHUCJAUTL IJIOIIaOM.

§ 2. llenTp Macc U MOMEHT HMHEPUHHU ILIOIIATH
¢ PaBHOMEPHO pacnpeneleHHol Maccoii

(mpu mwaoTHocTH = 1)

RoopmumaTer meHTpa Macce Iomagn S ¢ paBHOMEPHO pachpemeaeHHoit
Ha Hell Maccoli:

:ffxdxdy :ffydxdy.

S v Ye IS (1)

Le

MomenTer WMHEPHOUHN ILJI0MIaan S

Jx://dexdy, Jy://xdedy, Joz//r2dxdy. (2)
() ($) (%)



§2. lleaTp Macc © MOMEHT HHEDI[HH ILIOIIA JH 229

OmnpepenuTh HeHTP Mace MIOIIAlN, OFPAHUYEHHON JUHUAMMY:

2312. y = 0 u omuoft MOAYBOMHOM cuHYCOMIBI § = Sin .

2318. y =22 =4, y=0. 2314.y =az uy==2.

2315. 22 +y2 =a? u y = 0.

2316. OmnpenpenuTh 1eHTP Macc MIOIAIN, OFPAHUYEHHON acTpOm-
noit 22/3 + y2/3 = a2/3 u ocwio Ox.

Yrazanue. llepetiTn ® 0600ITIEHHBIM MOJTAPHBIM KOOpAWMHATAM

r=rcos’p um y=rsindp.

2317. Onpenenuth MoMenTsl unepuun J,., Jy, u Jo miomann npd-
MOYTOJbHUKA, orpanndenuoro jJuuuamu ¢ = 0, 2 = a, y = 0 n
y=>.

2318. OnpeneinTh MOMEHT HWHEPIHH OTHOCUTENbHO ocu Oz MI0-
mianu, orpanuyeHnoft qunuAavu y = /2, ¥ = a, y = a.

2319. OunpenenuTh MOMEHT WHEPIWH OTHOCHTEIbHO ocu (Y MI0-
manu Tpeyroabunka ¢ Bepimaamu A(0; 2a), B(a; 0) n C'(a; a).

B szamauax 2320-2323 ompeneiuTh MOTAPHBLIT MOMEHT HHEPIUU

MJI0IIanw, O PAHUYEHHON JMHUAMMN:

2320.2+y=a, =0, y=0. 2321. 7%= a?cos2¢p.
2322. Orpy#HOCThIO I' = @.
2323. y?2 =az, = = a.

OHpeI[e.HI/ITb oeHTp Macc:

2324. llonycermenta napabonnt y2 = ax, v = a, y = 0 (mpm
y > 0).
22
2325. Tlomyanaunca — + ®) = 1, orcevennoro ocbio Oz.
a

2326. OupeneauTh MOMEHT WHEPIWH OTHOCHTEIbHO ocu (Y MNI0-

manm, orpannyenuoit nuuauavu Yy =a+ —, y =2z u z = 0.
a
2327. OnpeneinTbh MOMEHT HWHEPIHH OTHOCUTENbHO ocu Oz MI0-

manu Tpeyronbumnka ¢ Bepimmaamu A(1; 1), B(2; 1), C'(3; 3).

OnpenenuTh MOAAPHBLIH MOMEHT MHEPIHH ILIOIIAIW, OTPaHMYEH-
HON JUHUAMM:
T
2328.——|—%:17 z=0, y=0.
a

2329. y =4 -2 uy=0. 2330.r=a(l—cosy).
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§ 3. Borunciaenne odbeMa ¢ MOMOIIBIO IBOHHOTO HHTErpaia

O6keM Tema, OrpaHHYEHHOTO CBEPXY MOBepXHOCTRIO z = F'(x, y), cHU-
38y — maAockocThio z = ( U ¢ 6OKOB — NMIMHAPHUUYECKOM TTOBEPXHOCTHIO,
BBIpesatorneli Ha miockoctn 0y obnacth (S), paBeH

V://zdxdy://F(x, y) de dy.
(8) (8)

BrruncnuTh 00beMbl Tel, OTPAHUYEHHBIX TOBEPXHOCTAMU:

2331. 2 =224+ % 24+y=4, 2=0, y=0, 2=0.

2332. 2 =a+y+a, y*=azx, x=a, 2=0, y=0 (uwpu y > 0).

2333. (z+y)?+az =a* 2 =10, y =0, 2 =0 (noBepxmocrh
nocrpouth 10 cevenmam: ¢ = 0, y = 0, 2 =0, z = h < a; cm.
3amauy 546).

2334. 22 + y? = a?, 22+ 2% = a2 (cm. 3amauy 552).

2335. 22 =2y, 2 =a, =0, y=a, y=0.

2336.az =22 —y%, 2=0, z = a.

2337. 2 =2y, 2+ y =a.

2338. 2 +y+2=3a, 22+ y?=d? 2=0.

Yrazanue. B 3amauax 2338-2344 mepeifiTm K MOJAPHBIM KOOpIWHA-
TaM.

2339. » = mx, 22+ y? =a?, 2 =0.

2340. az = a? — 2% — y?, 2 = 0.

2341. 22 + y2 + 2% = 4a?, 2% + y? = o? (Bue wuAMHIpa).

2342, 22 + y? + 22 = %, 2% + y? £ ax = 0 (BuyTpu UmAHHEIPOB).

z
2343. llepBbiM 3aBUTKOM Tefukouia ¥y = & tg — BHYTPU HMuiduHIPA
a

2?2 +y? = a? u nnocrocTrIO 2 = 0.

2344, 2% = 2az, 2%+ y? = ax.
2345, S o1 _ U
e az b2’
Yrazanue. B zamauax 2345 u 2346 mepeittn 1 0600IIeHHBIM (3711~
ITHYECKUM) TIOJAPHBIM KOOpIHHATAM: & = ar cos ¢, y = brsin ¢.

z=0.

2 2
2346. > = ce(=72/)=(2/?) x—Q LY.
a b2
2347, o/3 4 23 4 223 = @23 (nomomuth ¥ = rcos’p, y =
= rsin® ).
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Broryncanth 00nembl TeJ, OrpaHnYeHHbIX MOBEPXHOCTAMM:

2348. r=a—2, Y =ar u z = 0.

2349. r =224y, y=22% y=1, 2 =0.

2350. y? + 2% = dax, y* = ax, v = 3a (Bue unAMHIDA).

ac2 22 ac2 y?

2352, HOHOI/II[a x2y2 —|— h2 2 = a%y? npu 0 < y < h (em. 3apmauy
559).

2353, 22/3 1 22/3 = 2/3 223 1 y2/3 = 42/3,

2354. 42 = 16 — 2% — y?, 2 =0, 2?2+ y* = 4 (Bue unaUHApa).

Yrazanue. B 3amauax 2354-2358 mepeiiTh K MOJAPHBIM KOOpAWHA-
TaM.

2355, 72 — (x + a)2, 2%+ y? = d?.

4
2356. z = PR z=0, 22 +y? =1, 22+ y2 = 4.
2357.az =22+ 4%, 2=0, 22 +y? L ax = 0.
2358. az = a? — 22 —y? 2 =0, 22+ 4y Lar =0 (BHyTpH
ININHAPOB).
2?2 22 B
2359. — + 7z —|— —

B’HasaHI/Ie. HOJIO}EI/ITI: z =arcosy, y=brsine.

§ 4. Ilnomanu KPUBBIX TMOBEpPXHOcTEH

Mnomans o wacty moBepxHocTn F(z, y, z) = 0, mpoeRiuA KoTopoil Ha
miockocTh z = 0 ompenender obaacTs (o), paBHa

0_// V(OF[0x)? + (OF [0y)? + (0F[0z)? do dy =

|0F/0z]

(o2)

// |3F/3Z|

(o2)

Anamoruuno IIpU MPOERTUPOBAHUHN Ha OBE OPYrue KOOpOWHAaTHLBIE IIJIOC-
KOCTH IOJYyUYHUM

N N
= — dxd = — dydz.
// 0F/ay T 7 // 07 oz V"
(Uy) (Ur)
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Brruucnuts niorans:

2360. IloBepxnocTn NmiInHApPA 22 = &
y=1a/2, y =2z, =22

2361. IloBepxnocTn Komyca z
r=auny=a,npuz>0uy>0.

2362. [loBepxuocTn Konyca y? 4 22 = 22, pacnonomennoil BHYTpu
IuAnHIpa 2% 4 y2 = a?.

2363. Ilopepxnoctn az = x¥, pacloliokenHoll BHYTPpH IuImHIPA
22+ y? = a2,

2364. [loepxuocTn Konyca 22 + y? = 22, pacnoiomennoil BHYTpu
nnanEApa 2% = 2pz.

2 s OTCEYeHHOI NMI0CKOCTAMK

2 = 22y, orcevenHoil MIOCKOCTAMIE

Boruncantn IJIomaib:

2365. [loBepxnocTu nuaunnpa =2 + 22 = a?, pacnonomennoil Buy-
Tpu TUIUHIPA 2% 4 y2 = a’.

2366. Ilosepxnocru mapa 22+ y? + 22 = a?, pacnonomenHoil Buy-
Tpu nuanuapos 2 + y? + ax = 0.

2367. lloBepxuocTu mapabomouna 2 + y? = 2az, pacnolomexHoil
BuyTpu nmimnipa x> + y% = 3a’.

2368. C nomolibi0 1BOIHOIO WHTErpaja onpenelnTh MIolalh Ta-
CTHU 3eMHO} TOBEPXHOCTH, Orpanmuennoii mepuinanamu 0° u 3°, sKBa-
TOpOM U Tapainenbio o°. Pacemorpers yactubifl cayuatt mpu o = 30°,

3 = 60°.

§ 5. TpotiHo#t MHTErpamX W €ro NMPHIOKEHHA

Tpotinvin unmezpatom or Gyurunu f(z, y, z), pacnpocTpaHeHHBIM Ha
obmacth (1), Ha3BIBAETCA TIPEIE COOTBETCTBYIOIIEN TPEXMeEPHOIT HHTErpailb-
HOII CyMMBI:

Flx,y, z)dedydz= lim Fla;, y;, zi) Awi Ay Azg,
JJf e eant= i STT P s
(V) max Ay;—0 J

max Az —0

rme Ax; = 41 — i, AY; = Y41 — Y5, AzZp = Zp41 — 2k T CYMMa pacmpo-
cTpaHeHa Ha Te BHAYeHNA j U k, IJIA KOTOPEIX TOURM (;; y;; Zx) NpHUHALTE-
mar obmactu (V).

Ecau obmacts (V') onmpenenena HepaBeHCTBAMA

agl‘gb, yl(l’)§y<y2(l’), Zl(xa y)<Z<Z2(xa y)a

T
yz2(z)  z2(7,y)

0
b
///F(x,y,z)dxdydz:/dx dy / Faz,y, z)dz.
(V)

a yi(z)  z1(z,y)
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Mpu F(z,y, z) = 1 moaysaem obbem V. KoopmuHaThl IeHTpa Mace OTHO-
pomHOTO Tena 00beMoM V' BEIYUCAAIOTCA MO QOpMYyIam:

1 1
xczv///xdxdydz, yczv///ydxdydz,
V) V)
= [[] zdwdua
=y zdx dydz.
V)

2369. Onpeneanrh o6bem Tella, OFPAHUYEHHOIO MOBEPXHOCTAMHI
az = 2%+ y?, 20z = a? — 2% — 2

2370. Onpeneanrh 06bem Tella, OFPAHUYEHHOIO MOBEPXHOCTAMHU
z? 4+ y2 — 22 = 0, z? 4+ y2 + 2?2 = a2, BHYTpPH KoHyca.

2371. llokasath, uTo moBepxuocTh Konyca z2 + y2 — 22 = 0 geaur
00bewm Imapa 2 4 y2 + 22 = 2qz B ornomenwun 3 : 1.

2372. OmpenenunTh Maccy nupamMulibl, 06pa30BawHOIl MI0CKOCTAMEI
r+y+z=a, =0, y=0, 2z =0, eciw NI0THOCTh B KamIoil ee
TOUKe paBHA allJukaTe z 3TOH TOUKH.

OmnpemennTh 1MEHTP Macc OMHOPOIHOTO Teja, OFPAHMYEHHOIO MO0-
BEPXHOCTAMU:

23132 +y+z=a, 2=0,y=0, z=0.

2374. a2z = a? — 2% — y?, 2 =0.

OmnpenennTh MOMEHT mWHEplnm OTHOCHTENbHO ocu (Jz Teja, orpa-
HIYEHHOTO MOBEPXHOCTAMN (IIOTHOCTH jt = 1):

2375.2 =0, y=0,y=a, 2=0, 24+ 2=qa.

2376. 2 +y+ 2 =av2, 22 +y?=a% 2=0.

2377. OQupenenuth 06beM Tela, OIPAHMYEHHOIO 3aAMKHYTOH MM0-
BEPXHOCTBIO:

D) (@ +y?+ 222 =d’e; 2) (2P +y* + 2% = az(a® + 7).
Yrasauue. llepeiitn & chepruecKUM ROOpIUHATAM TI0 QOPMYIaM &
= rsinfcosp, y = rsinfising, z = rcosy; saeMeHT obbema dV

= r2sin @ dr dp db.

Onpenenuth 06beMbI Tell, O PAHUYIEHHBIX TOBEPXHOCTAMMU:

2378. az — 22 + y2, 22 4+ y2 + 22 = 942,

2379. 22 + 2 — 22 =0, 2 =6 — 22 — 2.

2380. az = 22 + %, 22 =224 4%

2381. Oupenenurh maccy Tejda, OIPAHUYEHHOTO MOBEPXHOCTAMHI

224+ y? — 22 = 0 uw 2 = h, eclu MIOTHOCTH B RamIOH TOUKe ero
paBHA alllJimKaTe 3TOH TOUKM.
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2382. Oupenenurh Maccy Teja, O'PAHMYCHHOIO TTOBEPXHOCTAMME

20 +2=2a, r4+z=a, yi=ar, y=0
(mpm y > 0), eciin MIOTHOCTH B KamIOil €ro TouKe paBHA OpIHHATE Y
JTOH TOUKHU.

2383. OnpeneauTh LeHTP MacC OAHOPOLHOrO Nonymapa z2 + y% +
e a2, z=0.

2384. OQupenennTh MOMEHT WHepPIUN OTHOCHTENbHO ocw Oz Telna,
OrPaHMYEHHOTO MoBepXHOCTAMHU 22 = 2ax, z =0, 22+ y? = az.

2385. Omupenenurh 06beM Tejla, OIPAHMYEHHOIO MOBEPXHOCTHIO
(22 +y?+2?)? = azyz (nepeiiTu Kk cepuuecknm KoopimHaTam) (CM.
3anauy 2377).

2386. Oupenenurh maccy chepmuecKoro CI0A MEHMIY MOBEPXHO-
cTaAMHu 22 + y2 + 22 = g2y 22 + y2 + P 4a2, ecJin NJOTHOCTH
B Ka#i 10l ero Touke obpaTHO MPONOPHHOHAIBHA PACCTOAHNUIO OT TOUKM
10 Hauajna KoopamHaT (MepeiiTn K chepuuecknm KoopauHaTaMm).

§ 6. KpusBoauneituorii uarerpair. @opmyaa I'puna

1°. Onpenmenenne kKpuBoamHeliHOTO MHTerpamxa. llycrts Ha

nyre A B, cupAMaAemMoii KpuBoit, onpenenera HenpepbiBHaA QyHkmA P(z,y,2).
Pasobeem myry ma wactm Touramu  A(xo; yo; 20), Mi(z1; y1; 21),
ey M1 (20215 Yn=1; Zn—1) U B(Tn; Yn; 2n) maycTs 7, —xi—1 = Ax;. To-

n
rma lim  >° P(x;, yi, 2;)Az; Ha3BIBAETCA KPUSOAUHETHBIM UHMELDAAOM,
Al‘,—>0i:1

B3ATHIM 10 nyre A B, u obosHavaerca f P(z,y, z) de. AnamornuHo onperne-

AB
amrorea naterpaasl [ Q(x, y, 2)dy, [ R(z,y, z)dzu [ Pde+Qdy +

AB AB AB
+ Rdz rar cymMMma TpembInymux WHTerpaioB. HakoHer, BcTpedaeTcs ere
KPUBOJMHEHEIN WHTerpaja BUga

/ Pz, y, z)ds = A£1}E>OZ;P(xi’ Yi, zi)As;, tie As; = M;_ M.

AB

2°. BeiuncuneHune KPUBONUHENWHOTO MHTer paga. llycts rpu-

~—

BarAd AB zamana ypasHenuamu ¢ = f(t), y = ¢(t), z = ¢ (), a napamerp ¢

npu mepeMertieHun Touku M (t) o nyre AB B 0IHOM HalpaBlIeHUH H3MEHHA-
eTcA MOHOTOHHO; TOTaa
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T. €. 6ce nepemenuvie U Juddepenyuaant oI 3HAKOM KPHUBOIMHENHOTO WH-
Terpalia HYNICHO 6bIpasumy vepes odny nepemennyio (1) u ee duddepenyuan
(dt) us ypasuenuti kpueoti.
3°. Mexanmueckoe 3HAUEHNE KPUBONUHENHOTO UHTETPa-
na. Narerpan una | Pdr+ Q dy+ Rdz onpenenser pabory npm mepeme-
AB
HIEHUK eIUHUIBI Macehl 1o nyre A B B node, obpasosarntom cuioit F{P; Q); R}.
4° Cayuait monuoro nudpdbepennuana. Ecau B HeRoTOpOit 00aa-
e (V) Pde+ Qdy+ Rdz=du, 0 [ Pdr+ Qdy+ Rdz=up — ua,
AB
T. €. paBeH Pa3HOCTH 3HaueHWH QyHRIMK u(x, ¥, 2) B Toukax B u A u e

zasucum om nymu unmezpuposanus AB, B3ATOr0 B 0bmacti (V).
5°. ®opmyaa ['puna

fpdeery:(é)/ (g—f—g—]yj) dz dy

()

npeobpasyer RPUBOMHHENHEIH wHTerpan or P dx + () dy, B3aATHIL (npoTs
wyacoBoil cTpenrn) mo samMkrHyToMy RKoHTYpY (C'), B OBOIfHOM HMHTerpas: 1o
obmacty (\S), orpaHUYEHHON HTHM KOHTYDPOM.

6°. Maomans, orpanndertasa goHTypoM (C'):

S:%j{xdy—ydl‘.

()
2387. Jaubt Toukn A(2; 2) u B(2; 0). Boruncanrs /(ac +y)da:
(©)
2

1) mo mpamoit OA; 2) no nyre O A napabonsr y = %; 3) mo jomanoi

OBA.
2388. [laubt Toukn A(4; 2) u B(2; 0). Boruncanrs

/(ac—l—y)dac—xdy:
_ (@)
1) o npawmoit OA; 2) no nomanoii OBA.
2389. Pemmruth 3amauy 2388 mad uuTerpana
/ ydr + z dy.
(@)

[louemy 3pech BelnumHa MHTErpaja He 3aBUCHT OT NYTH HHTETPHPO-
Bagus’



236 [n.13. /IBofinble, TpOIHBIE H KPUBOMHEHHBIE HHTET DAJIBT

2390. Janwr toukn A(a; 0;0), B(a; a;0) uw C(a; a; a). Berun-
CIUTH HHTer paj

/ydw—l—zdy—l—xdz

o npamoit OC' u no somanoit OABC.

2391. Ilone obpasosano cunoit F{P; Q}, rne P = 2 —y, Q =
= z. lloctponuth cuny F B Kamoii Bepilinme KBajpata Co CTOPOHAMEU
* = £a n y = +a u BelumcinTh paboTy Mpw MepeMellenun elfuauilbl
Macchl M0 KOHTYPY KBajpara.

2392. Ilone obpasoBano cunoit F{P; Q}, rne P = 2 +y, Q =
= 2z. lloctponth cuny F B mavasie kamuoii 4eTBepTH OKPYHHOCTH
x = acost, y = asint u BelYmcinTh paboTy Npwm NepeMerlennn ejiu-
HUI[bI MAcChl M0 OKPYHEHOCTH.

Petitmth o1y e 3amauy npm yeaoum P =z 4+ y, ) = x. llouemy
3nech pabora pasma 07

2393. Ilose o6pazoBano cuinoit F{y; a}. Oupeneaurs pabory mpu
nmepeMerenun Macchl M 10 KOHTYPY, 06pa30BAHHOMY NOJYOCAMH KO-
OpIuHAT W NepBOii ueTBepThi0 Biimica & = a cost, y = bsint.

2394. llose obpasosano cuioit F{x; y; z}. Boruucauts pabory mpu
nepemeliennn elmHUILI Macchl 1o Jomaunoit O ABCQO, coennnsoiei
toukn O(0; 0; 0), A(0; a; 0), B(a; a; 0), C(a; a; a).

2395. Hanmcath m npoBeputh dopmyay ['puna nina

%(ac—l—y)dx—%cdy
(@)
0 KOHTYDPY TpeyroiabumKa co croponavMu £ =0, y =0, 2 + y = «a.
2396. BelumciuTh nHTErPaNbL:

1) /2xydx—|—x2dy; 2) /COSde$—2$Sin2ydy;

AB AB
3) / tgydz + zsec? ydy
AB

1o m1060f nuaun or toukn A(1; 7/6) no B(2; 7/4).
2397. llpumenns dhopmyny ['puna, BEIUNCIUTH WHTET Pl

fy2dw+(w+y)2dy

(@)
o koutypy AABC ¢ Bepunnamu A(a; 0), B(a; a) u C(0; a).
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2398. OmnpenenuTh KpuBOJWHEHHBIM WHTEIPAIOM TIOI[ATL HIIH-
nca ¥ = acost, y = bsint.

2399. OnpenenuTh KPUBOIWHEHHLIM HHTEIDAJIOM IJIOMIANb METIN
kpuBoil 22 + 22 — y?2 = 0 (cm. puc. 48 na c. 304).

Yrazanue. llepetitn k mapaMeTpruiecKM ypaBHEHUAM, TTOJOHKAB Y =
= xt.

2400. OnpegennTh KPUBOIWHEHHLIM HHTEI PDAJIOM IJIOMIANb METIN

lexaproBa nucra x> + y° — 3azy = 0 (em. yrazanme & 3amaue 2399 n

puc. 79 na c. 334).

2401. C rakroii cwioii npurdArmBaer macca M, paBmOMepHO pac-

npejenensas 10 Bepxmeil moayokpymuoctu 22 + y? = a2, maccy m,

COCPeNIOTOYEHHYI0 B HaYaile KOOpIuHAT?

Yrazanue. llycts p — auHeiiHasg MIOTHOCTE, ds — BIEMEHT MINHBI
MOITyORPYAHOCTH, § — yroa pamuyc-BerTopa ¢ ockio Oz, a X u Y — mpo-
eRIINHU CUIBI puTAmennA. Torma

X:/k'mﬂczsﬁds’ Y:/k'mﬂsmﬁds
r

r2 ’
() ()
rie k— I'paBUTalMOHHAaA IMMOCTOAHHAaA.
2402. Jaust Toukn A(—a; a) u B(a; a). C karoit cuioit macca M,

paBHOMEPHO pacipefesennas M0 orpesry AB, npuraruBaer maccy m,
cocpernorouennyio B Touke (0; 0).

2403. Jlanor roukn A(a; 0), B(0; a) u C'(—a; 0). C kakoit cuioit
macca M, paBmomepno pacnpeneiennas 1o jgomanoii ABC, npurdrm-
BaeT Maccy 1, COCPeloTOUeHHY0 B Hauajle KOODPIWHAT.

2404. [lansr Tourkn A(0; 1), B(2; 5) u C'(0; 5). Boruncants

/(w+y)dw—29dy:

(@)
1) no npamoit AB; 2) no nyre AB napaboas y = x? + 1; 3) no
gomanoit AC'B.

2405. Jaust Tourn A(—a; 0) nu B(0; a). Boruncianrs pabory cumibt
F{P;Q}, tne P = yu ) = y — &, Ipu NepeMellleHUn eTuHUIbI
maccel: 1) mo mpamoii AB; 2) no momanoit AOB; 3) no nyre AB

$2

napaboaber y = a — —.

2406. TlorazaThb, uTo

fydw+(w+y)dy
()
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Mo 11060MY 3aMRHYTOMY ROHTYDY paBed uymdio. [[poBepuTh, BEIUKUCIUB
2

WHTErpall M0 KOHTYPY (uryphl, OrpaHuYeHHON JUHUAME Y = Z° u
y=4.
2407. HanmcaTh m npoBeputTh dhopmyny ['puna mid muTerpaia
dxr dy
y o’

(©)

B3aTOro mo KouTypy AABC ¢ Bepmmuamn A(1; 1), B(2; 1) u C(2; 2).
2408. C momoIbi0 KPUBOJIMHEHOr0 mHTErpaja OnpeneinTh Mio-
mwanb (purypsl, OorpaHnYeHHON acTpounoil x = acos® t, y= asin®t.
2409. C momolbi0 KPUBOJIMHEHOr0 mHTErpaja OnpenelnTh Mio-
mjanb, OTPaHUYEHHYI0 KPUBOH y2 +a2t—22=0. (HepeﬁTH K Tmapame-
TPHYECKNM yPAaBHEHUAM, TOIOKUB y = t.)

§ 7. lloBepxHOCTHREIE MHTETPAEL.
@®opmyast Ocrporpamckoro—Iaycca u Crokca

1°. MoBepxHoCcTHBIe HHTerpanbl. IHyers F(z,y, z) — Hempe-
peiBHaA QYHRIHA U z = @(&, y) — ypaBHEHHWE NOBEPXHOCTH S, MPHYEM
dp(x,y) oz, y)
CYIIIECTBYIOT u .
Ox Oy

lloseprrnocmubiti unmezpaa nepeozo muna TpeacTaBiIdeT coboif mpemen
WHTErpaigbHOl CyMMBL:

n

//F(x, y, 2)dS = nlgrolo ZF(l‘Z, Ui, 2i)AS;,
(%)

=1

rme AS; — mmormank §-ro sIeMeHTa TOBEPXHOCTH S, TouRa (%4 y;; ;) pH-
HaIJeHUT 3TOMY BIEeMEHTY, NpUYeM MaKCHMaJdbHBIN THaMeTp 3J1eMeHTOB
pasbueHnA CTPEMUTCA K HYII0. Eciau MpoeRnuA ¢ MOBEPXHOCTH S HA IMII0C-
rocTh £y OMHO3HAUHA, T. €. BCAKAA MpAMad, mapainenbHad ocu Oz, mepe-
CERAET TOBEPXHOCTH S JHUIE B OMHON TOYRE, TO COOTBETCTBYIOIINI MOBEPX-
HOCTHBII MHTerpaJl IepBOro THIA MO#eT OBITh BBIUUCIEH 1O (hopMyJIe

1] o105 =
(5)

:([)/F[x, v, o(z, »)]y/1+ (W): (%ﬁ/’y))2d9@dy.

Eciu P = Pz, y, z), @ = Q(x,vy, z), R = R(x,y, z) — Henpe-
poeiBHBIe QyHEIHE 1 ST — cropoma moBepxHOCTH S, XapaKkTepu3yeMad Ha-
IpaBIeHreM BHEITHel HopMali n{cos «; cos 3; cos ¥}, To cooTBeTcTBY Ot
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MOBEPXHOCTHBIN MHTETPas BTOPOTO POMia BBIPAMKAETCA CIAETYIONINM 00pa3oM:
//dedz—i—dedx—l—Rdxdy_ // Pcosa+ Qcosff+ Reosy)dS.
(5+)

2°. ®opmyaa Octporpamcroro-Tlaycca:

// (Pcosa+ Qcosff+ Reosy)dS = /// <8P ——I—g—R) de dydz,
z

rae «, § 1y — YTkl BHENTHEN HOPMAaJW 3aMKHYTON TOBEPXHOCTH 5 W 0CAMU
RoopamHaT, a V — o00beM Tesa, oTpaHUYEHHOTO 3T0# TMoBepxHOCTHIO. Ilep-
BBIYf MHTErpaJl MOAHO 3alMCATh B BHUIE

or or o\ dxdy
// (P_+Q_ RE) 9F/9z

rne Pz, y, ,8 = 0 — ypaBHeHWe MOBEPXHOCTH, a S, — Tpoeruua S Ha
miockocTs Oy

3°. ®opmyaa Crorca:

j{de—i—Qdy—l—Rdz:

// [<3R Z)cosoz%—(@a—f—g—f)cosﬁ-l-(g—g—g—g) COS’Y] ds,

rme «, 3, ¥ — YyIabl, 00pa30BaHHBIE OCAMHU KOOPOWHAT C HOPMAJIBIO K MO-
BEPXHOCTH S, HANpaBIEHHON B Ty €€ CTOPOHY, ¢ KoTopoii obxom roHTypa C
paccMaTpuBaeTcA MPOUCXONAIINM IIPOTUB YacoBOM CTPEIKHU.

2410. Boruucaurs

//(xcosoe—l—ycosﬁ—l—zcos'y) dsS

110 BepXHell MOBepXHOCTH MIAO0CKOCTH & + § + 2 = a, pacnojomeHHOd B
epBOM OKTaHTe.

2411. Beruncautb
// [2% cos (n, 1) + y®cos (n, j) + 2* cos (n, k)] dS
(5)

no BepxXHell MoBepXHOCTH TTapabolionna %+ y2 + 2az = a2, pactmoio-
menHoi Bo Bropom okrante (rme x < 0, y >0, z > 0).
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de d
Yrazanue. l[puBena uaterpas g BUILY //(x3 +3 4+ az2) y’ Tie-

a
(52)
peliTH K MOAAPHBIM KOOPIMHATAM. YTol ¢ Oyler U3MeHATheA oT 7/2 1o 7.

2412. Hanucarb un npoBeputh Gopmyay Ocrporpaickoro mid wa-
Terpaia

// [ cos (n, i) + ycos (n, j) + zcos (n, k)] S,
(5)
B3ATOT0 TI0 MOBEPXHOCTH HIapa %+ y2 + 22 = a2

2413. Hanucarp w npoBeputh (opmyiny Octporpanckoro—laycca
IJIA WHTerpaja

// (% cos (n, 1) + y®cos (n, j) + 2° cos (n, k)] dS,
(5)
B3AITOTO 110 HAPYKHON NOBEPXHOCTH Tejla, OIPAHUYEHHOIO NOBEPXHO-

cravu 22 +y? +2az = a?, x =0, y = 0, z = 0, BHYTpH NepBOro
OKTaHTa.

Ywrazanue. [BoifHoli WHTeTpad 10 MIOCKUM TpaHAM Teja paBeH 0,
160, HampuMep, Ha maockocT z = 0 u cos (m, i) = 0 w cos (n, j) = 0.

2414. llonaraa B popmyne Ocrporpanckoro—laycca P =z, () = v,
R = z, monyuuTh dopmyny nasa obbema:

1
V= 3 //[xcosoe—l— ycos f+ zcosy]dS.
(S)
Borumeauth mo 9roii Gopmyne 00ben HIInICcouIa
2 2 2

T Yy z
p+——|—§:1-

J
2415. llonarasa B dopmyie Octporpanckoro—laycca P = 8—u, Q=
x
du du
— R —

— (1. e. momaras Berrop {P; ); R} paBubim grad u),

- a_y = 0z
// Audr dydz = //d—“ds,
dn
(V) (%)

N0Ka3aTh, 4TO
0w %u 0%
+ —— — omepatop Jamnaca.

reAu=—gt+ o5t 55
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2416. [IpoBepuTh MONyYeHHYIO B TPeILIAYIeit 3anaue GOpMYIY 0
dynrIun v = %+ y2 + 2% na NIOBEePXHOCTH 2% 4+ y2 + 22 = a2

2417. lloraszath ¢ nomolibio Gopmyinb GTokca, uTo

/yzdw—l—xzdy—l—xydz
(@)

Mo n060My 3aMKHYTOMY KOHTYDPY paBenm myii. IlpoBepuTb 510 BbI-
unciennem nnterpaina mo kKoutypy AOAB ¢ sepumnamu O(0; 05 0),

A(1;1; 0) m B(1; 15 1).
2418. Hanucarpy u npoBeputh dopmyny CTokca niid muTerpaia

Fle-pdot @2yt (y-a)d,
(@)
B3aTOro mo koutypy AABC ¢ Bepmnuamn A(a; 0;0), B(0; a; 0) u
C'(0; 0; a).
Yrasauue. [IBoiiHoit MHTErpad MOAKHO B3ATH M0 J1060M TOBEPXHOCTH,

npoxonAmeil yepesd nepumeTp TpeyroabHuka A BC, HanmpuMep Mo MI0CKOCTH
r+y+z=a.

2419. Hanwucarp w npoBeputh dopmyiny Octporpanckoro—laycca
IJIA WHTerpaja

// (2% cos (n, 1) + y®cos (n, j) + 2° cos (n, k)] dS,
(5)
2

B3ATOT0 TI0 MOBEPXHOCTH HIapa %+ y2 + 22 = a2

Ywrazanue. TpoitHolt mHTErpam MpeodpazoBaTh K chepmiecKIM KOOpP-
OUHAaTaM.

2420. Hanucarpy u npoBeputh dopmyny CTokca niid muTerpaia

%x(z—y)dw—l—y(x—z)dy—l—z(y—w)dz
(©)

mo KOHTYpy Tpeyroibumka ¢ Bepimmnamu A(a; 0; 0), B(0; a;0) u
C'(0; 0; @) (cm. yrasanume k 3amaue 2418).
2421. C nomoriisio Gopmyast Ocrporpanckoro—laycca BoruncanTh

//x3dyd2—|— v de dz+ 2 da dy,
(5)

B3ATHIIl 110 HApPYMHON MOBEPXHOCTU MUPaMuIbl, 00pa30BaHHON TI0C-
wocravmu ¢ +y+z2=a, =0, y=0, 2=0.



I'masa 14
PANBI

§ 1. UncaoBsie pAmLI

1°. Pam wy + us + us + ...+ u, + ... HagbIBaeTCA cmo&ﬂwumm, ecau
cymMa S, €ro n MepBBIX WIEHOB MPH N — OO CTPEMUTCA K KOHEYHOMY TIpe-

meay S: lim S, = S. Yucno S HazeIBaeTcA cymmoti CXOAIIETOCA PAMA.
n—00

Hecxonamuiica pax HasbIBAeTCA pacrodAUUMCA.

Ilaa cxomuMocTH pAna Heobrodumo (HO He TOCTATOYHO), UTOOBI Un — 0
pU N — 0O.

2°. HaTerpadbHbLIii MPU3HAK CXOAUMOCTH PAMNA C MOJOENATENb-
HEIMH yOBIBAIOITUME WICHAMM:

Ecaun uy, = f(n), rne f(x) — yowBatoniaa GyHKINA, 0

7f(x) de — {A, TO PAN CXOOUTCA,
1

00, TO PAN PacXOgUTCA.

3°. lpusuar [Jamambepa CXOOMMOCTH pPANA C TOMOEUTETBHBIMI
ylleHaM#: ecJyu

" <1, T0 pAnm cxomurcAd,
. n+1
lim o> 1, To paAm pacxommreA,
n—=o00 U
n =1, To BONpOC OCTAeTCA HEPEIIEHHBIM.

4°. CpaBHeHHMe PALOB C TONORUTETHHBIMA YWICHAMHE:
Uy t+ugtus+ .ot u, + . (1)
nvFvet+uvs+...Fu,+. .. (2)
1) Ecint up < vy 1 pan (2) cxodumes, 1o cxodumes u pan (1).

2) Ecan uy, 2 vp u pAn (2) paczodumes, 10 pacrodumes u pan (1).
5°. Papm ¢ 4epenyowIMUMHUCA 3HaKaMM| Uy — Up+ U3 — Ug+ ...

CXOMUTCA, €CIH Uy > Ug > Uz > ... u lim u, = 0.
n—00
6°. AGcoamwTHAaA CXOOUMOCTbL. PAx
uyFus+us+ ... Fu, + ... (3)

CXOOUTCA, €CJIN CXOOUTCA pAL

|ug| + |us| + Jus| + ...+ Jun| + ... (4)
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B srom cayuae pAn (3) HasweiBaeTcA abcoarwmuo cxomAmmmMed. Ecan e
pan (3) cxomured, a pAn (4) pacxomurea, To pAA (3) HA3BIBAETCA YCAOEHO
(HEabCOMIOTHO) CXOMATIIIMCA.

Brinonugerca mu neobxomumoe ycloBue cXOMUMOCTH pANA:
222 S22 Ty

2 4 6 8

1 1 1 1
2423'I+§+5+?+'”

24242+4+6+8+
"3 9 27 81 7

HecnenoBaTh 10 uHTerpalbHOMY NPU3HARY CXOIMMOCTH pAma:
1 1 1
2425.1—|———|———|———|—...

1 1

1

\/Z ﬁ \/10
1 2 3
2427.—+33+4—3+

23
12+1

12+1

2426.

1

14 32
3
14 32

1

'32—1+5 —1+7 —1+“‘

1 1 1
2431. + + +...
21n22  3In%3  4In%4

HeenenoBath no npusuary [lamambepa cxomumocTh pAna:

2428.

1 22—|— + ...

2429. + ...

_I_

22

1
_I_
1
I+
1

1
+
2
+
1

2430

24322+4+6+8+
39 27 81 7

2433. 1 2 1 i
R TRTREE

9434, 1-|-1 2_|_1 2. 3_|_
1-3 -3-5

2435. 1+ ! + i =t5 33 +
2-3  22. -7
2436. 1_|_ 3! n 5! n 7! n
2 24 246 2-4-6-8 7
1 5 9 13
2437, — + + + ...

V3 \/2-32+\/3-33 N4 .34
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(CpaBuenuem ¢ rapMOHMUYECKUM PHAIOM Wiln ¢ YObIBatoIell mporpec-
cuei mceyenoBaTh CXONUMOCTh pAla:

111
2438. 14+ =+ —=+ —+ ...
V2 V3 V4
1
2439. 1
PR
111

2440, —+ —+ —+ —+ ...
In2 + In3 +1n4+1n5+
2441. Mertomom cpaBuenud PAIOB noka3aTb, 4TO PAL 152
x
1 1
+ T + 520 + ... upu |z| < 1 pacxomures, a npu |z| > 1
CXOIUTCH.
2 .4 .6

Ywrazanue. [I7A cpaBHEHUA B MEPBOM CIyJYae BaMeHUTb £, £, £°, ...
eIMHUIaMK, BO BTOPOM cJIy4yae OTOPOCHUTEH B 3HAMEHATeNAX eJUHUIIE.

Hatiti cymmy pana:

2442 ! + ! + ! +
“1-2 2.3 3.4 7

Yrazanue. Pagnomuts u, Ha pleMeHTapHbBIe NpodU.

2443 ! + ! + ! +
1.4 4.7 T7-10 7

I/ICC.HGI[OBEITB CXO0InMOCTb psAna:

1 1 1
2444. 1 — — +

VvV

1 1

E_ﬁ—l'"'

1 1

22 33 A4

sin  sin 2«0 sin 3«
22 + 32

1
2445. 1 — 3—2—|—

2446.

24417.

1
2448. llorazarb, uro cymma S ycioBHO cxofusAiieroca paua 1 — > +

+ g — Z +... yMmenblInTCA BOBOE€, eC/In mMOC/e RamIoro nojJomsuTe]lb-

HOI'0 4JjleHa pAlda nmoMeCTuTb [IBa moc/JelyrollnX OoTpunaTe/lbHbIX, 1
yBeJIHMUYHUTCA B moJTOpa pasa, eClin nmocje RamIblX OBYX MOJOAUTENIb-
HbIX 4/IeHOB MOMeCTHUTb OINH OTpHHaTeHbeIﬁ.



§2. PaBHOMepHasA CXOAUMOCTD ()YHKIIHOHAJIBHOIO PAA

245

I/ICC.HGI[OBEITB CXO0InMOCTb psAna:

1 1
2449. 14+ — + ...
3v3 55
1 1 1

2450. 1+ — 4+ —+ —+ ...
+101+201+301+

1 2 3

'1+14+1+24+ +

2451 .
1434

Mm1+§+§+l+
) 49 16

M%J+i+i+i+”.
42 " 72 ' 102
254, L4 S 40 LT
2 192 7 93 " 94
2455.2}-+-%1-+-§1-+...
3 ' 9 27
Mmg+i+g+m
13! 5!
2457.1—-—£-+-—£-—...
V3 Vb
1 1 1
M%J—§+§—E+m
1 1 1
2459. 1 — — + — — — ..

202 3a*  4ab
Hatitn cymmy pana:

1 1 1
2460. +

2461.

N | — W

1-

§ 2. PaBHoMepHaA cX0IUMOCTh (DYHKIHOHAILHOTO PAIA

1°. CoBOKymHOCTE 3HAUEHUMN &, MPU KOTOPBIX PYHKYUOHAALHBIY DAL

ur (@) +uz(e) + ...+ un(e)+ ...

CXOIHUTCA, Ha3bIBaeTCA obaacmuvio crodumocmu 9TOT0 pAda.

(1)

Oyuria S(x) = lim S,(x) HasweBaercA ero cymmoti, a PasHOCTH
n—o0

Rp(z) = S(2) — Sp(x) — ocmamkom pana.
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2°. Pan (1) Ha3BIBAETCA pABHOMEPHO CTOOAWuUMCA Ha oTpeske [a, b],
ecau 1A BeAroro € > 0 MomHO HaltTu Takol womep N, uro nupu n > N u
m000M & Ha oTpeske [a, b] OymeT BHINOMHEHO HepaBeHCTBO |Ry(x)] < &.

3°. MpusHak paBHOMepHOW cxogmmocTu. Pan (1) cxommurca

abcoaomno U pasHomepHo Ha orpeske [a, b], eciu cymiecTByeT YMCIOBOMN
CXONANINICA PAL C TMOJOHEUTEIbHBIMH YeHAMHI

cir+cat+es+...4+cen+ ...
Taroit, uTo |un ()| < cp mpu a < & < b.

2462. Onpenenutsh npu || < 1 cymmy u ocratok paAma 1 + 2 +
+ 22423+ IoKa3aTb, 4TO OH CXOIUTCA PAaBHOMEDHO Ha OTpe3Ke
[0, 1/2]. Ilpn rarkom n ocrator |R,(z)| < 0,001 mna mwoboro = na
5TOM OTpe3kre?

2463. llora3aTh, uTo pAm

c+e(l—a)+ae(l—a)®+2(l-2)>+...

cxomutTed Hepasnomepro na orpeske [0, 1] u pasnomepro na orpeske
[1/2,1]. Ilpn warom n ocrator |R,(z)| < 0,01 maa mwboro x na
orpeske [1/2, 1]7

z? 23

x
2464. llorkasarh, 4To PAL 173 + 3 CXOIHUTCA PaBHOMEPHO

na orpeske [0, 1]. [Ipn kakux n u m06om « ma sToM oTpeske | R, (2)] <
<0,17

3 $3

x
1—|—x3+ (1+ 23)?
nepasromepro npu & > 0 u pasnomepno npu x > 1. Ilpn rakom n
ocrator |R,(z)| < 0,001 nas moboro z > 17

2465. [lokazaTh, uTo pAI 3 4 + ... cxoourcda

1 1 1
2466. Iloraszarn, uTo paAx + + +
PR T s T 3/T+3z | 3217 be
1
4+ —————=+ ... cxonurcd paBuomepuo B muTepBaie 0 < x < o0.

3BV1+7x

[Ipu raxom n (u n1060M HEOTpHIATENLHOM Z) OcTaTok prna |R,(z)| <
< 0,017

Yrasanue. CpaBHI/ITB TaHHBINA pAd ¢ YUCJTOBBIM CXOOATINUMCA PAITOM.

1 1 4 1 1 4
2241 2244 2249 22416 7

CXOIUTCA PaBHOMEPHO Ha Beell umcaosoil ocu. [pn kakom n (u m060om
x) ocraTok pana |R,(x)| < 0,00017

2467. llorazarh, uTo pALm
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2468. llorazaTb, uTo pAm
1 1 1
+ +
r(z+1) (z+1)(x+2) (z2+2)(z+3)

CXOMuTCA paBHOMEPHO K — B muTepBaiie 0 < @ < oo. llpu rarkom n (u
aobom © > 0) ocTaTok pgﬂa |R,(z)] < 0,17
2469. llora3zaTb, uTo pAm
1 1 1 1
Vit + V22 4+ 2z + V24 + 3z + V26 + 4z +

cxonurces pasuomepuo B matepBatie 0 < o < oo. Illpm rakom n ocraTor
pana |R,(z)| < 0,017

§ 3. CrenmeHHEIe PAILI
Ilycth mam cremenHoit pAm
ap+arx+asz®+ ... +apz®+ ... (1)

Yucno R HaswiBaercd paduycom crodumocmu pana (1), ecan mpu x| < R
pAn cxonuredA, a npu || > R — pacxopurca. R Mo#HO HalfTu uaum mccie-
moBaHMeM abcoMFOTHON cxoguMocTh pAfa (1) mo mpusaary Tamambepa, min,

ROTZIa BCe @; OTITMYHEI 0T HYuA, mo Gopmyae R = lim . B wactrocTn,

n—=00 | Up41

eCJTH 3TOT Tpefes paBeH oo, To pAx (1) abcomoTHo cxonnTea Ha Beeit ocu Ox.
CremenHol pAM CXOAMTCA He TOMLKO abCOA0MHO, HO U PASHOMEPHO Ha
m060M oTpesre [a, b], MemarneM BHYTPH unmepsada crodumocmu (—R, R).

OHpeI[e.HI/ITb nHTepBajJ CXO0InMOCTH pAlla U mcCcjaeloBaTb ero Cxo-
JAUMOCTb Ha I'PaHnllaX mHTEpBaJa:

2

z z
2470. 1
+3-2+32-3+33-4

z3 x5

X
_|_ —

52 523 534
Qx A2 {3
+ +
32v/3 5232 72/33

n

o0 o) _ayn—1
2473. ). "o, 2474. ) =
n

+ ...

2471. 1 — + ...

2472. 1+ + ...

n=1 10 n=1

o0 T
2475. 5 "

=1/ (Bn— 227
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S x  nla”
2476.1) > 2" l.nly 2) Y —.
) n=1 ) n=1 (n—l_ 1)n
277, (4 1) 4 P D0 R DT (e b DT
A 2.4 342 443
_ _ 2)2 _ 2\3
0478, 2z — 3 B (22 — 3) L+ (2z — 3) o
1 3 5

OmpenenuTh uATEPBAI CXONUMOCTH PANA U HAUTH €ro CyMMy:

2479. 1+ 22 + 322 + 423+ ...

xr
Yrazauue. [luda HaX0mIEHUA CYMMEBI 5 HaifTH cHavYaIa /S dz.

0

2480, 0~ L4 T
- — 4+ = — =4 ...
3 5 7
Yrazsauune. Haiitu cuauaina ;l—S

x

2481. 1 + 32 + ba2 + 723+ ...

Yrazauue. QbosHauuB cymMMy psAma uepes .S, COCTABUTH BhIpameHIe
S — Sz B BHUIE CyMMUPYEMOTO PAMA.

m m(m — 1) m(m — 1)(m — 2)
2482. 1 + —z + ———2? 4.l
L T 123 "
S Sz
Yraszauue. llorasars, uro — + — = .S, u pemursk 570 auddepen-
m m

IInal/IbHOE YpaBHEHME.

OHpeI[e.HI/ITb nHTepBajJ CXO0InMOCTH pAlla U mcCcjaeloBaTb ero Cxo-
JAUMOCTb Ha I'PaHnllaX mHTEpBaJa:

T n A2 n {3 n
V55 V952 V13-53

2 $4 6

X X
+ — + ...
3-2/2  32.33 33.44
2n—1

2483. 1 +

2484. 1 —

o0 4T
2486. > (—1)"

n= \/ﬁ ‘ n=1 2n— 1

9487 z—1 (z-1)2% (2-1)3
T H =y R
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20 +1  (22+1)2 (20 +1)3
1 + 4 + 7 +

2488.

OnpenenuTh WHTEPBAI CXOIUMOCTH PATa U HaliTH CYMMY:
2489. 1 — 322 + 52 — Ta® 4. ..
Yrazauue. [luda HaX0mIEHUA CYMMEBI 5 HaifTH cHavYaIa /de.
0
2a00. 0+ L+ 4
2 3
ds

Yrazsauune. Haiitu cuauaina T
x

2491. 1 — 42 4+ 722 — 1023+ ...

Yrazauue. CocraBuTh BeIpamenue S + Sx.

§4. Pansr Teiinopa u Maraopena
1°. ®Dopmyaa Maraopena:

/0 11 0
f(x):f(0)+—f1(')x+_f2(' )x2+...+Rn(x), (1)
xn

rie Ro(x) = —'f(”)(ﬁx), 0<b<1.
n!
2°. @opmyama Teitaopa:

@) =@+ 00—+ TG 0y re. @

a)®

rie Ro(x) = (x%f(”)[a + 6(x — a)].

3. Pamgw MéHJIopeHa u Teitmopa. Ecim B popmynax (1) u (2)

Rp(z) = 0 mpu n — oo, T0 U3 3THX QOPMYIT TMOSYIAIOTCA OECKROHEUHBIE
pPANEBL:

f(x):f(o)‘F@l‘-l-wlj-l-..., (3)
f(x):f(a)—l—%!a)(x—a)—l—%(x—aﬁ—l—..., (4)

exofAmneca & f(x) mpH TeX BHAUYEHHAX &, TPH KoTOpeiX lim R, (z) = 0.
17— 00
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4° PasaomeHue B PANBI BIeMeHTapHB X Gy HRIHUIA:

e _ 14" 2 283
e’ = +ﬁ+§+§+...,
) 2 z® CXOMATCA K  COOTBETCTBYIOITIEH
SINE =T =57 + B GYHRIUY TPU BCeX 3HAUEHUAX &;
] 2 2t
cosex =1 — 1 + v

m(m — 1)

I+ =1+ ?1‘ + 5 22+ ... — CuHOMUAALHBIE DAL OH
exomured K 6unomy (14 )™ mpu |z] < 1;
2 3
ln(l—i—x):J:—%—i—%—...cxonﬂTcaHln(l—l—x) npu —1 < 2 < 1
2 z®
arctgae = @ — Y + 5 - CXOBMICA K arctg x mpu |z| < 1.

2492. Pa3nomnTh B paAl 1o crenenAm @ Qyukunu: 1) cos (2 — a);
. . T
2) sin2z; 3) xe®; 4) sin (mw + g) U HaNHUcaTb W HCCIenoBaThb (op-
MYJIY 0CTATOYHOIO ujleHa.
2493. Hanucarh mepBble Tpu ujiena Pa3nomeHud B pANL QYHEIUM
f(z) =1In (14 ).
2494. Tlo popmyne Makmopena nanucarh pa3iomenne B PAI 10 CTe-
T\ m
nensim & 6GuHOMA (1 + —) U MOKa3aTh, 4TO TMOJYYeHHBIH PAL CX0-
a
autes npu |z| < a.

2495. C moMoIIbi0 GUHOMUATBHOTO PAlla MOKA3aTh, 4To mpu || < 1

L 2 3 -t 1) n—1
(1+$)3_1 3z 4 62% — 102 +..._7; 5 ()"t

2496. ( nomolibi0 OUHOMHEAIBHOIO PAla NOIYIUTh PA3I0MeHue B
pAn pyHRITT

#:1—1$2—|— 1-3 $4—ﬂ$6—|—... mpu |z| < 1.
V14 22 2 22.2! 23. 3!

2497. PaznomuTh B pAN M0 cTemeHdAM & QYyHRIUU:

1+ =z
1—a
2498. NurterpupoBanuem TMOTyyeHHOTO B 3amayve 2496 pama namu-

cath panx mad In (z + v 1+ 22).

1) In ; 2) In (2 -3z 4 22); 3) In(l—a+ 2?).
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2499. Pasnomurs €”/% B PAN N0 CTeNeHAM T — & HANuCaTh W HC-
cilefioBaTh GOPMYIY OCTaTOYHOIO wjieHa PALA.

2500. Paznomutsh Gpynrnuto f(x) = 2% — 32 no crenensam z — 1.
2501. Pasnomurs 24 mo cremensam + 1.

1
2502. Paznomuth B pAn mo cremenam & + 2 Gyuknuio f(z) = — u
T
HCCyIeloBaTh CXOANMOCTh psfla o npusnary HamambGepa.

2503. Pasomuts B pansl pynrnun: 1) f(z) = cos g II0 CTeNeHAM

r— g; 2) f(x) = sin 3z no cremensam  + g

2504. Pazomuth B pal no crenendnm x4 1 pyuruuio f(2) = ¢/ u
nccyeioBath no npusnaky Jamambepa cXoinMoCTh MOJYIEHHOTO PAJa.

2505. Pasnomurh B paAn mno cremenmAm & ¢Qymkumm: 1) 2%
s
2) cos (mw + Z) U HamucaTh W UCCIETOBATH (POPMYIBI 0CTATOUHBIX

4IIEHOB PA3JIOMEH A,
2506. Paznomuth Gymkumio f(r) = 2* — 422 no crenenam x + 2.

T
2507. Pa3nomuTh B pAM 110 CTeTeHAM x—g pynrumio f(z) = cos? x

U HANUCaTh W UCCAeNoBaTh (GOPMYNY OCTATOYHOIO wjleHa pAja.
2508. Paznomurh B paAnm mo crememam x — 1 dymruumio f(z) =
. X
= sin —.
3
2509. Pazsomuth B pal no crenenam @ —4 dpynknuio f(z) = /x un
uccienoBath mo npusuary Jamambepa cXomuMocTh TOTYYEHHOTO pALA.
2510. C nomolibio 6mHOMUAIBHOrO PAlla MOKa3aTh, 4TO
1 1 1-3 1-3-5
— + _$2 + $4 +
V11— a2 2 22.2! 23. 3!
2511. lloumenublM uHTET pupoOBaHueM PANa, MOTYYEHHOTO B 3aMaue
2510, nanucarh pAd mad arcsin .

284 ... mpu |z| < 1.

§ 5. llpunomenud pAnOB K NMPUOIHKEHHBIM BBIYHCICHUAM

2512. Hamucath 6GumommadbubIl pAL 074 /1 4+  u BBIUNCIUTH
v/ 1,004, /0,992, /90, orpanuuuBiinch nBymd wienamu pana. Oue-

HUTb NIOI'pelIHOCTDb.

2513. Hamucarh GumomwmalbHBIN pAN 1A 1+ x u BRIYMCINTD
¥1,006, /0,991, v/130, orpanmunbiunch 1ByMA wienamu paga. Oue-

HUTb NIOI'pelIHOCTDb.
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2514. Borumcaunts sin 12°, orpaEumyuBIINCh IBYyMA YjeHaMHU PALa
1A Sin &, U OIeHUTDH TOTPEIIHOCTh.

Ywrasanue. & = 12° B pammanax ¢ = 7/15 = 0,2094. Bepxuiow
TPaHUIY TMOTPENTHOCTH OMpenednuTh U3 ycaosusa x < 0, 3.

2515. [lemenuem yucnuTeds Ipobu ﬁ Ha ee 3HaMeHarelb I0-
x
o0

— =D (—=1)"=1227=2 4 npounterpupoban
I+a n=1
NOWJIeHHO NOJYYeHHBIH PAI, HANNCATh pasiomenHne B PAL arctg .
0o (_1)n—1$2n—1
2516. llonaras © = — B pa3nomenun arctger = » , ——~——————

3 n=1 2n —1

JIyuuTh pa3iomenne

NoJayuynThb pAd NJA BbluuCJIeHUA 7

)n—l

= (-1
T :32wﬂ§g£;'62£—:—Ij§E:T.

2517. BeluucnuTh 7, B3AB MATL uleHOB pAna 3amauu 2516.
2518. C nomolibio noiaysennoro B 3anaue 2497 pana

1+ 2z 3 2’
| =2 — 4+ — 4. ..
" [x—|—3—|—5—|— ]

— X

BblumcauTh In 2, In 3, In 4, In 6.

Yrazanue. lloromus =2, Halitki @ U T. 1.

— T

sin e’
2519. OnpenesuThb B Bujie PAIOB WHTET Palbl den | —dz.
x x

X
2520. Omnpenenuts B Buie paAma (ymrnnio $(z) = /e_xz de n

0
BeruncauTh $(1/3), B3AB CTONBKO 4IEHOB, CKOIBKO HYHKHO IJIA TOTO,

4T00BI TOTpelIHocTh 6bia menblie 0,001.
xT

2521. Onpenennuts B Bume pana ¢pyurinuio ¢(z) = / Y1+ 22de

0
u BerumncinTb $(1/5), B3AB CTOTBKO 4I€HOB, CKOTBKO HYHHO A TOTO,
4T00bI TOrpelrocThb Oblia menblie 0,00001.

2522. HaiiTu B Bule pana pellexue ypaBuenud 4"’ = z%y c ma-
vyanbHbIME yeaoBuamu: npu x =0, y =1, 3/ = 1.
2523. Hatiti mepBble ueThIpe wiiena pdAja, OMpeTeAIollero perire-

uue ypapuenns (Pukkatn) y' = 142 —y? ¢ HavaIbHBIMI YCJAOBIAME:
y=1upum z = 0.
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2524. HanucaTh B Buje pAga pemlenue ypaBuenud beccena xy” +
+ v+ 2y = 0 ¢ mavanpubivu yeaoBuamm: y = 1, y' = 0 npu x = 0.

2525. Boruncauts +/1,005, &1,0012, /0,993, &0,997, v/110,
/70, /40, orpanmumuBIINCH OBYMH WieHAMH OMHOMHAIBHOTO pPAIA

. m(m — 1)z
(14 2) :1—|—mac—|—T

2526. Boiuncauth cos 12°, orpannunBiinch IByMA 4ileHAMH pas-
gomenud B pAn cos z. OuennTh MOrperrnocTh.

+ ..., ¥ OlleHuTb NOrPEUIHOCTh.

2527. Ilonaras B pasmomennn B pan arcsinz (3amava 2511) 2 =
= 1/2, BBlUnCIUTD 7, OTPAHNUUBAACL TPEMA wWieHaMH DPAIa.
Yrazauue. (Havamga BBIYHCIUTH TMEPBBINM W3 OTOPOIMEHHBIX WIEHOB,

3aTeM BEIPDa3UThb IeCATUYHON JIpO6I:IO KamIabli 13 IIEPBEIX TpPEX YJEHOB C
IIOTPENIHOCTBIO HE 00JIBIIe IIepBoro OT6pOH_IEHHOI‘O HJjieHa.

T 1 1
2528. Ilomb3yAch TOAIECTBOM 1= arctg B + arctg 3 HamnucaTh

BbIpajkeHme Uil T uepes CyMMYy JIBYX 0€CKOHEUHbIX PHANIOB.
2529. llonarasg @ = 1/N B paznomennn In (1 4+ 2) B pAn, noay4nth

(popmMyibI:

1 1 1
DIn(N+1)=InN — =t — —...|;
JIn(N+1)=In +[N oNz T 3Ne ]
2)lg(N+1)=1gN +0,4343 ! = + .
& -8 ’ N 2Nz T3NS )
2530. 3mas In2 = 0,6931, Beruncanrb In b u In 10 u norazarhb,
yTo MomynnL M = 10 ~~ 0,4343.

2531. Berumcants 1g 101 u lg 102.
2532. Oupenenuth B Bulle pAfa IJIUHY TYIH HLIAICA.

0,5
2533. BoiuucauTh / V' 1+ 23 dz, B3AB cTONBKO 4lIeHOB pAlla, CKOTbKO
0

HYMHO IJIA TOro, uTo0bl NmorperrsocTb Obiia menblie 0,001.

2
T
2534. Onpenennts B Buie pana gpynrnuio ¢(z) = /COS R dz u

0

1
BbluncjiuTh P <§> ¢ tounocThio mo 0,000001.
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2535. HanmcaTh mepBbie Tpu uiiena pAja, ompenesaioline pelllenne
ypaBuenns y = x? 4 y?, ymoBiaeTBopsiomee yciaosuio: y = ( npu
z = 0.

2536. Hanucarh B Buje psna peienne ypasuennd y” + xy = 0 ¢
HauajbubiMu yeaoBuamu: npu x =0, y =1, ¢y = 0.

2537. HanmmcaTh B Bmjie PANOB ypaBHenumdA TepeXomnoil KpuBOif,
BI0IIb KOTOPOil KpuBm3na k mapacraer MpONOPIHOHAILHO IJIWHE 1YT'H S.

y i 9o _ 5 ec ]
Kal3aHUue. 3 YCJI0OBUA = roe IIoCToAHHadA, HaTHu ¢ 1

ds c’

3areM peNmuTh ypaBHeHudA dx = dscos ¢ u dy = dssin p.

§ 6. Pan Tefimopa mad QyHKHHH OBYX NepeMeHHBIX

@opmyay Tetaopa mad GYHRINHU OBYX TMepeMeHHBIX MOMKHO HANMCATDL B
Tpex ClIeAyINX BAIaX:

Fle+h, y+1)=F(zx,y)+

1] 0 o o 01?

F(xz, y) = F(a, b)—l—l [(x—a)ai—l—(y—b)aa—y] Fa, b)+

1! x
1 o o1?
— |z = a)— —b)—| F(a, b I
- gt w-ng] Fens, @
2 mn
Ar=byd= = . (111)
1! 21 n! r=xo+6 Az
y=yo+0Ay

2538. Hanncats pasnomenne Gpyukuun F(x+h, y+1) no popmyre
Tetinopa (1), ecan F(z, y) = 2% + xy + y2.

2539. Pasnomuth dynkuuio F(z, y) = 23 + 2zy? no crenenswm
z—1ny—2 (popmyna (II)).

2540. Pasnomuts ¢pyuruuio F'(z, y) = In (z — y) no crenensam x
u Yy + 1, wanucaB umnenbl 1-ro u 2-T0 MOPANKOB W OCTATOYHBLIN uileH
(popmyma (11)).

2541. Paznomuth dpyurunio F(z, y) = sin (ma + ny) 1o crenensam
Z m Yy, HanwmcaB wierbl 1-ro, 2-10 u 3-T0 MOPANKOB U OCTATOUHbIN wjleH
(popmyma (1I) mpu a = b= 0).

2542. Pa3momuTh 10 cTelleHAM & u Y PYHKIUTO e= =y’ (popmyma
(1) mpm ¢ = b =0).

2543. Onpenenuts npupamenne Az Qyuknun z = 22 — 2y + 3>
(popmyma (I11)) w BEIYMCAUTE €ro MpW yCIOBHH, 4TO & MBMEHAETCA C
2 no 2,1, a y udmenderca ¢ 3 10 2,8.

2
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2544. Onpenennts npupamienne Az Qyuknnn z = cos (ax — by),
namucas 1Ba wiena Gopmyast (I1) n ocraTounsril wien.

2545. Oyuruuio F(x, y) = 22y pasaomunth no crenenam x — 1 u
y+ 1 (popmyma (II)).
2546. Oynrnuio F'(z, y) = arctg J PasIomMUTDL TO CTemeHaM & — |
T

U 7, OTPAHUYHUBIIUCH 4JIeHAMHU |-TO U 2-T0 TOPAAKOB.

2547. Pagmomuth Qyukuuio z = y* mo cremeddam & — 2 u y — 1,
HANNCAB WIEHBl 1-TO 1 2-T0 MOPANKOB, u Belumcauth 1,121,

2548. Onpenenuts npupamienune Az 1a yurIun 2 = 22y — y% u
BbluncauTh ero ¢ Tounocthio no 0,0001 npu yciaoBum, uTo 2 u3MeHdA-
ercd oT 2 no 1,99, a y — or 5 no 5,02.

§7. Pan Oypre. Hurerpaax Oypre

1°. Onpenenenne. Pynryua f(x) nasvisaemea ydosaemsopatoujeti
ycaosusam Jupurae na ompeske [a, b], eciu oHa Ha 5TOM OTpe3Ke:

1) Meer KOHEUHOE YMCI0 PAa3PBIBOB, TPHYEM BCE OHM MEPBOTO POIA;

2) UMeeT ROHEYHOE YHCI0 HKCTPEMYMOB;

3) fle) = JE=0+F@+0)

2°. Mynruna f(x), yooBieTBopAmInad ycaoBuAM JIHpHXIe Ha OTpe3Ke
[—{, {], Momer ObITH ompeeneHa BO BCeX TOYKAX 9TOT0 0Tpe3ka padon Pypve:

BO Bcex Toukax (a, b).

(1)

nﬂ'l‘i|
’

o0
flz) = a2—0—|—nz_:1 [ancosnlﬂ—l—bnsinT
rie
! . !
/f(x) cosnlﬂdx; bnzj/f(x)sinnlﬂdx. (2)

-1 -1

_!
an = 7
Ecau f(x) = f(—x), 1. e. f(z) — dyuRIUMA wemras, 10 by, = 0 u

o0

flx) = a2—0 —I—nZ_:lancos

nmwr
7 .

(3)
Ecau f(x) = —f(—x), 1. e. f(x) — QyHRUMA HevemHad, TO ap = 0 U

J(@) = basin——. (4)
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Ecau pyurumio f(x), onpenenensyto panom (1) ua orpeske [, {], mpo-
JOMMUTH 10 NEPUOANYECKOMY 3aKoHy c mepuomsoM 2/, morpefoBaB, UYTOOBI
F{—0)+ £+ 0)
) = !
BCEM CBOEM IIPOIOJIAEHIH.
3°. Ecan ¢yuruma f(x) abcoaromuo uwmezpupyema B TPOMERYTHe
+o0

, TO OHa Oymer ompenedATbcA pAmoM (1) u Ha

(—o0, o0) (T. e. / |f(z)| dw CXOJII/ITCFI) U yIOBJIETBOpAET ycaoBuAM Jlu-

—00
pHXJle Ha BCAKOM KOHEUYHOM OTPe3Ke, TO OHa MOET ObITh IpelcTaBleHa MH-
Terpaigom Dypoe:

f(z)= % 7°da +/oof(t) cosa(r —1)dt =

+o0
= / [a(e) cos ax + b(o) sinax] da, (5)

rie

+co +oo
a(oz):%/f(t)cosatdt u b(a):%/f(t)sinatdt. (6)

Pagnomuth B pans Dyphe caenyioliue Tepuoiuyeckue GYHKIUYU C
mepuoiom 27m:

2549. f(z) =1lupu 0 < z < 7 u f(—z) = —f(z). C nomorbio
IOJIy4EHHOT0 PAla OKA3aTh, YTO0

. 1+1 1+ B
3 5 7

2550. f(z) =2 apn 0 < 2 < 7 u f(—z
NOJIYYEHHOTO PATa MOKa3aTh, 4TO

= f(z). C nomouibio

11 1 B
Itgtmgtgt =1

2551. f(z) = 22 npu —7 < @ < 7. C MOMOMIBIO TOMYueHHOTO PATa
noKa3aTh, 4TO

1 1 1 72
N1l-—+— =
) 22+32 42+ 12’
2)1+1+1+1+ w2

22 1 32 1 42 6
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Paznomurhb B pan Oypbe nepuognyeckue GyHKIIT ¢ nepuoiom 2/:
2553. f(z) =1npu 0 < 2 <lwu f(—2) =—f(x).
2554, f(z)=1—-zupu0< a <1, f(—2)= f(a), [=1.

{0 mpu  —I! <z <0,

2555. f(x) = x mpn 0L a<l.

(
2556. f(x) B obmactu (0, 2] 3amama rpadmrom (puc. 35) m mpo-
molEena: 1) mo yeTHOMY; 2) 110 HEYeTHOMY TepPHOTHYeCKOMY 3aKOHY C
nepuogom 20 = 4. Paziomurh kamuyo us 9tux Gyakiuuit B pag Oypbe.

y
y
1 |
| |
l -2 -1 45° |
| | 0 1 2 x
| |
0 1 2 X
Puc. 35 Puc. 36.

2557. Pacupocrpanenne renyia B crepmue 1iwmHoil [ onpenenserca
ypaBHEHUEM

1 0u 0%
a2 9t 922
rie u(z, t) — Temmeparypa, u yCIOBUAMH
1) rpannunbivu: w =0 npu z = 0 u npu & = [;
T npu < [/2,

l—2 upu a>1/2 mpu £ = 0.

2) HavalbHBIMH: U = {

Omnpenenuth meronom Dypbe pyuruuio u(z, ).

2558. [Ipomoabubie Kosebanud cTepmiuA IIUHOM [, ¥ KOTOPOTro oanH
komen (mpu & = 0) 3akpenien, a apyroii (mpu & = [) cBoGomen, onpe-
IeJNAITCA yPaBHEHHTEM

1 9%u 0%
a? 9t2 92’
rie u(z, t) — NPOTOIbHOE CMEIleHNe, U YCIOBHAMHE

1) rpannunbimn: w = 0 npn © = 0; g _ 0 opm = = {;

" ox
2) mavanpubiMn: u = f(z), 88—? =0mput=0.

Omnpenenuth meronom Dypbe pyuruuio u(z, ).
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2559. llonepeunbie konebanud crepmua IiwHOK [ ¢ 3arpenien-
HbIMHU KOHIAMHT ONpeNesdloTCH ypaBHEHTEM

1 0%u 0%
Sl e
a? otz Oud
1 YCIOBUAMHU
0%u
1) rpannunbivn: u =0 =— =0nmpuz =0n z = [;
Ox?

2) mavanbubivu: u = f(z) n oo npu t = 0.

ot

Omnpenenuth meronom Dypbe pyuruuio u(z, ).

B samauvax 2560-2562 nanucarh unterpaid dDypbe 0iad QyHRIuuM:
1 mpm O0< 2 <1, _

2560. f (1) = {0 pu rs 1 nf=a)=—f(2).

2561. f(z) =e " mpu x > 0 f(—2) = f(2).

2562. f(x), 3anannoit na orpesre [—2; 2] rpadmrom na puc. 36 u
paBHOiT HYJIIO BHE HTOr0 OTPe3Ka.

Pagnomuth B panul Dyphe pyuKrium:

2563. f(z) =

—z
npu 0 < z £ 7,

f(=2) = f(x), flz+2m)=f(2).

1 2564. f( )= |sin Z|; ¢ MOMOII[BIO TOIYUEHHOTO PAa T0KA3aTh, YTO
3+3 5+5 Ty
2565. f(z) = {i_w Eii 2/22?;/3 n f(=z)=—f(z).
2566. f(z) =2 mpu 0 < = < I,
fl=z) = f(z), flz+20)=f(z).
2567. f(z) = {i EEE _é i i 2 (1)’ u f(z+2) = f(z).

2568. f(z) =" npu —l < a <lu f(z+2) = f(z).
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2569. Meromom Dyphe peliuTh ypaBHEHHE

?u 9%
ot Qa2
IpH YCIOBHAX:
ou
1)u=0npu =0, =—— =0 npn z = 7,
9 oz
2)u= f(z)mn 8—?:0Hput:0.

2570. Hanmcath muterpan @ypbe 1A GyHRINHT

1 mpu —1<z<l,
f(x)_{O mpu || > 1.
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CeRYHI RoopawHarbl Touku M b6ymyr @ = a + mit, y = b+ nt. Hcwmaouus

r—a -t
t, OJyYUM ypaBHEHHE TPAEKTOPUH: = y_ 75.1) y = /3 — 2;
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y=—42¢4+3y=0;2+2y=-2;y = -z, tga = é 124. 18°26’, 108°27/;
Sa = 2b%/3. 125.a%/5. 126. A = 36°52', B = 127°52. 127.4(v/10+/5);
20. 128.2z—y+6 =0, 2—4y = 4, 20—3y+2 =0. 129.y = 242, x—by = 6,
y=—x, 2y =x. 130. V/10. 131. Touka IBHmETCA 10 CTOpPOHAM KBampara,
OTPAHUYEHHOT0 TPAMBIMU & — 3y = £b, 3z+y = £5. 133.hy = he = 6/\/5
134. (3/5; 19/5), (—9/5; 17/5). 135. (4;5). 136. (0; 2), (4;0), (2;4),
(—=2;6). 187.y—2w =2, 24+2y =4, 2z +y = 8 138. 1) B(2; 1);
2) C(—1; =5). 139.y = 2z +6; 12/\/5; ZDAB ~ 53°. 140. 224+ y? 48z —
— 6y = 0; Au O — Ha oxpymuocTtu, B — BHe ee. 141. 22 +y? +4xr—6y = 0.
143. (0; 0), (=2,5; 2,5). 144. (z—1)*+(y—1)? = 1l nmm (x—5)*+(y—5)* =
= 25. 145.tga = —2,4, a = 112°37". 146. (z + 4)? + (y + 1)? = 25.
147. 22+ y? =8y = 0. 149.y = 42/3uy = 0. 150. y? = z(a — x).




262 OT1BeThl

2

2
151. (x — 3)2 4+ y% = 9. 152. x2+(y_9) :%,

154. 22 + y? = ax. 155.x2+y2—6y—g_0 156. 1) (3; —2), R = 6;
2) (=5/2;7/2), Ro=43) (0; =T/2), R=7/2. 15727+ +4y = 0; (0;0),
(2; =2), (=2; —2). 158. 22+ y?> + ax +ay = 0. 159. y = 0, 152 + 8y = 0.
160. 90°. 161. z +y = 3. 162. 22+ y? + ax = 0. 163. (z — 2)? + y?

= 16. 164. 224+ y*> = 2ax. 165.a = 4, b = 2, ¢ = 2V/3, e:\/_/2
22 2 22 g2

153. 22 4+ ¢y? = a2

166.1) - + X — 1)L 4 Y 1 167.6=1,4:3; 4:4,8; 5 ¢ = 0, 96;
)25+9 ’)36+7 o e

0,8; 0,6; 0,28; 0. 168. @ = 150 s vy, e = 1/60. 169. E+yZ:1’

2 2

e:?,r:4—\/§r1:4+\/§ 170. 6—4+g—8—1r_11 ry = 5.

171. 4¢§ 172. /0, 173 (2/7 j:4\/_/7) 174 (— 15/4 i\/ 63/4).
2y _ z? ¥y _ v

175. 36+4 1. 176. 4—1—3 1. 178. —I—b2 1 nan b2—|— =1.
2 y2 l‘2 y2 \/_

179. 5 Y e S Y 1s0. ——1 —\3/2,r =3,
g Ty T My ty 36 9 e= V32

r=9. 181. /2(a® + b2). 182. (£4V/2/3; 1/3) (0; —1). 183. (=5; 7).
2
184. (++/15; £1). 185. 2 +4y? = 16. 186. §+—_1 187. ¢ = \/5/2,
2

53°08'. 188.7 = 1,7 = 9. 189. 1)

2 2

9
Y 2 2
190. — —=— =1; 2 191, — — =— = 1. 192. — =
5 4 \/§H6\/_ 16 9 T Yy

V2

b
= a® 193. (0; £aV/2); 90°. 194. y + 2 = e 195. b, 2arctg —.

B yb>a. 197.1)e=2;2) e =seca. 198.y < —3, y < —|z/|.
—a

5 7
Q
<~

|

| e,

2
199. = 1. 200. 2% — % = 1 (mpu z > 0). 201 22 — y% =
2

2

Z 2 2 2 2 2

—a2 202. 2 _ YV 1 203, L L ) (- = ),
PEEY 16 9 9 16

4
204. (0; 0) m (6; +£2/3). 205.y = :I:g(x +5). 206. (—9,6; +£3/119/5).
2 2
207. (£/6; £v/2). 208. (—4; 3) u (—4/7; —3/7). 209. E _ Z_S =
0. 5 _ S0). 2Ly =3-" 2122 = 8( +2)
.a2 3a2_ npu x . Yy = 4 Yyt = X .
214. 1) y? = 91; 2) y = —22. 215.y = =22 216. (x . 3)2 Fy? =2
; - et : ;
(g; :I:p). 217. y = —%. 218. (3; £3v2). 219. 40cm. 221. y? = pu.
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2
222. y? =darmy=0. 224. y? =8(2—1x). 225.y =2 — %, 01(2; 1).

226. 1) y? = —4x; 2) y = 2. 227. y% = —3z. 228. (0; 0), (6; £2/3).

229.2 =0,z +y+2=0. 230. y = —/3(z + 1); 16/3. 231.r = 7,4,

d = 9,25. 232. Hupertpuca x = +3,2, e = 1,25, r = 10,25, d = 8§, 2.
2

233. % +92 = 1. 234. 22 — y? = 12. 235. ConpamenHEI IHaMeTp

Yy = —g, a; = by = +/10. 236. Conpamennsiit muamerp 4y + x = 0; 81°.

b
237. YpaBHeHMe nnamerpa y = —x, ero munHa /2(a? + b?). 238.y =1, 5x.
a

239.y =2. 240.8x —9y+25=0. 241.y = 2c+3. 243. 1) r+2V3y =8;
N2+y=1;3)x+2y=-2. 245. x —y = +5. 246. y = +2z + 6.
247. = +y = Va2 +b2. 249. y = 2y + 4/2. 250. YpasHeHmE HOpP-
mamn MN: a’yoz — b2zoy = czoyo. lomomuM y = 0, HalimeMm abcmmccy
troukn N mepeceuenma HopMatn MN ¢ oceio Ox: z1 = e2xy. Torma
FN =c—c2zg=er, 1N = c+c%xg = erq, 7. e. HopMans M N pgenur FF
B OTHOITIEHWN 7 : 7y U MOITOMY ecTh omccerTpuca. 252. Hopmans k mapaboie
y? = 2px umeer ypasHenue yYox + py = yo(p + xo). HNomomus y = 0, naiinem
€1 = p+zy, FM = xl—gz §+x0:FM, r.e. /ZFMN = /FNM.
253. (£3,2; +2,4). 254. Ouamerpel y = 2 u y = —a/4, yrom 59°02'.
255.y = x/4. 256.4c —y=16. 257.arctg3 ~ 71°31". 259. 2 +y+2=0.
260. 1) O4(1;2); 2) tgp = Z. 261. 5) X2 +4Y?% = 16; 6) Y% = 4X;
7)) X2—4Y2 =4;8) Y = X?2/2. 262.1) X?24+4Y2 =16;2) X?—-4Y? = 16.
263. X2 —Y2=28. 264.1) XY =6;2) XY = —6;3) XY =4;4) XY =

= — 6. 268. Ypasuenue crpyu: y = 16(x — 2?); y = 3m upu x = 0, 7HMm.
2

269. y = b (y— x_2) 270. 22 + y2 + 4z = 0. 271. 1) 45°; 2) arctg 2.
a

2
QgL. 273. y? = 242 + 3x? (runepbona). 275.1) Da-
2vi cos

X2 y?
awunc; 2) runepbora. 276. 1) = + 5 = 1, 01(3; =1); 2) X2 —-Y2%2=09;
3) Y2=2X;4) X2 =4Y. 277. X2 + 2Y% = 4. Qoxychl B cTapoii cucreme
(1; 1) u (=1;=1). 278. (z+1)2+y? = 4. 279. (x —3)?2 + (y —3)? =
2 (x-2)? ¥
= 2. 280.0 43y = 0. 28Ly% = d(c+1). 283+ T = L.
5
284. 22 4+ y? —ax — by = 0. 285. %. 286. OcuoBanue AB = 2a, BricoTa

2
a a
OD = —, mnomans —. 287. 3a mavamno npumem Toury O, neaamyio AB

V5 V5

272. y =xtgp —
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B orroternu AQ : OB = m, a 3a ocb Oz — npamyio OB; nycts OB = a,
Torna KoopanHatel Touek A n B oynyr: A(—ma; 0), B(a; 0). Ypasrenue nc-
komoit tunun: (m—1)22+(m—1)y? = 2maz; npu m # 1 oxpymuocrs: z2+

2ma
2 = 1x; npu m = | mpamaa: ¢ = 0. 288. Toury O npumem 3a Hayado,
m—
a OB — 3a ocb Ox. Ypasuenue uckomoit munun: (@ — b)(z? 4+ y?) = 2abz;
a
npn a # b oxpymHocTh: xZ + y? = p o mpn a = b mpamaa: =z = 0.
a—

289. 2(k%z?+y?) = a?(k? +1); soune npu k # 1, okpymuocts 22+ y? = a?
22+ 10z o2 ) 3 ,
mpu k = 1. 290. 5 + = 0. 291. 3a*v/3. 292. arctg i 36°52".
293. (d+a; +a). 294. A(V6;0), B(2; —2), C(=2v/2; V2); SAABC =
243 e
= V2+V3+V6. 296.2v2 y = v —2. 297. = 298. (a:— 5) ot =
9p?

b|
= —. 299. —b 2 b2:0'd:|a7.
16 oz — by + e+ ’ aZ + b2

HeHWA TowieHHo, noayunM 4(y — #) = (y + #)(y — z), orcrooma: 1) y = x;

300. Brruuraa ypas-

2) £ +y = 4; cienoBaTenbHO, TOYKN MepecedeHnA Mapabos JTemaT Ha TPAMO

Y = x WO Ha OpAMoit r 4+ y = 4; HaitneM xq = 2, rs = —06; OIIUHA XOPIBLI
— 22
8v/2. 301.30. 302. 22+ y? = a(x +y). 303. % +y* =1 (samnc ¢
26 25
uerTpom (2; 0)). 304. 2y = 4. 305. y = % 306. X2 —Y? =4
-2,5?% ¢y
01(2; =3). 307. % — yZ = 1 (rumepboma ¢ uentpom (2,5; 0)).

308. Tycre M (z; y) — Toura smaunca. Torma FM+ 1M = AF+ AF, nan

Ve —a)+ (y—a)+/(z+a)?+ (y+a)? = 4a; 322 —2zy+3y* = 8a?%;
1

nocate oBopota oceif Ha 45°: X2 4+2Y2 = 442, 309.cosp = ——— =
V1t+tgle

= — sing = ——; HoBoe ypaBHeHme X2 — Y? = 4. 310. 322 4 8zxy —

/5 ¥ /5 yp )

— 3y? = 20; nosoporom oceii Ha yroa ¢ = arctg (1/2) npusomurca K BuILy

X2 Y2 =14 (cm. 309). 311. y? = 2px + (e — 1)2%. 313. 1) Napa npa-

MBIX y = +2z; 2) toura (0; 0); 3) MHMMaaA orpymHOCTh; 4) Toura (3; 4);

5) mapa mpameix ¢ = 0, y = —x; 6) mapa npAMBIX y = =+4; 7) mapa

OpAMBIX ¥ = T H Y = g 314. 1) (1; 1), — 4+ — = 1; 2) (2; 1),

X
X2 Y2 =9;3) 2X24+5XY +2Y2 =8 315. 1) — 4+ — = 1;
X2 y? X2 y? X? y?
) — ——=1.316.1) —+—=1;2) — - — = 1. 317.1)Y2:
4 6 8 4 8 4
= 2/5X; 2) mapa npampix ¢ — 2y =3+ 1. 318. 1) 3y = 2x — 7+ (v — 2);
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2) moura (2; —1); 3) 4y = —22 — 3£ 1. 319. 4X? — Y2 = 8; uenrp
(2, 0); tg = —1/2. 320. 5(z — )2+ (y — 2)2 = 9. 321. Tosepuys ocu
2

a

Ha —45°, momyunum Y = —— + ——. VYpaBHeHue /x + = /a ompe-
y RN Va +/y = +/a omp

measer myry AB sroi mapaGoabr (puc. 87), Ha Kotopod # < a My < a.

322. (r —m)?+ (y—n)2 —e2(zcosa+ysina+¢)2 =0; A+ C =2— e
§ = 1—¢€? 323.1) llapa upambix « & 2y = 0; 2) toura (—2; 2); 3) napa
2 2 2 2
npAMBIX y = x, ¢ + 6y = 0. 324. 1) )1(—2—1—% =1;2) )2(_0_% =1
325.1) V2 = 4/2X; 2) npampie t +y =2+ 1. 326.1) y =2 — 24+ 1;
2)3y=2—-5+2(x+1). 327. 1) T2? — 22y + Ty? — 48z — 48y + 144 = 0;
2) 22 +4dry +y? + 62+ 6y — 18 = 0. 328. (x — y)? — 2a(z + y) + a? = 0;
Y2 =0av2X. 329. 22 — 4oy —y® —4x+8y—12=0; X2 —-Y2=3,2V5.
335. 1) r = —9 9y = WSO gae @SBz a) gy
cos sin ¢ sin (8 — )
=2acosp. 338.1) rmax = b mpn ¢ = 135°, 315°%; rpin = 1 mpu ¢ = 45°,
225° r = 3 mpu ¢ = 0°, 90°, 180°, 270°%; 2) rmax = 3 mpn ¢ = 0°, 120°,
240°; rmin = 1 mpu ¢ = 60°, 180°, 360°; 3) rmax = 2 mpu ¢ = 90°, 210°,
330°; rmin = 0 mpm ¢ = 30°, 150°, 270°. 339. 1) rpax = a mpu @ = 30°,
150°, 270°; » = 0 mpu ¢ = 0°, 60°, 120°, 180°, 240°, 300°; 2) r = a mpu
@ = 45° 225°, r = —a uwpu ¢ = 135°, 315% r = 0 mpu ¢ = 0°, 90°,
a

180°, 270° (cm. c. 334, puc. 83). 340.1) 2 = ———; 2) r = a; 3) r =
cos 2¢
= L;él) tge =1;5) r = acosp; 6) r2 = a%cos 2p. 341.1) z = q;
cos (¢ — a)
2) 224+y? = 2ay; 3) vy = a?; 4) x+y = 2a; 5) (22 4+y? —ax)? = a?(2?+y?).
22y 22 2 ,
342. 1) —+==1;2) ——-==1;3 = 6z. 343.r =
B v M U "7 Sine
1+ si
344. r = OB+ AB = w IIH B IeKaPTOBLIX ROOPAMHATAX Yy’ =
cos ¢
_ N2
= x(;:ia). 345. FM? = r? 4+ a? —2racos o, F1M? = vr24+a?+2racos ¢,
a—1x

FM?. FyM? = (r?2 4+ a?)? — 4r2a% cos? ¢ = b*, orcrona r* — 2a?r? cos 2¢ =
= b —a' 346.r = a(l + cosyp); (22 + y? — ax)? = d*(x? + y?).
347. Mlycts C' — uenTp HemomBumHOro Kpyra, 'y — IEHTD CMEINEHHOr0

kpyra 1 M (p; r) — mexywas toura. Tar rax LOCCY = ZMC1C = ¢
1
uC0O=CM= g% T OM ||CCy. Cupoerruposas momanyio COMCy

na C'C, nonydaum gcosgo +r 4+ gcosgo = a.Orcrona r = a(l — cos ¢).
348. 1) rmax = 5 mpu o = 0°, 180°; rmin = 1 mpnt o = 90°, 270°; 2) rmayx = 4
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mpu ¢ = 90°, 210°, 330°; rmyin = 2 mpu ¢ = 30°, 150°, 270°; 3) r = a npm
w = 0° 180°% r = —a mpu ¢ = 90°, 270°%, r = 0 npu ¢ = 45°, 135°,
bsi — 2
225°, 315°. 350.7 = —— sin (6~ @) S35 1) T2 =
asin (¢ — ) + bsin (5 — ¢) 4
2
2) % —y?=1;3) y? = x. 352.r% = 2c? cos 2¢; (22 +y?)? = 2c%(2? — y?).
Ha puc. 80 mosmomeno c\/2 = a. 353. 7 = b+ acosp. 354. Uz AOAM:
r=0M = OAcosy, Ho 138 AOAB: OA = 2asiny, otkyna r = asin 2¢.
358. Ilycre Toura A ma ocu Oz, Toura B na ocu Oy u LOAB = t. To-
rna & = BMcost = BCcos®t = acos®t, y = AMsint = ACsin’t =
= asin3t; urax, ¥ = acos®t, y = asin3t, OTKyIa z23 4 y2/3 = a?/3,
2

360. o2 = 2~
p+ez

361. (3y* + 2?)? = 42%(a® — y?). 362. B momApHBIX
roopauHatax 1 = OM = AB = BDsiny = atgysing; B 1eKapToBBIX
3
y? = i (puc. 85). 365. ObosHaump uepes ¢ yroa ayua OA ¢ Oz, Haii-
a—x
8a®
2 + 4a2’
367. x = a(t —sint), y = a(l — cost). 368. x = a(cost + tsint), y =

. R t
= a(sint—tcost). 369.y:xctg£. 370.9::(R—|—r)cost—rcosu,
a r

(R4 )t

meMm xr = 2actgt, y = 2a sin?¢. Uewmouns ¢, moayunM y =

y=(R+r)sint — rsin , Toe { — yroJ moBopoTa JWHWUM IIEHTPOB.

_ R_
rt, y = (R — r)sint — rsin !

371. © = (R — r)cost + rcos t.
r

,
3. X = XX, =8 Y =3V, = =2, OM = /644+4 = 2/17.
b 2
375. /8 +2/3. 379.1) ¢ = %; 2)a=2c—b. 380.c= (a—b).
38l. m + p = n; 0?23(m+n),37:3(n—m), ﬁ:3(m—n),
63:3(2n—m), mZG(m—n). 382.1@:2(n—m), O—I\4>:2n—|—m,
ON = 3m+n, MN = 2m —n. 383. 6v/3. 384. X = X, + X + X3 =
= -3, Y=Y =6 0M=+9+36=23/5 385 1)a=3(c—b);
2) ¢ =2b —ay/3. 386. OM = r = 5/2; cosa = 0,5v/2, cos f = —0,3v/2,
cosy = 0,4v/2. 387.r = 7; cosa = 2/7. 388. 3 ~ 52° mm 128°.
389. M(3v/2;3; =3), r = 3(V2i+j—k). 390.u=2i—6j+3k u="7T.
301. OC = i—2j+k OC = \/6; AB = k—4j—1i, AB = 3/2.
392. Rowen B(4; —2; 5) man By (4; —2; —7), cosae = 2/7; cos f§ = —=3/7;
2
cosy = +6/7. 393.a = 2b — 0,8¢c. 394. u = 35, cosa = ———=

35
395. cosa = cos f = cosy = 1/4/3. 396. 45° mam 135°. 397. D(4; 0; 6).

398. ¢ = 2b — 2a. 399. 135°. 400. B = C = 45°. 401. cos¢ =
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=1//10 = 0,316; » = 71°35". 402. cos ¢ = 2//5 = 0,894; ¢ ~ 26°37".
403. 60°. 404. arccos0,8. 405. 90°. 406. mp,a = 4/2/3. 407. 2.
408. 1) 24 /3; 2) 40. 409. (a+ b)2 = a® + b2 + 2ab cos ¢ (Teopema KocH-
nycos); (a+b)? + (a —b)? = 2a% + 2b? (cBoiicTBo nUaroHaseil napasesno-
rpamma). 410.7. 411. R = \/(a+b+c+d)% = 104+ 2v2 ~ 25,3 H.

. (2m —n)m 5 L
412. /7 u /13, 413. cos (&, m) = R =5 cos(a, n) =
= —9/\/7. 414.5/6. 415. OM = 2(i +j + 2k), ON = 2(i + 2j + k);
cosfl = 5/6. 416. cosp = 2/\/7. 417. cosp = 0,26\/10; ¢ ~ 34°42’.

AB-CD

418. D(—1; 1; 1); ¢ = 120°. 419. ip,b = ABCD 5 20 0M =

w OM -ON

OM -0

=+/(2n+m)2 =+/7, ON = \/(3m +n)2 = /13; cosp = OM ON =
17 17 12
= —— = ——~ 0,891, 0 = 27°. 421.120°. 423. 80 0= —.

9/O1T 19,08~ YTH ¥ Az, cos 15
424. a/6. 425. cosp = —1/4. 426. a x b pasno: 1) —6j; 2) —2k;
3) 6i —4j+ 6k. Ilamomane pasHa: 1) 6; 2) 2; 3) 24/22. 427.24,5. 428. /21,
h = V4,2, 429. 1) 2(k —i); 2) 2a x ¢; 3) ax c; 4) 3. 430. Ilno-

magb mapajieJorpaMMa, TTOCTPOEHHOT0 Ha AWaroHalAX TaHHOTO Tapasie-
JorpamMMa, BIBoe GoMIbIle ILIOMIALN TAHHOTO IapajLIeaorpamma. 431. 50v/2.
432. 1,5v/2. 433.3V17, Sa = 3/17/2. 434. Sp = 7\/5, BD = 2/21/3.
435. [a+b| = J]a—b| = /5, S = /6. 437.1,5. 438.V = 51, qesan.
439.V = 14, H = 7\/3/3. 441. c = 5a+b. 443.2/2/3. 444.V = 14,
H =+/14. 445.c = a+2b. 446.V = |(a+b)-[(b+c) x (a+c)]| = 2|abc]|.
447. m xn)-p=|mxmn|-1 -cose =sinacosa = 0,5sin2c. 449. 52.
451.cos @ = - cosf= —,cosvy = g 452. x+4y—2z = 2. 453. v+y = 2a.
454. r—y+z =o. 455.2y—32+7=0. 456.3y+22 =0. 457. 224y = 0.

x oz x Yy oz 2
458. —+—=1. 459. 2z +y+2=4. 460. -+ =+ — = 1. 462.cosoz:§,

a 62 ) 4 3 2
cosff = —gy Sy = g a= 48°11, B = 131°49’, v = 70°32". 463. x —
234 14=0. 464.30—4: = 0. 465.0+y=4. 466. 5+ 4 =1

467. 1) 45°; 2) 78°30’. 468. x — 2y — 3z = 4. 469. 2z + 3y + 4z = 3.
470.2x+y+z = a. 47020 —2y+2 = 2. 472. 2x—y+2 =5. 473.3z—y =0
mwr+3y=0. 474.3. 475. /6. 476.2\/2. 47T17. 1) # — 2y + 2z = 11,
e—2y+2z=-1;2) e+y—2z=0ua+y+z=0. 478.1) t—8y+9z = 21;
Ne—y+2z=0uner—y—z=0. 479. (1; —1; 2). 480. 3z —4y+ 2 =11.
481. 2y — 52z 4+ 10 = 0. 482. YpaBHeHme MmIocKoCTH * + Yy — 2z = 0; yroa
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ee ¢ miockoctbio z = 0: cosp = /6/3 ~ 0,8165, ¢ = 35°15'. 483. %.
2abc

484.y = +z. 485. . 486.2x+2y+ 2 =20u2x + 2y +
a2b? + a2c2 + b2¢2
+ z+4=10. 487.7z+14y+24 = 0. 488.1) (5; 4; 0) u(7; 0; 2);2) (0; —4; 0)

u(2,0;2). 489. 2 = —z+3, y = —z + b; x13 = ? = il
_4 _
490. * - :%:? 491. P{0; 0; 1}. 492. 1) P =i;2) P = i + k;
r+1 y—-2 z-3

3) P =j+k 493.

3 1 5 ccosa=0,3v2, cos 3=0,4V2,
cosy = —0,5v/2. 494. x = 2, z = 3. 495. Yepes ¢ cekyH KOOPIMHATEI

r—4 y+3 z-1
Tourn M Oymyr x = 4+2t, y = =3+ 31, 2 = 1 +1; = = .

2 3 1
496. 1)z = 24+t y=1-2t, 2= —143;2) e = 1+t,y = 1—t, 2 = 24¢.
_ _b _
497.1)x0a:y0 ZZlc,‘{TOSHa‘H/ITl‘Za,yZb;2)2:61/1
P _Y=b 49 L 409 U 0w i
= . .cosp = —. LCOSP = —. . Hanpasaarommuit
m n Lt NES Lt 26 P =

c o 4 -3
BexTop P = N xIN; = 1435+ 5k. YpaBHenus npamoii: x—i— = yT = %
502. 3z + 2y = 0, z = 4. 503. 0,3V/38. 504. 4/2/3. 505. (4; 2; 0),
—6 -4
(3;0; 2), (0; —6; 8). 506. 2z =6 — 3z, y = —2z + 4; z 5 = y_2 = %
4
crenst: (65 4;0), (0;0;2). 507. % = % = % 508. P{0; 1; 0}.
509. P{1;1;2}; o = = arccos—. 510. = -3, 2z — z = 0.
{ } B 7 y 7 5
511. IIpuBenemM ypaBHeHMA K KaHOHMYeCKON ¢dopme: I % = Z;
—4 20
u g = yT = %; cosp = 57 N 0,952, ¢ = 17°48'. 512. Hamn-
. . r—2 Yy z—1/3
caB ypaBHEHWA MaHHON MPAMON B BHUIE =35 = [ moayunM
1 -2 2
ypaBHeHIe HCKOMOII IpAMOIL: x—; =Y 5 = Z—; . 513. A(0; 1; 0),

m{i%; —1; 4}, P{1;2; 2}, d =/17. 514.sin0 = 1//6. 515. Jlaa o6enx
npAMBIX Am + Bn+ Cp = 224+ 1(—1)+ (—=1) - 3 = 0, HOo Toura mep-
Boii (—1; —1; 3) He memWUT Ha MIOCKOCTH, a Touka Bropod (—1; —1; —3)

AeRUT Ha maockoctr. 516, y + 2z + 1 = 0 | ypaBHeHUA TPAMOI MOMKHO

x—2 y—1 z
3anmcaTb B BHIE - 1T T 1) 517. z — 2y + 2+ 5 = 0.
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518. 8z — Sy +z—11 = 0. 519. z + 2y — 2z = 1. 520. g = % = %;
17°33'. 521. (5; b; —2). 522. (6;4;5). 523. (5;5;5). 524. (3; 3; 3).
A4LPP, 1 r—2 y—1 7T
525.d = L 1 596 42y—5 X Y- _ L
PxP,| 3 —9 8 11

528. (1; 1; 2); 70°. 529. (—1; 2; 2); 30°. 530. (6; 2; 0). 531. (3; —1; 1).

-1 1
532.2—y—z = 0. 533.(=1; 3; 1). 534. xT - % =z +1 . 535. Tourn
Ha mpambeix: O(0; 0; 0) u A(2; 2; 0); HanpaBIArOIIHe BEKTOPBI MPAMBIX:

OAPP, 6
P{0;0: 1} uPy{2 —1;2),d= =1 — 2 536.1) C(1,5: —2,5; 2),

R=2,5V2;2) C(0;0;a), R=a. 83T. (x —1)2 + (y+ 1)2 4+ (z = 1)2 = 1.
538. 22+ y? + 22 =8x. 539. 22+ y? + 22 —alzr+y+2)=0. 541.y? =

= 2ax—2? 542.2%4+y? = 2ax, 22+ 2% = 2ax, y?*+ 22 = a®. 544.(1; T; 2),
R=14. 545. (3Y —22)2 = 12(3X — 7). 546.1) y = 0, 2? = a® —az (napa-
oma); 2) x = 0, y? = a?—az (napabona); 3) 2 = h, x+y = +\/a(a — h) —
npAMad, mapanieasHad £ +y = a (eM. puc. 59 Ha c. 320). luauHnpruyeckan

nosepxnocetb 222 + (y — z + 2)? = 8, dopma Tenu %2 + % =1—
sammnc.  548. 22 —y + 3z — 7 = 0. 549. 2% + (y + 4)%2 + 22 = 4.
550. (2 ;62)2 + v —11_84)2 = 1. 553. (z — 2)2 + (y — 2)? = 4(x — 2).
554.x =4, 24y =2. 555. e T T 2pzlh(y+a) —az).

a? c?
557. (0; a; 0), HanpaBasomas — OKpy#HOCTh 2 = a, 22 + (y — a)? = a?.
558. Bepmuna (0; 0; 0), manpasaswoman — napabona z = h, 2 = 2hy.
559. Mlpu 2 = 0 ¢ = da; mpu y = h z?2 4+ y? = a?; mpu = = +c npa-
a2 — o2
MBlE 2 = +———y, T. €. TOBEPXHOCTh 00pa30BaHa NBUKEHUEM IIPA-

h

Moit, mapammenbHoit mirockoctn yOz U Tepeceratoriel okpymuocTh ABC
(cM. puc. 65 Ha c. 321) u ocb Ox. 560. a) z = x? + y%; 6) Jy? + 22 =
=z? 561.1) z = e_(xz"'yz); 2) z 562. 9(z? + z?) = 162,
563. 22 4+ 22 = z(y +a). 564. a) 2% + 2?2 = y?%; 6) 22 = 22 4+ Y2
565. TloBeprys ocu Oz u Oy Borpyr ocu Oz Ha 45°, moIyYnM ypaBHEHUA

= 224y

MOBEPXHOCTH U ILIOCKOCTH B BHme 272 = X2 — Y2 X = av/2. Orciona
Y2 Z2
ceverme: X = av/2, — + — = 1 — baawume c momyocAMH a2 u a.
a
2 2 45 2 2 2
566. ﬂJr—_l 567. 2) 3,847 6) 7. 568.a) LY _Z
a? 4 a? c?
22 y? 4 22
(omHOMOMOCTHEIH THTIEPGOTONT); 6) — — 35— = 1 (aBymomoctHbrif ru-

a C
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xr oz 1 y\ @ z Y xr oz
6 . 570. = _:_(1 _),___: (1__) T E
Hepo”oyml . 4+6y 3 +2a4 6 2) "1t
= 1—5, 176" 1—1—5. 571. ¢ = z[(c—z)cost—i—(c—l—z)cos(t—l—a)],
_a . . w24 y? 22 _
y= E[(C_ z)sint+ (c+ 2) 81211 (t —12— a)],20THyJ1a 57 c_2(1 —2cos o;) =
:1+COSO[; HpI/IO[:QOO i +y _Z_zl’ HpI/IOZZIQOO u_
2a? c? a2
3,2 2 2 2
- CLQ =1, npu o = 180° z 41—23/ - Z_Q = 0 (momyc). 5'22. x22—|— y22: az.
ST x4+y=4, x—y=z;24+y=2z,x—y=2. 575.x——|—y+z =1.
2a? a?
2,.2 2 2 . z2—|—y2
576. v°+y*—2? = —2a” (mBynosocTHEI runepbomonn). 577.2 = —

4a
578. 9z = =+ 13z. 579. 4y = +3z. 580. 1) Coepa ¢ uentpom (0; 0; a) u

pannycom R = a; 2) mapabosmonn Bparennda Bokpyr Oz; 3) mwauaap; 4) ru-
nepGosaeckuii mapatomonn; 5) Koryc; 6) mapabonudeckuil WHANHAD; 7) KO-
Hyc; 8) mapaGomonn Bparenus; 9) wouyc; 10) nnnusnp. 581. x+y =2+ z,
r—y=2—z;2+y=32—-2),3y—=x) = 2z+2. 582 22+ y =

e 583 - —a_ TV say 9y = +32. 585. 3z + 4y = 24,
3z —4y = 122; 2 = 0, 32 = 4y. 586. 26. 587. —38. 588. 7. 589. 2a.
590. 1. 591. sin (a + B)sin (o — B). 592. —10. 593. 4a. 594. —2b%.
595. —2x. 596. —4a>. 597. 144. 598. 72. 599. (z — y)(y — 2)(z — 2).
600. 1. 601. sin(f —«). 602. 10. 603. Jlemar Ha mpaMol y = x + 2.

x y 1 x y 1
604. 1) |2y » 1| =0;2) | 2 3 1| = 0. 605 10. 606. amn.
r2 Y2 1 -1 5 1

607. a(x — 2)(y — 2)(y — x). 608. 4sin a sin’ %. 610. 1) 9y = 2, z2 = 3;

4

e =0,22=-2. 61l.2=5y=—-4. 612. 2 =—, y=1. 613. 2 =0,
a

y=2. 614.z =m, y=2m—n. 615.5; 6; 10. 616. —1; 0; 1. 617. Tk,

8k, 13k. 618. 5k, —11k, —Tk. 619. 2z = y = z = 0. 620. HecoBmecTHa.

245 5—-7
621. Heonpenenenna: & = + Z, Yy = Z. 622. HecoBmecTHa. 624. 2;

—1; =3. 625.1; —1; 2. 626. 2k, k, —4k. 627. 2 =y =z =0. 628. —k,
13k, 5k. 629. Heompenenenna: y = 7 — 3z, z = 18 — 7z. 630. 1) 12 + 53;

2) a?+b%; 3) 5—12i;4) —2+24; 5) 4; 6) 1+4. 634.1) 2 (cos %Tﬂ- + ¢ sin 3—7T),

4

9) QSm% (cos % +isin %) 640. 1) 32i; 2) 64; 3) 4(1—i); 4) 2(3+2v2)i;

5) 8i. 641.sin3a = 3sina cos? o — cos®

3

@, cos3a = cos® a — 3sin? a cos a.
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k k 14 ;
642.cos§+ism§; k=0,1,...5. 643.1)1, j;lﬁ; 2) —i, ”;ﬁ;

+V3+i 14
3) 44, #; 4) 1414, —1,36 40,3654, 0,365 — 1,36i. 644. 1) i%;

2) V/2(cos o+ isinp), ¢ = 45°, 165°, 285°%; 3) £2(/3 + 1), :|:2(—l —I—Z\/§)

1
645.1) —2, 1 V3 2) 1. 646. 1) In2 4 73 2) Sln2+ %; 3) %;
) y 3 T, sin (nz/2)sin[(n + 1)/2]x
4)1 2 2 tg =;5) —In2— —7. 647. .
YIny/22+y —|—zarch, )2 n2— i Sn (2/2)

sin (nz/2) cos[(n+1)/2]x

sin (z/2) '
651. 1) 44/2emil4; 2) 2¢2mi/3, 3) V2e~Tilt 652, 1) 5(cos0 + isin0);
2) e=7i/2; 3) 2e=37/4 654. Tourn BHyTpH Kpyra ¢ nentpom C(zp) i r = 5.

1
655. 1) 8i; 2) 512(1 — iv/3): 3) —27. 657. 1) %
o= 0°,72°,144°, 216°, 288°. 658.1) 2, —1+i\/3; 2) +2i, £/3+i; 3) +3,

o Ve
+3i. 659. S;n. 0T 660. 1) —1, 2, 3; 2) 5, %ﬁ

661. 1) 7 = 3,
sin x
T2 = 4, 23 = =2; 2) 2y = 1, 29 = =2, ¥34 = £iV2; 3) 2, = -2,
23 = :|:1/3, 4) r1 = 1, 23 = :|:Z/2 662. 1) A= 49/4 > 0, Uy = 2,
—3+v3

Ul:1,21:3,2273:4;2)A20,21:4,22:Z3:
= —2. 663.1) A <0, ¢=060° 20 =4cos20° 23 3 = 4cos (20° £ 120°).
a | B | f@) | F@) | k| k| da | ap
665. 1 2 —10 4 14 {31]0,71| —0,13 1,85 <z < 1,86.

7 24i

648. 650. 1) 55 2) 2b(3a® — b?)i.

; 2) cos g +isin g, rme

1,71 | 1,87 | =3,2 | 0,36 | 22 | 26 | 0,14 | —0,01
666. 2,15;0,524; —2,66. 667.1) 1,305; 2) 4 u 0,310; 3) —0,682[; 4) 2, =
= 1,494, z» = —0,798 (xl Halineno mo Gopmyre ¥ = 2x + 2, a x5 —

14 30—
mo dopmyre r = %) 668. 1) —6, —1 +i/2; 2) —1; 2; 2.

122 -1 ]
669.1)A:T5>0,U1:3,121:—2,21:1,2273:%“/3;

2) A = —4 <0, p =45 2 = 2\/2c0815° = 1 +/3, 20 = =2, 23 =
=1-+3;3) A=0, 21 = =2, 223 = 1; 4) monomus & = z — 2, TOTYUNM
B —3242=0A=0,21=-2, 29 =23=1, 2y = —4, x9 = 23 = —1.
670. 1,76 w —2,15. 671. 1) 1,17; 2) 3,07. 672.1,67. 675.0 < = < 1.
681. 21 = 0, 22 = 4. 683. 1) z > —-2;2) 3 < +<33) 0Lz
<4 684.1) -4 <2<0;2) -1 <e<3 68.1)z >0 2) » <4
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686. 1) 2km < & < (2k+1)7m; 2) —4 < & < +4. 687.1) f(0) =1, f(1) =1,

J(=1) =3, f(2) =3, fla+1) =a’+a+1. 688.1) b+ a; 2) 2ah.
b+ a
2) meuerHad; 3) uerHas; 4) HedeTHadA; b) HedeTHadA; 6) W He UeTHAA, U He

HeverHad. 692. w > f (%) 693. log, . 694. ¢”.

696.2 < x <3. T00.1) x| <2 2) —1 <z < 3 3) —g-i—k’ﬂ' <rg g—l—kﬂ';
4) || > 2. 7T01. 2) 622 + 2h%; 3) 4(2 — a). T02. |a| < 0,001, Kar ToabKO

Ig (1
n>lg—2m11/1n>0’—3:10; |a|<6,HaHTOHBHOn>%. 703. x = 2;
2 1 6 1
3 13; = 1§; .= 1; J&a = 1] < 0,01, kar Toasko n > 50; |¢ — 1] < ¢,

RaR TONBKO N > —° 704. x = 4; 3,1;3,01; ... - 34+0; 2 = 2; 2,9;

2,99; ... — 3—0.6 705. = 6; 5,1; 5,01; ... > 54+ 0; 2 = 4; 4,9;
499, ... 55—-0,z=-1;-1,9; —=1,99; —1,999; ... > =24 0; x = =3;
—-2,1; =2,01; —2,001; ... - =2 —0. 707.6 = ¢/2. 708.5 = 0,01.
712. Tlpu |x| > 2500,5. 713. Mpu |z| > 7,036. 715. lim 2 B nepBom

n—od
mpuMepe paBeH 1, Bo BropoM —1, B deTBepTroM 0, B mATOM 2, B TiecTom 0, B

TpEThHEM HE CYIIECTBYET.

z 3; 2,1; 2,01; ... —=240
716. 3 ; lim = 400;
3, 30, 300; ... — oo v=240 1 — 2
r—2
z 1; 1,9; 1,99, ... —=2-0 3
3 s him = —00.
—3; —30; —300; ... ——oco T20x—2
r—2
@ ‘ 1, 0,1; 0,0l; ... =40 .
717. ; lim 2% = 4o0;
91/ ‘ 2 210; 2100; . S 400 z—+40
@ ‘ —1; —0,1; =0,01; ... ——0 .
. lim 2Y/7 = 0.
25 |1y 172 17219 .. o0 0 om0

2 2
718. 1) lim — = 0; 2) lim — = 4o0; lim — = —o0; 3) lim 3% = oo;
=00 ¥ z—40 r—0 r—+o0

4) lim 3 = 0; 5) lim lge = —oo; 6) lim tgx = +oo;
Tr——00 z—+40 r—90°—-0°
lim tge = —oco. 724 AB — oo, (B — oo, LBCD — 0,
©—90040°0

LACB — 180°.
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725. 2 =5;4,1;4,01;4,001; ... =44 0;
x=3;39;3,99;3,999; ... -4 - 0;
z=-0,5;—1,4; —1,49; —1,499; ... — —1,5+ 0;
r=-25;-1,6; —1,51; —=1,501; ... - —1,5— 0.
729. Toawpko mepBad TMOCIENOBATENBHOCTH MMeeT mpemea: lim z = 1.
B ocranpHbIX mpuMepax lim x He cymectsyer. 730. 1) 0; 273_:)(:)0; 3) oo
4) 0;5) 2;6) 0, 7) 0 an/Ina_iol, 1/2mpna=1,ampun 0 < a < 1. 733. 1.
734. 1) —0,6; 2) 1. 735.4. 736. 1. 737.3/2. 738.1/2. 739. —1/\/2.
740. 2/3. T41. —1/2 mpu a > 0 u oo mpu a < 0. 742.2/3. T743. m/3.
744. 1. T45. —1/2. 746. 1) 2/3; 2) —2,5. 747. 0. T748. c0. T49. —2.
750. —3/2. T51. 1/3/2. 752.1/6. 7T53. 1/4. 7T54. —12. 7T55. —1.

. | sin z|
756. 1 — = —1/4/2. T757.25. 758. /3. 759. —4.
x—:{TI}FO sin zv/1 — cos x /\/_ &

760. 2. 761. —1/56. T62. —/2. 763.4. 764.1/3. 765. 1. 766. 1/4.
767.2. T68.6./2. 769.2cosx. T70.1) 1;2) —1/2. 771.1/2. 772.1/2.

5
773.1/3. T74.8. T75. limom = —/2. TT6.4. TTT.m2/2. T78.3.
T—r— xr

779.1/4. 780. 1) —2sinz; 2) —1/2. 781.1. 782.1 5. 783.1/2. 784. 1.

1
785.1/2. 786.1/4. T8T. 3. 788.2/m. T89. 2. 790. —1/4. T91. .
792.0. 793.1/2. 794. —1/2. 795. —1. 796.1) 1/20; 2) 3. 797. 1) 3/4;

2) 2 [nonomuts B npumepe 1) & = ¢12, a B npumepe 2) 1422 = t4]. 798. —a.
799. 1) —1;2) —0,2. 800.1) 3; 2) 3/2. 801.1) 1;2) —1/2. 802. 1) —2;
2) —0,1. 803.1) —2,5; 2) 1,5. 804. 1) —/2m; 2) —1. 805. 1) 2; 2) 3.
806. 1) 4; 2) 1; 3) 3. 807.2. 809.llpu @« — 0 (1 + a)® -1 ~ 3a.

810. 1) 2,5;2) a/b;3) 1,5. 811.2 u 3. 812.1) 2;2) 3; 3) 1. 815. 1) Ilpn
2n—1

2

IIEpBEIC TPpU YCJIOBHUA WM HE BBINTOJIHEHO YETBEPTOE.

-1 mpu < -1, x—1 mpu x<-—1,
817.1)y:{ P Q)y:{ P

z=0;2) mpu x = m; 3) mpu « = +2. 816. llpy £ = 2 BEINOIHEHB

1 mpu x> —1; x+1 nmpu x>-—1.
Mpn z = —1 dyHRUHE UMerOT pasphiB I poma (BBIMOJHEHO TOJBKO BTOPOE
ycioBre HenpepbiBHOCTH). 818. MIpn 2 = 0 He BHINMOMTHEHO TOIBKO YETBEPTOE
ycaosue (puc. 37). 819. Pazpwis mpu # = 0, xl—ig-loy = o0, xl_i}n_loy =0,

lim y = 1 (puc. 38). 820. Paspeieer mpn & = +2. 821. 1) Paspris I pona
r—r 00

1
mpu 2 = O, mprt oront li, y = 0, limy =1, Ly =3, Hm
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1 . T
= — (pwuc. 39); 2) paspei I poma mpu © = a, upu aroMm lim y = ——,
2 r—a—0 92
2 2
T x x
Lm y 50 lm Y 0; 3) y 2np1/1x> n 2np1/1x< :
1
=1— I li = —= 1i = —.
npu paspes I poxa, mpmiem lim 'y ya lim oy = o
y
{2 mpu x=10 2
=< &
S2X mpu x#0 )
- 0 ToXx
Puc. 37
y
y=21/x

Puc. 38 Puc. 39

822. Ypasrenme z2 — y? = ( ompedelderT y Kak GecUmCIeHHOe MHOMECTBO
OMHOBHAYHBIX QyHEIW . W3 HUX OBe: y = x U y = —x HenpepblieHble.
OcranbHble (paspbieHbie) HA OMHUX yYacTRax ocH O ONPENENANTCA ypas-
HeHWeM Yy = &, a Ha IPYTUX — ypaBHEHUEM y = —x. Hemuyi ¢ pa3pbIBaMu
mpu z = £1, £2, £3, ... MOMHO ONPeNeTUTh TaK:

—lz| mpum 2n—1<z < 2n,

a {—|—|x| npu 2n < x < 2n+ 1,

HEYETHYTO TaK:
—x mpu 2n—1<x < 2n,
Y= {—i—x npu 2n < x < 2n+1,
823. Paspeis Il poma mpu & = —2; lim WY = oo, lim y = —oo,

r——2— r——240

hI:El y = 1. 824. llpu z = ( He BBHIMOTHEHO TOILRO UETBEPTOE YCIOBUE
r— LT o0

rme n=0,41, £2, 43, ...
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HENPEPBIBHOCTH; IPH & = +2 — ermie 1 Tperhe. 825. Touru paspeiBa: 1) x =
=0;2)2=2,3)2=0;4) =0;5) v = +2u x = 0. 826. Becuncrentoe
MuomecTBo. M3 Hux: 1) HempepbiBHble y = V4 — 22 u y = —\/4 — x2;
2) HcKoMadA pasphIBHAA:
—V4— 2% mpu |z| <
y_{—i—\/m mpu 1 < |z| <
827.2=0ny=1. 828. 1)z =0ny=2;2)e=—luy=e—1;3)y=1.
829. ) r =0, y=-1;,2)ca=0uy=2—-1;3) e = —n/muy=a/m.
830. )z = —12ny=-2,2)y=u;3) y=—x. 831 1)y ==
Naerty=—a;3)y=e+md)y=—n/4. 832.1)y=0;2) y==+2u;
3)z=0uy==z. 833 Mapaboab:: 1) y=23/3;2)y =22 834.1)2=0u
y=1,2)e=0my=—=x. 835.1)z=

bl

1
2.

1
:—2,y:1/2;2)x:1ﬂy:—x—2|— ; | y [
| |
e =2 2 =-2,y =1 (puc. 40); | |
YHhYae=1l,z=-1luy=—=z. 836.1/e. l l
837.1) e1/3;2) ¢, 838.1) ¢2; 2) e=4. | 1 |
839. 1) e='; 2) e72. 840. 1) 3; 2) >, ! |
841.1/\/c. 842.1) 1;2) —1; 3) 211na. 2—2i 0 iz x
X
843. 3 m 4. 844. 1) €5 2) v el |
845. 1) 1/e?; 2) —3. 846. 1/ /c. I I
847.1) 1/x;2) —2. 848.1) 322; 2) 42> I I
1
) 2/x’ ) cosz; 5) x?2’ ) 2z’
9 1 3 10 1 Puc. 40
7)_5’ %) cos?z’ 9)_F’ ) VI¥2z’
3 z

11) e 12) T

1 a 0 2242 +3

N 23 —2x. 851.1) 14 —;2) 1 —,/—. 852.1) ——; 2) — .
et — 2 8801 L ) 1 [0 s Sy T

1)’ 1 2 1 2

853. 1) (1—;) ) 2) 3 (1——$ . 854. 1) 3x2 — 4x3, 2) 3—$X

1 1 1—x 2 1 1 x

— ——— ). 855.1) —~:2) = — — —. 856.1) 2sin® =;

X(% @) ) x‘*’)x(% ﬁ) ) ety
SO .

2) —tgZx. 857.1) x(2cosx—asina); 2) w 858.1) _xsi)w: +

sin® x
2cosx 2x 1 . 4x — sin 2%

—_— 2 .
z3 ) (2 +1)2 (1—4z)%’ ) da/x cos? x
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1

860. 1) 1- sinx;

1 t
2 : =
) 2vx (Ve +1)2 2
2 1
0; 4. 863.8,25. 864. —90. 865. 1) —6bx(a — bx?)?%; 2) ( + 1).
)

20 -1 1 1 1 2 T
866. 1) W, 2) ; ﬁ—% . 867. 1) 2 cos 5, 2

(19 .
868. 1) z(2sinz + zcosz); 2) x(sin 2o + x) 869. 1) LOST — ~pSImg.
cos? x NG

ds _ 1. 2 (z*+1)° 4z 1 1\?2
2 = —4—. 870.1 22 871 1) ——— N
) +t2 ) 4 ) ) (1‘2—1— 1)2 ) 1\3/5 + \3/5 ;

dt 2
872. —1/3. 873.—1, —1/9, —1/25. 874. 1) 6cos6ux;

2+ sinz
) ———.
(1 +2sinz)?
. 1 x .z .
2) bsin(a — bx). 875. 1) §(cos§—sm 5), 2) —2sin 3
10 2) x )
-2 2 i

879. 4sin® x cos x. 880. 1) sin 2z;

876. 1) —20(1 — 5z)3; 2) 877. 1)

2
AT 3
2sin? z

V2x —sin 2z
2) —sin2z; 3) 2tgasec?r. 881. —sin2zsin (J;— g) 882. 3tglx.

V2

885. 4(1/1 — sin 2z + /1 + sin 2z);

3) —2tgda/cosdx. 878.

—sin 2% cos /T
883. ———— . 884.

.44(1—|—COS2$)3. AV

3HaR «+» 1pu cos 2z > 0, 3HaR ¢—» 1pu cos 2z < 0, a mpu cos 2z = 0 o' me

20sin4z
1' ! — 2 1 4 = — 2 . 886- T g
CYIIIECTBYET (x_wllﬂ_o y V2, a x—>7lrl;r}1+0 Y \/_) (14 cos4x)6

cle” (2/3) ggq (1+sec?z). 889 20— 1 ggp, L=
—_—— . . S1nx secT xr). « —/—. « /Y.
sin? (x/3) Vzz -1 w2/2x — 1

891 .2t 892. 1) dr asin 2p dr 2sin? 2
. —sin —. ) =2 — = .
a dy y/cos 2¢ de (/2 + cos? (2¢ + 7/4)

T ab 3 ab

893. ’(—) - Y ) o= o, /<_) - @
I'\3 Ve I 7% N

1 895 4 cos? 2 896 z(2 — 322) 897 4
R  — . R A . —sin4x.
V3 VA4x + sin 4z V1 — 22

2 sl 4 2
898. —L&U. 899. 1) sec® z; 2) 322sin 223, 900. el

Y/(1+ cosbz)? (1 —sin2z)3°

d in?(t/4 d 1 2 1
go1. 45 = s (t/4) 002. 7 = Leosy o03 — 2Bt
w3/4x + 1

dt 2. /{j2—smn(1)2) dp 2

904. —@. 905. k = tga = +4. 906. y = 8 — 4z, z — 4y = 2.

887.

894
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2 1
0T.y = o+ 5. 908y =0 y=:+(3r—1. 909y = _g+2.
4
910. y = 7 — & 911.45° u 135°. 912. arctg = 913. 1) 3 f , V5;
2 3 VI3 VI3

) 33 T30 g 915. y = 22 — 3z + 4. Ilapamerp b HaxoguTCA 13
yerosua ' = 2 +b=44b=1, a ¢ — u3 ycmopusa, uro (2; 2) — TouRa Ka-
cauna. 916.y = —4xr 48,y = —%x —2; ¢ = arctg ) A 62°. 917,y = 4z,
y=—dx+16. 918. r+4y =8. 919.y = +(3x+8) my = 0. 920.4/V17.
921. 40°54' wmm 139°6". 922. (—2; —4). 923. (1/2; 17/4). 924.1; 1; \/2;

V2. 925, 11°200 m 7°7. 926.y. = —1, ¢, = 1. 927.y = —1/2;
v, =1/2. 928.y =2 uy=—x. 929.y=4"_": 109°30". 930. 2 =0.
V2
931.2=2. 932.2=0. 933.2 = 2. 934.y—1::|:(x—g). 9352 = —1.
1 0,4343 1)2
936. y = +4a; 28°. 937.1) Inz+1;2) ——o; 3) ————. 938. 1) w;
2(x + x a“r
2) ————=. 939.1) —tg =; 2) ct 2. 940. . 941. .
)x(x—l—Q) ) g2, ) ctgzcos”x Vel +zx at — g4
2 1 2 1 1
943. . 944, . 945, . 946. .
x(l—x2) cos & 1—4x2 Va2 & z2 2+ x
2ct 2
947. 1) — ctg’ x’ 2) 5 948. y = r — 1. 949. Kacaorea B
smx r —axr
touke (v/e; 1/2). 950. 1) 2z + 3°1n3; 2) (22 + 2?1n2)2%; 3) 2(2 + x)e”

(
)

951. 1) @™ cos x In a; 2) —Qxe_xz; 3) 22(1 — x)e2". 952, ¢"/2 4 ¢=7/2,
1 1 2e” 1 x .
953. —cV7 [14+ — . 954. - 955~/ (cos S —sin2).
2 N (1—e®)? a a a
— 1?2
956. 1) —2¢ "sinz; 2) _l—ll:l" . % 958. 2a(e29” — e~247),

959. —Ina. 960.26°35". 962.1) z"(Inx +1); 2) z*"° [cos zlnx + smx] .
x
963. —tgrsin®s. 964 —— 965 —— 1 966 5L
' 2\/l‘2—l‘. l’\/1+l‘2. \/1+Sln$
1 ctg 2z _ tgx
967. ———. 968. ctg2x. 969. ——. 970.
(1 —x?) 1 —sin 2z 14+ cosa’
x x 1
971. ———— . 972.— e /0 978, Z(e¥/0—e~¥/0) 974, ——— —
Vaz + z? a 2( ) (ev — e=v)2
2e27 2 l—Inz
975, ———— . 976. ———. 977. z'/* . 978. 16. 979. y =
NZE) et 1 T Y
x 11—z z? 1
= ——. 980 —. 981. ——. 982, ——— 983

a
2’ V4w 14 a2 T Vr— 4z? '|a|\/a2—x2.
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a 1 1

984. — . 985, ——— 986, ———. 987. 1) 2/T— 2%
a? + 2 NE= 1+ 22 ) v

2) 5 ggs.— 2 gg9. 990. arctg . 991, —
—_—. . . . . . arc —. . T——(/—.
1 —eb= 1—z? 22/ — 1 &4 2v/x — x2

1 2

992, — . 993, 1) ‘ 2) 994. 2671 — ¢,

2x/6x — 1 |x|\/2—x2’ %+ zt

995. arccos z. 996. \/——1 998. \/——4 999. (m —4)/4.

1000. 1) sh2z; 2) th2x 3) Vehz+1 1001. 1,5. 1002. 1) tha;
2) —4/sh®2z. 1003. 1) cth2x, 2) 2/sh2x. 1004. 1) 1/chz; 2) 4sh4z.

1005. x + 1,175y = 2,815a. 1006. y = 3, 762+ 3,89. 1008. 1) ;j 1;
r2/x
2) te?z. 1000. YL 4019, &2 200 =) g 0
r. S = ——— e
& 2 dt e? 41 Vr? — 4z
d 2 1
1012. 2 = tg5¢. 1013. 22 1014.1) $;2)2cos (Inx). 1015. —.
dt 2 z(x2 — a?) 15
1 , 1
1017. ~35 1021. 1) 2cos2z; 2) 2tgarseciwz; 3) m
24
1022. 1) —4sin2zx; 2) ——; 3) —(zrcosz + 3sinz). 1023. 1) ——;
T x

_ 2a(3x? — a?) 2 0N ..

- -1 - 11-3-5-...-(2n—
gy EUT =Dy (2D 55 2n=3) " 1026 1) n
xn Iny/p2n—1
2) sin (l‘-l-ng); 3) 2" lcos (21‘—1—71%). 1028. 1) —2¢%sina;
2) xax(x2ln2a + 6xlna + 6); 3) 2sine + 4xcosz — z?sinz.
1029. 1) 2e~"(sinz + cosz); 2) 2/z; 3) zsinz — 3cosz. 1030. f'"(x) =
3
= $+3 Clex/a’ f(n)(l‘) _ l‘—I-nClex/a’ f(n)(o) _ n _ 1031. 1, m,
a a” a"—
m(m — 1), m(m — 1)(m —2), ..., m(m —1) ... (m —n 4+ 1).
2ctgx x

1035. 1) 27" (222 — 1); 2)

T, ) a— 22z 1036. 1) a”(Ina)™;

2" . n! T T V3 TV3
2) (-1 ———=o0—; 3) —2n! 2 —). 1037. -, —— ——.
VD gy Y cos (204 n ) 66 36
1
1038. 1) (23 + 922 4+ 182+ 6); 2) — (6a2 cos £ — Gazsin L — 22 cos f),
a a a a
1 n
3) —xfV (a—z). 1041.To popmyae Teiibumma f(?) (z) = x2e=/ (——) +
a

n—1 n—2
+n - 2wev/a (—l) + m26‘”“ (—l) . Orcrona f(”)(O) =
a 1-2 a
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- 7”(:;21) (—~1)n2 = 7”(:;21) (—1)". 1042. ['(2) = —2we="" = —22 ().
-1)

Tadee o popmye Meitormia ) () = [—Qxf(x)] S o 1044.1) —f;
Y

b? 2 2r — e
X

Yy aZy r4+2y T x—2y ey +x

1047, — e"siny + e Ysinx

1 2
. 1048. — + 1. 1049. 1/3. 1050. 1) ——;
e cosy+ e Ycoszx y2 et

2y — b
v a)~3) mm ARy s b 1052y = 3wy 1

2 .
) (z —b)2’ n2g? a?
Txo YYo
1053. (40/9;40/9) u (40; 40). 1054. 1) — T =5 2) yyo =
= p(z + zo). 1055. 2 +y = £——. 1056. arctg3. 1057. 1) Ve
= plz o). .z Yy = \/5 . arctg o. . a2y’
2 _ 2 2 2(1 2 2
2) = 1058.1) -2 2) — R = 3) — ( t’y);él)— a .
ar —y y (y—5) y (z +2y)
1
1059. 2y = —x—3u 2y =2x+ 1. 1060. z + 2y = 4/2. 1061. 1 — —.
[
1062. ¢(e — 1). 1063. £2. 1064. 1) dy = nz"~1dx; 2) dy = 3(x — 1)? du.
xdx
1065. 1) dy = ————; 2) ds = gt dt. 1066. 1) dr = 4sin? ¢ dy; 2) de =
) dy Ve ) g ) pdp; 2)

2dt ) ) a3 dz (a+1)da
=75 1067.1) sin 2t dt;2) sin v du. 1068.1) x2(a2—|—x2); 2) ;
2

1
3) —§sin§dg0; 1) = 1070.1) 0,04; 2) 0,05. 1071. 1) dV =

d bd
= 322dz = 0, 75; —Z — 0,006 nam 0,6%: 2) d = % 1072, 1) d <
X

8f
0,1-2

< 0,005; 2) pamuyc Hy®HO H3MEPHTH C TOTPEITHOCTHIO He Golee
ban/x

4
%. 1073.1) 5 = 7R*, AS & dS = 21RdR; 2) V = 3R, AV w

~ dV = 4rR? @2-z)de ., Ly tdt
~dV =4rR*dR. 1074. 1) 5 2) bsin (a — by) dy; 3) “Aiow

du dx

1075.1) — tg 2 de; 2) — . 3) —2e=20 di. 1076. 1) —— 2) te? o da;

3) b(1 + e~b)dt. 1077. 1) Ay = 322Az + 3zAz? + Axz® = —0,2376,
14 2.0,1

dy = 32?dr = —0,24; 2) dl = —— ~ 4,46 cm; 3) |dz| < % < 0,006.

b
2 _ .3, 2 _ z 2 x? 1‘12_ ) 2/3

1078. 1) 4y = 23, 2) y _x(g—l) . 1079.1)1a—2+b—2_1,2) x3 t+

213 = 23, 1080. 1) 2% — ¢y = 1;2) y = . 1082, 1 = ——

+y a )z —y ;2)y 722 A

wl—= /A
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59 083 LU ety = <. 1085.1) ——
= —. W=t — .x = —. 1) - ;
Y 1+ Y Y V2 asin®¢
2) 41 - 1086. 1) y = —x? — 22; 2) (y +2)% = 23
443 7 4asin® (1/2) ' ’ .
3 am 1
1087. x +y = a|—+2). 1088. y = x — ——. 1089. 1) — ;
Y ( 2 ) Y 2v2 ) 4sin®t
3t2 -1 3 gt? dx d?x
2 d
t = E, =L (BeIcITad Toura). 1091. &y +3, 41 =1,1, = 3.
g 2¢ dt
1095 de. dv 1096. 2020 = 944
LU= —; — = w; NEPEMHOENUM II0UJIEHHO. 20— = 2a— =
dt’ di TP di di
dv gt? dx
=2 = — =a. 1097.x = 10 + 20t — —; — = 20 — gt;
] av, OTKyIa w 7 a r + 2w qgt;
d d 20
Wf = —g. B nausbicmeit Toukre d—f =0;1= ? /s 2,04c. 1098. i
a a dx
= ————— = —. 1099. — = k(A —z). 1100. d(w?) = 2w d
Th(2R — h) wr? dt ( ?) (%) i
d(w? d dw dt 1
CH) = w—w = 2w—w— = 2we— = 2¢. 1101. Kopuu dyurmun 1; 3.
dy dy dt de w

Ropenb mpowussommoit f/'(z) = 2z — 4 pasen 2; 1 < 2 < 3. 1102. He nupn-
Menmma, 6o pu x = 0 #Her mpomzsommoii. 1103. Motomy, uTo Toura x = 0
9—-1
341
f(x) =22 = 2, x = 1; B Touke = | KacaTeqbHad MapaiielbHA XOPIE.
1105. f(b) = b%, f(a) = a?, f'(¢) = 2¢; noncraBum 310 B hopmyiy Jla-
T 1106, ¢ = %. 1108. Ha

yraoBas (mBe racarenbHbre). 1104. Harmon xopner (AB): k = 2:

rpanma b? — a? = (b — a) - 2¢; orkyna ¢ =

OyTe ecThb YIJIOBasg TOUKA TPH & = g, B KOTODPOI QYHKINA He WMeET TPO-
naBomnoit. 1109. OyHKINUA HeMpepbIBHA U UMeeT TPOUBBOTHYIO BHYTPU OT-
pesra [0; 2], Ho paspbiBHa Ha ero mpasoM konme. 1110. Mycts s = f(t) —
ypaBHeHWe MBUMEHNA, a {1 U {5 — HAYATBHBIN M KOHEYHBIM MOMEHTHI TBU-

mennda. Ilo Teopeme Jlarpamsma Memmy ¢1 u 1 HaitmeTcA i3, TpU KOTOPOM

M = f'(t3), 1. e. 40 = f'(t3) = % B MOMEHT {3.

oh 1 flx) 0
1111. () = |b  f(b) 1| Tar wax ®(b) = ®(a) = 0 u B UHTepBaIeE

a fla) 1
(a, b) nmeerca npousponrad &' (), mo Teopeme Posna memny a u b Haitmerca
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1 f'(¢) O
¢ = ¢, npu roropoMm ®'(¢) = 0, 1. e. |b f(b) 1| = 0, orryma f(b) —
a fla) 1
— fla) = (b—a)f'(c). Dynruua ®(z) ectp ynBoennas miomans AAMB,
b3 _ 3 2
rme M — miobaa Toura Ha myre AB. 1112. S 3L, OTKYyIa ¢ =
) ) b2 — a? 2c
2 b+t d "t
= %. 1113. YraoBoit K03 OUIMEHT KacaTeabLHOM ﬁ = gj;’((t))’
! p—
aBTouret =c¢ k = f/(c) . Yra0Boit Kos PUIMEHT cenymelt k) = 270 _
¢'(¢) T — I
_ J) = f(a)

= ; mo Teopeme Ko Memny a u b Haiimerca ¢ = ¢, Mpu KOTOPOM
p(b) — ¢(a)

k1 = k, 1. e. racarenpHas mapanieasHa xopae. Ipu stom rak Kak ¢’ (¢) # 0,

10 p(a) < ¢(c) < ¢(b) (man HAODOPOT), 1 TOUKA RacAHWA HAXOTUTCA BHYTPH

fa? + ab + b2 ¢4 ¢ 4 1
1117, c =) ——— . 1118. 1 ——1;2 1—-—; —.
Sk ¢ 3 ) T 2) 72’ 3) In2

15\°
1119. 1) g; 2) ¢ (I) A 2,4, 1120, Oyuriua y = |z — 1| He umeer

nponsBonHoif mpw # = 1. 1121. B roure # = —1/2. 1122. 3. 1123. 1/2.
1124. —— . 1125. 1. 1126. ¢*/b%. 1127.1/2. 1128. 1/6. 1129. 3.
na”—

1130. 1) o0; 2) 0. 1131. 0. 1132. 0. 1133.3. 1134. 2. 1135. 0. 1136. 0.
1137. 1. 1138. 1. 1139. ¢3. 1140. 2-ro nopsaAnka. 1144. a — b. 1145. 1/3.
1146. 1/8. 1147. ln%. 1148. 1/+/3. 1149. 1. 1150. 1. 1151. —1/3.

1152. —2. 1153. 1/e. 1154.1/6. 1155. ¢3. 1160. lpu # = —2 ypin = 1.

1161. Tlpu @ = —2 Ymin = —16/3; upu @ = 2 Ymax = +16/3; TouKHM
nepecevernd ¢ Ox: z; = 0, z23 = +2v/3 &~ +3,4. 1162. Tlpu = = —1
YUmax = D/3, upu @ = 3 Ymin = —9; Touru nepecedenusa ¢ Ox: x = 0,

93~ 1,6£3,3. 1163. llpu x = £2 ypax =5, 1pu & =0 Ymin = 1, 1pu
y=0 r~~ =£2,9. 1164. llpu x =0 y = 0 — meperud; Tpu £ = 3 Ymin =
= —27/4. 1165. lpr & = —2 Ymax = —2, TP & = 2 Ymin = 2; ACHMIITOTEL
r=0ny==x/2. 1166. lIpu ¢ = 0 Ymin = —1 (TOUKA BO3BpaTa) TOUKU
nepecedenns ¢ ockio Ox: @ = x1. 1167. llpu £ = 0 yYpax = 1, pu & — 00
y — 0, 7. e. y =0 — acumnrora. KpuwBad cuMMeTpuuHa OTHOCHTEIBHO
ocu Oy (mouemy?). 1168. Ipu & = 1 Ymax = —4, 1pu & = 5 Ymin = 4;
acumurorel # = 3wy =2 — 3. 1169. lpu 2 = 0 yumin = 0, upu & = 2/3
Ymax = 4/27. 1170. Tlpu & = 4 Yax = 1, upuy =0 2 = 3 uaum 2 = 5, npu
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y=—-3 r=—4umz =12. 1171. Ipu 2 = 0 ymax = 1; acummrora y = 0.

V3

Cummerpuuna orHocuTenbio Oy. 1172, llpu z = s Ymax = Xl + — =~
12 12 2
4
~ 1,1, npu v = % Ymin ~ 0,4. 1173, Mlpu z = g Ymax = ?ﬂ-—\/gm
4
~ 2,45, pu z = —g Ymin = V3 — ?ﬂ- A~ —2,45. Acumnrorel & = :I:g.

1174. Ipp 2 = 1 Ypax = 1, ipu 2 - 0 y - —oo; mpu ¢ — o0 y — 0.

Acummnrorer £ = 0 u y = 0. Toura mepeceuerna ¢ ocbto Oz: 14+ 1lnz = 0,

1 1 =«

| = -1 =e 0,4 1175. 11 = — Ymin = —— — ~ —0,2

nx ,1x e 0, pu T =gy 571 0, 28,

npHu & = —3 Ymax ~ 0,28. Acumnrorer y = x + E 1176. 1) Mlpu = = 2

Ymax = 2/e. Acummrora y = 0. 2) llpu ¢ = 1/€ Ymin = —1/¢; hTOy =
T

= 0 — wonmenad Touka; mpu & = 1 y = 0. 1177. 1) lpu # = 0 ymin = 0

4 1
(yrioBad TouKa), IpH & = =4/ n2—|— T Ymax = 15 2) 1pr £ = 0 Yppin = 0

(yrmosad Touka). 1178. ymin = 1/2 mpu & = 7/3; 3n/4; 57/4; .. Ymax = 1

npu x = 0; 7/2; m; 37/2; ... 1179. Obuacts pacuomomeruda Kpuso ¢ < 1;

1
mpu x = —; y=0mpu 9 = 0w 25 = 1. 1180. llpu z = 2

1
Ymax = ﬁ 9
Ymax = \/5; obsracTh pacmosomenna kpusoit ¢ > 0. 1181. Acummnrorsr & = 1
u x = 4 (pasphIBBl) Ymin = —1/9 Ipn & = —2, Ymax = —1 mpu = = 2.
1182. Ipm £ = 1 ymin = 1,5. RpuBad acumnToTMdecky TpUOIMMaeTcA K
napagone y = 2/2urocn Oy. 1183.Mpuzr =0nx = 2 ypin = Vir1,6,
mp & = 1 Ymax = 2 (B TOURAX MHHMMyMa TOYRHM Bo3ppara). 1184. llpm

=0 Yneper =0, m1pu = =1 Ypax =0,2, mpu =3 Ymin = —5,4.
1185. lpmt 1 = —2 Ymax = 0, mput 3 = —1,2 ymin & —1,1, mpu = = 0

1
Yneper = 0. 1186. Ilpu & = 2 ypax = -, upu y = 0 = = 1; acuMnToTHl —

2’
ocu woopauuat. 1187.Ilpu x = —3 Ymax = —4,95, 1p £ = 0 Yneper = 0,
0pH £ = 3 Ymin = +4,5; acumnrorel y = x, ¥ = ++/3. 1188. llpu

xr = g—i—kﬂ' Ymax = 1, IpH & = g—i—kﬂ' — pa3puiBel. 1189. llpn z = g—i—Qkﬂ'

Ymax = %—I—?kﬂ'—%ln?. 1190. 1) Tpu & = 1 Ymin = %ln?—%; 2) mpu & =
= —1 Ymax = 1, mipit # = 0 Ymin = 0 (yrmoBad Touka ¢ HaRIOHAMU k = £2).
1191. lpu # = 0 Ymin = 0; 1pH & = 2 Ymax = 4/€? & 1/2; acummrora
y = 0. 1192. llpu « = —1 ToYRa BO3BpATa Ymin = 2, TP & = 0 Ymax = 3,
mpuy =0 z~4. 1193. Ipn 2 =2 Ypax =4 0puy =0 1 =0, 2 = 4.
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1194. Ipy 2 = =1 Ymin = — 4 apuy =0 21 = 1, z2 = —3. 1195. lIpu
=0 Ynin =0, 0pu & = —2 Yax = 4/3; upu y = 0 23 = 0, 25 = —3.
1196. llpu © = —1 Ypin = —4, 1pu & = —3 Ymax = 0. 1197. lIpu & = 0

T om — ) A — LA~ mrrer

Ymax = y
=4y
y=z+:
y=x3+x_4
¥y I 4
|
| 2
| %
| 7/
/
L
2 I
= /
x—2 ||/ X
/
2l I
=2/ |
v 0 |2 X
7, |
7,
|
|
|
Puc. 41 Puc. 42

Ymin = —06,75, 1p 2 = 0 Yneper = 0; mpuy =0 21 =0, 2y = —4 (puc. 42).
1199. llpy ¢ = +2 ypin = 4, mpu 2 =0 Ynpaxy =0; mpuy =0 z; =0,
To 3 = +/8 &~ +2,8. 1200. llpu = 0 Toukra
BO3BPATA Ymax = 0, mpu 1201. llpu z = 1 ypin =

=—1;upuy=0 z; =0, zg = 27/8 (puc. 43). 5 . 21/6/
[ Vmin X

y

=1 Ynax =2, 1pu £ = 1 Ymin = 0, 1pnm
z =0y =1 Acumorora y = 1. 1202. lIpu
£ = =1 Ymin = —1/\/e~ 0,6, mpu « = 1 y=2x-3Yx2
Ymax ~ 0,6; ocb Ox — acummnrora. 1203. llpu
=2 Ymin = 2(1 —In2) &~ 0,6; oce Oy —

acuMmToTa Mpu & = 1 y = 1;mpm x = €2 ~ 7,4

y ~ 3,4. 1204. lIpu x = 0 Toura Bo3BpaTa
Ymax = 0, IpH Z = 2 Ymin = —3V4 ~ —4, 8,
npu x =5 y = 0. I'padur nmonoben rpadpury Ha puc. 43. 1205. llpu x = —|—g

Puc. 43

Ymax ~ 0,34, mpm x = —% Ymin ~ —0,34, mpu x = :I:g y= :Fg = F1,57.
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3
1206. llpu = = % Ymin = g—i—l A 2,57, mpu & = Zﬂ- Ymax = +3,71;
1 1 3
acumnTorel @ = 0 mw & = 7. 1207. llpu & = —3 Ymax = —3 + Zﬂ- R
1
~ 1,85 mpum =z = 3 Ymin ~ 1,28 mpu 2 = 0 y = n/2. Acumunrora

y = x. 1208. llpu z = 1 Toura BO3BpaTa Ymin = |, mpu z = 0 y = 2,
npu ¢ = 2 y = 2. 1209. llpu ¢ = n/6 u @ = 57/6 Ymax = 1,5, npu
2 =7/2 Ymin = 1. 1210. Mpu 2 = 0 Ymin = 0, 1pu 2 = 1 Yneper = L.
1211. Tpu & = € Ymax = 1/e 0,4, upu y = 0 & = 1. Acumnrorer 2 = 0
uy=0. 1212.Tpu £ = —3 Ymin = 6, mpur = —2 y = oo (pas3psIB), MpH

= —1 Ymax = 2. Tourn mepeceuenus c ocamu: z = 0, y = 1,5; y = 0,
r=+vV3~ +1,7. Acummrorhl 2 = —2uy =2—z. 1213. Tlpu z = 1
Ymin = 2, 1p & = —1 Ypax = —2, mpu & = 0 — paspbiB. AcUMOTOTEI
y=zuwz =0 1214. 1) Ipu ¢ = 0 y = a. Touru nepecedeHUA ¢ OCHIO
™ ™
Oz: z = 5 + km. 9wcTpemMym: Tpu £ = T + 2km — MUHAMYM, TpH
7
Ty = Zﬂ- + 2km — marcumym. KpuBas — rpadur saryxarommx romeba-

Huit; oHa BOMCaHa B KpUBble y = Fae™ ”

, Ha KOTOPBIX W HAXONATCA TOYRH
srcTpemyMa. llocTpoerne HymHO HavaTh ¢ KpuBbiX ¥y = xae” . Ock Oz —
acumnrora. 2) lpu # = —1 Ymax = 2, mpu @ = 0 — TouKa mepernda, npu
=1 Ymin =—-2;mpuy =0 21 =0, 33 ~ £1,3. 1215. Mpu = = 1
Ymin = 3, Ipu & = 2 y = 00 (paspeiB), IpH & = 4 Yneper = 0, mpu z = 0
Yy~ 3,6 1216. Ipu x = —2 ypuin = 0, npu @ = —4 yyax = 0,8, npu
=1 Ymax & 2,8; ock Ox — acummrora. 1217. llpu z = +1 ygpax = 1;
mpu y =0 & = £1/v/2 ~ £0,7. Acumnrorsr — ocu Oz u Oy. 1218. llpu
=0 Ynax =1L, mpp 2 =1 ypin = 0; npu y =0 = = £1. 1219. IIpn
2= —1 Ymin = 1/3, 1pu 2 = 1 Ymax = 3, mpu z = 0 y = 1; acummrora
y=1. 1220. Ipr = —1 Ymax = L; mpuy =0 23 = 0, x5 = —4; odbaacTb
pacrosomenna kpupoif ¢ < 0. 1221. 1) llpu « = —2 y = oo (paspwiB),
Ipu & = —3 Yueper = 0, 1pH & = 0 Ymin R 27/4; acumurorel T = —2
Ty =245 2) Ynin = 0 IPH & = 207, Ymax = V2 mpu & = (2n + 1)7.
B rourax muHMMyMa ' He cymiectByer (yraoBere Tourn). 1222. 30 Mx 60 M.
1223. 5 u 5. 1224. ah/4. 1225. a/6. 1226. 4mx4dmx2m. 1227. 20cwm.

18
1228. 60°. 1229. ~ 2,5. 1230. cosae = — (omHARO TpPH YCJI0-
] T+ m
BHH, 4T0 — < L, rme a — upoernua AB Ha HampaBieHWe Heae3HOMH
m AB
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moporn). 1231. B 18m or Gomee cmabHOTO MerouHHKa cBera. 1232, Yepes
a

% 4acoB HaWMeHbIllee paccToAHue Oyaer paBHo a/2um. 1233. ¢ = D/2

v
y = DV3/2. 1234. B /3 ~ 1,7 paza. 1235.[ ~ 5,6m; ompenenderca

2,4 1 12
24 L L0 as6 vy = 25T B
sino  CoS & 9

Rak MarcuMyM byHRIHU [ =

R
BeicoTe & = 21M. 1237. Spax = R? upw BBICOTE & = ﬁ 1238. (1; 1).
1239. Vab. 1240. llpu x = 2m. 1241. 4dcmu /3~ 1, Tem. 1242, = 1,5.
1243. Cevenne — KBagpaT cO CTOPOHOM D/\/§ 1244. Tipu o = 27+/2/3
upP

pamnaHoB & 294°. 1245. F = ————
COS v + U SIn &

stga = =10,25, a~ 14°.

1246. 1) y = 22, ¥/ = 2 > 0, KpuBas BClOIY BBINYKJIa «BHUBY; 2) y = 2
y” = 6r, kpuBaa BBINyKda «BHU3» npu r > 0 u «BBepx» mpm x < 0,
z = 0 — rtoura mepermba; 3) y = €%, y’ = e” > 0, KpuBaA BCIOIY BHI-
nyrmaa «BEU3», (0; 1) — roura mepecevenna ¢ Oy; 4) y = Inz (¢ > 0),
y" = —— < 0, xpuBad Bciomy BIMyRaa «BBepx», (1; 0) — Toura Tepe-
cewenna ¢ Ox; b) (0; 0) — roura mepernba. 1247. Tourn mepernba ®pu-
Beix: 1) (2; —8/3); 2) (£1/V2; e=Y/2); 3) (£v/3; £/3/2) u (0; 0); 4) npm
r = _lnTQ ~ —0,35. 1252. Obaacre pacmomosmenuda > —2. Tourwu me-

peceuenna ¢ ocamu (—1; 0) u (0; In2). y Bciomy B3pacraer, KpHBad BbI-
nykaa «BBepx». Acmmmrora @ = —2. 1253.y > 0, y = 0 — acummrora.
1254. 1) Cummerpuuna orHocuTensHo Ox. Obmacts pactomomenna © > 0.
BepxHAs BeTBb BHIMYRIA «BHU3Y, HUAHAA — «BBepx». (0be BeTBU KacaroTcA
O B Toure (0; 0). KpuBad HasbiBaeTcA «MOMyKybUUecKoif mapabomoitsy (BMe-

cre ¢ ockio Oy obpaayer OykBy RK); 2) Tarad e, Kak MpeNbIIyIad KPHBad,

HO cIBHHyTa BIeBo Ha 3 enuHUIEl. 1255. 1) Mpn = 0 ymax = —1, acumn-
Totel # = —2, x = 2 u y = 0 (rpu BerBu); 2) WpH & = | Ymax = 2,
npr & = —1 Ymin = —2, mepeceraerca ¢ Ox npu & = ++/3, mepernt mpu

r = ++/2, acummrorer — ocu Oz u Oy. 1256. 1) O6macts pacmosome-
vua ¢ > 0, mpu y = 0 ¢ = 1, acumnrorel — ocu Oz u Oy, pu ¢ = e
Ymax = 1; 2) 1pu & = 1 Ymax = 1, IpE & = 2 Yneper = 2/ & 2/3, ocb
Oz — acummrora, mpu ¢ = 0 y = 0. 1257. 1) llpu ¢ = 0 Ymin = 2,
acuMnToTel & = —2 U & — y = 0; 2) cuMMerpryuHa otHocuTenbHO Oy, npH
y=0 2 =4v2/2~ 0,7, ipu # = 1 ymin = —1, acummToTa — OCh
Oy. 1258. 1) Obmacre pacmonomernd & > 0, ipt & = 1 Ymin = 1,BBI-

MyRIa «BHU3»; acuMiTora — ock Oy; 2) Oy — ock cuMmMerpun, mpu & = 0
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Ymin = @, BCIOOY BBLINYKJA «BHM3»; KPUBaA HA3BIBAETCA YenHoti JTUHUEH.
1259. 1) Mipit & = 0 Yoy = 0, miput @ = ¥4 ~ 1,6 Ymin ~ 2,1, mpu
r= -2~ —1,3 Yneper ~ —0,8, acummnroret © = 1 u y = ; 2) npu

r = —1 Ypin = =3, mpuy = 0 2 = —¥0,25 ~ —0,6, acuMnTOTHI —
ocu Oz u Oy. 1260. 1) CummerpuyuHa orHocuTensHo Ox n Oy, obmacts

pactonomerna |z| < 2, mpu ¥ = *1 y, = +1, mpuy = 0 z = 0

wm x = +/2; 2) Ha BetBU Yy = ¥ + ﬁ Ymin = 3 Ipu * = 1, BeTBB
y=1x— % nepeceraer Oz npn & = /4 A 1,6, 0be BETBH IMEIOT aCHMII-
Torbl ¥y = x W x = 0. 1261. llpuw * = —2 ymm = —V16 ~ —2,52,
mpu & = 2 Ymax ~ 2,52 (0be Tourm Bo3BpaTa), ock Ox — acHMNTOTa,
ubo y = 8z — 0, morma z — +oo.

(z +2)43 + (22 — 4)2/3 & (2 — 2)4/3

1262. Cummerpuuna orHocuTeabHo Ox, 0biacTh pacnonomenusa ¢ > 0, acumir-
tora — ock Oz (lim y = 0), npu # = 1 sxcrpemym y, = +1/e & +0,3.
r—0oQ

1—x
22

3
1
1264. 1) % +a? +Infe| 4 C; 2) 225 — — + C. 1265. 1) +C;
X

1‘2

1 2 3
2) 5 +2Injx| - 7= + C. 1266. 1)1‘(5\/5—1—1\3/5)-1-0; 2) 2\/x —

2x2
2 3
xf—3x+6\/_—ln|x|+(]; 2) Z(e—4) ¥z +C.

¢ 2

lia_ﬁ—i_c' 1269. 1) —ctgz—tgx+C;2) —ctg x—
dx _/sin2x—|—0082x

sin? z cos? z

— 4z +C. 1267.1)

1
1268.1) e”+—+C; 2)
xr

—z + C. 1270. 1)/ S Jm— de = tga — ctga+

sin ¢ xr slnz
c:2) =

2 TG )2+ 24

1272. 1) 2 arctg t —3 arcsinz+C'; 2) %—x—l—arctg z+C. 1273.1) 932—_ —

2
2 2(x +2) 8
—21 C;2) 33 —+C. 1274. 1) ———+C; 2) 4] -— =
lel+C:2) 397+ ot ) AD s con)amalal-
1 1 1
——4+C. 1275. ) In|z| - ———=+4+C;2) x + cosz + C. 1276. 1) ¢” +
x . e 222
a

I —4—4—1—0. 1277. cosz — ctgxe + C. 1278. tga —
na z

1 1
— @+ C. 1279, gsin3x 4 C. 1280, —2cos g +C. 1281 — e 4 O

+C; 2) 3tgxe + 2ctgze + C. 1271. 1) g— +C.

+ tgx + C; 2)

1 1
1282. - tg5z + C. 1283. 2(e”/? — e=7/2) 4 C. 1284. e — 1)3/2 1+ C.
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3

—22)5 1
1285. —% + C. 1286. —§(5 — 6x)43 + C. 1287. —\/3 =2z + C.

1 1
1288. - cos (a —br)+C.1289.1n (z? — 5z + 7)+C.1290. 2 In(z?+1) + C.

1
1291.—0, 11In|1 — 10z|+C. 1292.—61n|1— 32| +C. 1293.1n|sinz| + C.

1
1294. —In | cos |+ C. 1295. In |sin 22|+ C. 1296. —gln|1—|— 3cosz|+ C.

sin®

+ C.

1
1297. 51n|1—|—281nx| +C. 1298. In|l +1Inz|+ C. 1299.
4

cos* x 1
1300. — C. 1301 — C. 1302, —— + C.
4 + 3sin’ + 2cos? ¢ t
9_ i 1
1303. 2% L o 1304, 22T L 0 1305. —e57 4. 1306, —e"° +C.
sin & 2 3

1 1
1307. —ie—x?’ + C. 1308. 2VF + C. 1309 V1) 4 C

1
1310. 2 /(7 =87+ O B 0,5Y/(T+ %)% + €. 1312, —T—a? +

2 1
+ C'. 1313. —/1+ 2cosz + C. 1314. g\/(l +Inz)3 4+ C. 1315. 6(1 +
1 1
+ 4sin x)?’/z + C'. 1316. —E(I—Gx‘r’)‘l/?’—l—C. 1317.29:—1—5(6%—6_%)—1—0.
.4
sin” x

4
1 1
1321.1(1+3x)4/3+0. 1322.—?(1—2903)7/6—1-0. 1323. 1+ 22+ C.

1 1
1318. + O 1319, o/ T—dr + C. 1320, —sin(a —bx) + C.

9 |
1324. 7~ = + C. 1325. 2In|sinz| — ctgz + C. 1326. ™% + (.

COS T 1 5
e

L ico1330.1)0,11
a2’ +C e P

+ 5 2) %arctg:%—l—C 1331. 1) arcsm —|—C’ 2) In(z+v22+5)+C.

1332.1) In |2 + Va? — 4|+C; 2) ¢§ \/§+C' 1333. 1) arcsin %4—0;

1 z3 1 z? 1 bx —
2) — tg — C. 1334. 1) — n — C:2) —1In
) 5 arctg 5 + ) 5 arcsin +C; 2) 500 e

V3

+C; 2) % (z¥++Vx®—1) + C. 1336. 1) 2, 5x

1
1327. — - ln |1 — 3|+ C. 1328.

+

arctg

+ C.

1 2z
1335. 1) §arcsm

V3

-2
x In (z2+4)—arctg g—i—C’; 2) %ln |#2—4|—In i )

‘—i—(]. 1337.1) V2241 +

+ In(e+vVe2+1)+C;2) =1 —2?+arcsinz+ C. 1338, x — arctgz +

23
+ C. 1339. 3—1—3 —I—Ml — V3

2 x+/3

+ C. 1340. arctg (z +2) + C.
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1 —
1341. S arctg %3 +C. 1342 m(z+14+Va2+2013) + C.
41 .ox—2 2 2¢+3
1343. arcsin + C. 1344. arcsin +C. 1345. — arctg —— +
1 4z —3 1 V8 ) V3
+ C.1346. 7 arcsin xT_—I—C'. 1347. —3111 |3z — 14+ V922 — 62 + 3| +
1 z—+/3 x
+ C. 1348. /3 |arctg — +In|—=| | + C. 1349. arcsin —+
( V3 +V3 ) V2
+Iln(z+vV2+22) + C. 1350. 2In (22 +5) — \/garctg% + C.
1 T — \/5 x5 x
1351, 2 + —In|——=| + C. 1352. — — 2z + 2y/2arctg — + C.
Vo EE 3 Vaeets 7
2
1353. arcsin (e?) + C'. 1354. arctg (22%) + C. 1355. 0,2 arctg % +C.

2

1 -1
1356. 3 arctg xT—I—C’. 1357. arcsin — +

1 20+ 1 1
— —arctg ——— + C. 1359. —In (22 + 14+ V422 +42—-3) + C.
3T g nl )

z? 1
1360. 2 In|z| — 2+ C. 1361.71n|x—1|—§
1, 1
1362, —¢*” [z — - | + C. 1363.
2 2
1
+ 2z cosz — 2sinz + C. 1365. §ex(sina: —cosz) + C. 1367. z[(In|z| —

In|z|+ 1

1
+C. 1358. 5 In(z?2+2+1) -

22
7+x+1n|x—1|)+0.

2241

arctg x — g +C. 1364. x%sinx +

— 1)2+1]+C. 1368. —zctgz + In|sinz| + C. 1369. — + C.
z

1370. 2/1 + zarcsinz + 4y/1 —x + C. 1371. zrarcsinz + /1 — 22 + C.

1372, —e~ (22 + 322 + 62 +6) + C. 1373.z1n (22 + 1) — 22 + 2arctg x +

2 2
+ C. 1374. g(coslnx +sinlnz) + C. 1375. 3\/1‘3 <1n|x|— g) + C.

1
1376. —2¢=/2(2% + 42 4+ 8) + C. 1377. zrarctgx — 5111(1 + %) + C.
1378. ztgx+In|cosz|+C. 1379.0,5¢” (sinz+cosz)+C. 1380.4/2 + = —

1
— 2\/2—xarcsing + C. 1381. — 5( i —|—ctgx) + C.

sin“ x

V2z—1
1382. x arctg 2z — —xT—I—C'. 1384. 3z 4+ 4sinx + sin 2z 4+ C.

3x sin 4z 3x sin2z sindz x
1385. — 20— C. 1386, — + —— C. 1387. — —

g Toosew + st Tt 8
_ sin4x+c. 1388. 3_x_sin4x sin 89:_1_0. 1389. i_sin 4z sin® 2z

32 128 128 + 1024 16 64 + 48
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2 5 -3 -5
+ C. 1390.—0051‘—1—560831‘—602x—I—C’. 1391. sm3x_sm5x+c.

1. 1 . . . 3. .
1392.1511149:——811161‘—1—0. 1393.81111‘—511131‘—1—3811151‘—?811171‘—1—0.

8sin®

1
1394. 7x + 14sinx + 3sin2x — + C. 1395. —— —sinz + C.

1
1396. +cosz + C. 1397. —ln|tge| + C. 1398. 1) ln‘tg f‘ +
cos & 2 ] 2
r 7 x r 7
- 9) 1 ‘t (— —)‘ . 1399.—[1 ‘t —‘ 1 ‘t (— —)H .
—|—C)ng2+4 +C 2ng2+ng2—|—4 +C
/ dx / dx 1 / dx
100, [ — 2 [ _ . I
sinx — cosx sing —sin (7/2—2) /2 ) sin(z—7/4)

1 tg? tg?
:—ln‘tg (f—z)‘JrC. 1401. 2% 4 n|cosz|+C. 1402. -5 %
V2 2 8 2

1 1 Tsi
— In|sinz[+C. 1403. —2(cos de+2cos 22)+C. 1404. 5 [w

_|_

m4+n

sin (m — n)x x

2
1 1 1 [si — i

1405. 1) Zsin?x— EsinSx—l—C; 2) 5 [Sm (m—njz sin (m—l—n)x] LC

1
4+ —sin2mz + C npu m = n.
4m

]—I—C’Hpﬂm;ﬁnﬂ

m—n

m-—n m-+n

mpu m # n u r_ —sin2me + C mpu m = n. 1406. —ECOS6$ —

2 4m

sin®r  b5sin®x Ssinzx
+ + C.

1
_ gsin43L‘-|-C'. 1407. 1) 15—6$—COS$< 5 51 + T
cos T 1 x sin ¢ 1 r 7
1408. 1) —~2 4~ ‘t —‘ ;o) Y2 ‘t (_ _)‘ c
)QSin2x+2ng2+ )QCos2x+2ng2+4 +

11 . 9 . 3 1 . 1 .
1409. Tx + 3sin 2z + gsm4x—|—C’. 1410. gx — Zsm?x—l— 3—2511141‘—1—0.
x sin 4z sin® 2z Lo 1412, s 2sin® ¢ n sin® z
. . .slnx —
16 64 48 3 5

cos® x cos®x 8cos® x

+ C. 1414. 7x — 14 cosx — 3sin 2z +

+ C.

1413. +C.

1 1 1
1415. - In|tgz| — « + C. 1416. —(2sin2x —sindz) + C. 1417. — +
2 8 cos I

3

1 1
+ cosz+tge+C. 1418.—1605 (21‘—1—%)—1—11‘—1—0. 1419. 1) %—1—1‘2—1—
3 3

z3 z > a
+ 4z+81n |z — 2|+C; 2) §—a2x—|—a3 arctg =+C; 3) —+—1In |23 — a®| +
a

33
_ 9)2 _1)3 3 _
+ ¢ 1420. e Gl WYY IH‘L D + C. 1422. lnw.
- xr

+2

2

_1)8 1
T SRR R Clult) L) 1424. =~ + In
2 || x

x—2

e
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- 2
+ =40 1426. InCa(z — 1) +
axr

r—a

1
1425. —1In
a

r—1
x—2

x—i—l‘_ x+1
9 102
1429. 2In (z* — 0,224+ 0,17) — b arctg

1427. In

5 1
+C. 1428. 5111(9:2—1—21‘— 10)—arctg%—|—0.
-1

+ C.
Ve -2z +5

||

1430. In |z + 1]y/22 +4 + C. 1431. 31n

(x +2)? 1 z—1 241
+ arct +C. 1433.ln ——— —
2 -2z +4 43 & V3 |z + 1]
1 x bx
+ arctgz + C. 1434. 1) BYE] (arctgg + m) + C;
r+9 LX
8(x2+2z+5) 16

x—1
—|—2arcth +

1
. 1432, — 1
+C 51 n

r+1
1 x(5b2—|—3x2) 3 T
2)) —|——————+ - tg — . 1435.1) —
)8b4[ @by ey e )
z4+1 1[(x—3)(32% — 18z + 32)
el L0 9)
Xarcg 2 +Ca )8|: ($2_6$+10)2

—|—3arctg(x—3)] +C.

-9 \/§

241 -1
v i —|——arctgi—|—C’.

+C. 1431 2

1436. 1 —_
et TeEraa 4(z2+2) 8 NG
1 1 b 1 2
1438. = In | — ‘—1—(]. 1439. In |2+ ‘—1—(]. 1440. —In 1——‘—1—(].
a r+a a — a 2 x
1 z—/3 1 x 1 1 xr—1
1441. In — arctg — 4+ C'. 1442. — + —1In +
10v3  |z+V3] 52 g\/§ z 2 x—l—l‘
1 [ 4+22 22 1 |z Clz—2)3
C.1443. - | ——der=-In———+C. 1444. In ——.
* 4/ dire) T are S
Clx—1)3 Clr—1)
1445.In C'(x — 1)+/2 3. 1446.In —————— 1447.3In — —
nCle—1)vie "2 (e —2) R
2 -2 1
- o 1aas o S0 =2 o 1o m——
z+2 z r—2 V2 — 92+ 2
1. ax? 2 1
+2arctg (. — 1) + C. 1450. —lnxi—i—a—l— —arctgf—l—C’.
a || a a
1. Ja+1] x
1451. - In —— + arctg — + C.
3 212 32 R
1 (x —2)2 r+1
1452. —1 — t .
MRy nae s TC
1 x4+ 2 1 x
1453, — = | —— 2 4 arct 1 . 1454, -1 .
2[x2+2x+2+a“g(’3+ | +¢ 5nx—|—5‘+c
1 [z243—2? 1 1 x
1455. - | —————— =—— — ——arctg — +C.
3/ 22 (2?2 4+ 3) v 3z 33 ang\/§+
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1 f2?24+1—(22-1) 1. Je—1 1
1456. — dr = —In|——| — — arct C.
2/(x2+1)(x2—1) TEM e T gcter
1 241 — (22 -2 1 —V2 1
1457. _/x + (z )dx: In | & V2 — carctgr + C.
3 (24 1)(2? - 2) 62 |z 4+vV2 3

1458. x+2\3/(3x—|— 0?Z + C. 1459. 2x+ 2v2r +1 - 3) +
1460.6[\/_ f+f (1+%)]+C

1461. — 15 322 — az — 2a? Wa—x+C.

3| (et +1
1462. - % S I+ (Y F 1+ )| +
24 242 1
1463. % + C. 1464. Farcsin— + C (— npu ¢ > 0 m
x
C 1 /2a—
+ mpu z < 0). 1465. In - . 1466, —— /2T 4
x—|—1+\/2x2—|—2x—|— a
C 1
+ C. 1467.In (z+1) 1468. — {J;\/aQ 22 + a? arcsin = }-I—C'
14+Ve2 42042
x r
1469. ———— + (. 1470. 2arcsin — — — (2 — z2)vV/4 — 22 + C.
A+ 22 2 4( )
23
1471.——|—C 1472. /\/ (z — 1)? da perraem mogcTaHOB-
3a2y/(a? + 22)3

Roit x — 1 = 2sint,

~ r—1 —D)V3 42z — 22
/mzcostdtzzmmﬂeQ e-)VEFT—

2

1473. _r arcsin - + C.

32— x2 V2
1
1474. 5(954-5)\/9524-2954- -3bn(r+14+vVa2+22+2)4+C

1
1475. —/3 — 22 — x2 — arcsin vt

+ C.
1477.93_ 2ax — x2 _a—I—C'.
1 \4/1—1—933—1 2 /(2 — z3)2
1478. —|— arctg 1+ 23+C. 1479. - X— _— 7 1 (.
VTS 4L ® A?
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1 241
1480. " = 2
n 2

+ 3 paBHAETCA MeJI0MY YHCIY; TOTORHUB £ 2+1 =

— 42
= %, moayuynuM

/ "2z 3 de :_/lfz—ldtz_l—l—%b2 e
(x=241)3/2 12 zy/1+ 22
m+41 341

1481. = 5 paBHAETCA LEIOMY YHCIY; MOIOmUB a — br? = 12,
n

HOJIYyINM

1 12 — 2a — bx? —2)V2z -1

—2/ MLV el e V7 7Y Gl L L)

b t b2/ a — ba? 3

(3z +1)*/® 1/3 1/3

1483. . 4 (3x4+1)Y341n |3z 4+ 1)/3 — 1|+ C. 1484. 2 —2/7 +

+2In(v/z+ 1)+ C. 1485. —0,3(2z + 3a) ¥/ (a — x)2 + C.
-2
1486. 2\/x — 2 + /2 arctg xT + C.

2 3 2 2 3/ 2
1agp. S@2 D) (\/(x +1)? Ve +1+1)+c.

2 5 4 3
1
1488. In (1 4+ V1 +22) 4+ ———— + C.
( ) 1++/1+ 22

1
1489. =% + g\/(4 — 22)3 4+ C; B 970M IpHMepe BBITOTHO CHAYaia 0CBODOO-

OUTHCA OT MPpalMOHaJBHOCTH B 3HaAMeHaTeJIe.

2 1
s +C (—mpuz >0u+ npu x < —2). 1491. arccos 1 +
x r —

+ C'. 1492. 2 arcsin g— g\/él — 224 C. 1493. 2 arcsin ﬁ—\/?l‘ —z24C.

1490. F

2
1494, ;xm—21n|x+2+\/m|+(].
6 17 ) -2
1495.—x; \/5+4x—x2+7arcsmx +C.
V1 2 1. V1 241
1496, — YT L L VEET AL L o
22 2 ||
/1 )
1497. Yt + C. 1498. Homomus 1 — 23 = t?, mattmem
x
/ z2dz 2/ dt 11 V1i—z3-1 Lo
231 =23 3) 2—-1 3 |V/1—-23+1

1499. Tlonoxus # = 1/t, naiinem

= arccos i + C.

_/J%:_/\/ﬁ 2%
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1 1
1500. §ln(62x—|—1)—2arctg(6x)+0. 1501. gtg?’x—tgl‘—l—x—l—C’.

2z
1802, - — 26" 4 41n (¢¥ +2) + C. 1503.In1g 3| + C.

1 1 = 1. |2tg(z/2)+1
1504. - arctg | = tg = | + C. 1505, = In [ 2\ 2T 20 4 o
2arcg<2g2)+ 5n‘tg(x/2)—2 +
tg> 1 t
1506. — & g3 T _ctgr+C. 1507 S arctg (%) el
tg4x tg2

1508. ¢” +1In |e” — 1|+ C. 1509.

Tx—ln|cosx|—|—0. 1510. e” +

+ %ln 6:11‘ +C. 1511 %arctg (tg%ﬁ)) +C. 1512 tggx +
+ tgz 4+ C. 1513. %arctg(?tgl‘) + C. 1514. %ln‘tgg‘ + étg2g +
+ C. 1515. %ln‘tgg‘ - %cthg +C. 1516, 2Ine" — 1| — z + C.
1517. %(tgm +n|tgz])+C. 1518.1) 2 6x-§+c; 2) g—i—ch gaq AT
+C. 1519.1) ot oo 1520. In [ ch |+ C. 1521 — =P 4 o

r sh2r sh’z
1522. — 5—1— 1 + 7 + C. 1523. u 1524. Cm. 3amauy 1366.
z x ch® 3z ch 3z
1525, — + (. 1526. ———— + (. 1527. —
4/4 + 22 5\/m5 9 3
h 4 h
L0 1528 =2 20 1520 222 L 00 1530 & — cth + C.

32 8
1531. 2+/ch @ — 1 + C (nom WHTerpamsoM yMHOMRHUTH CHadajla YHCIUTENh U

hae—2 3
3HaMeHaTelb Ha v/ch z — 1). 1532. (1533 3 In|z+ Va2 -3+

S
chz
Vae?+3
+ g\/x2—3+(1. 1534.1n|x+\/x2+3|—x7++0. 1535.2vz + 1 +
xr

2—+/1 tg x)? 1
Lo | EEEEVIT L o gage, (IET L o gggr L |2t
z a
1 r 7 .
— — + C. 1538. tg (5 — Z) + C. 1539. 2arcsin/z + C' (monomuth
az

b
x = sin®t). 1540. abarctg (— tg x) +C.
a

1 1
1541. 1 <x2—|—xsin21‘—|—560821‘) +C. 1542. InC(e" + 1) —x —e™".

1—=x 1—x
1543. [ /——dr= | ——dr = arcsine +V1—2z2+C.
/ 14z /\/1—1‘2
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t 3 2
1544. — =2 L . 1545, rtgx + In|cosz| — % +C. 1546. In ‘tg g‘ +
ST L. 1548 32Y/3 — 122164

1
4+ cosx + C. 1547. ~3 arctg

b —
ﬁ + C (nomomuth ax + b = ).

1
1550. —— 4 arctgx + C. 1551. —
z

+241n (216 4+ 2) + C. 1549,

(paSJIEJII/ITIJ YUCJIUTEIb U

tgxr 41
2
3HaMeHaTelb Ha cos’?x u modomuTh tgxr = t). 1552. E\/a +blnz + C.
1553 ! + C £ 1 11| bad| + C
" 3b(n— 1)(a — ba®)n1 e T

npu n = 1. 1554. Beineaus 1mon KOpHEM TONHBIN KBaapar, HOJOMUTH & +

+ 1 = /2sint (MM e PENIUTh METONOM HEONPeNeTeHHBIX K03 Puim-
r+1 x4l 2y +1
eHToB); ——+/1 — 22 — x2 + arcsin + C. 1555, ————= + C.
) 2 V2 (Ve +1)2
1 z? arctg x 1 e’ 1 1
1556. — 1 - C. 1557. —arctg — ——z+ - In (4 + ¢*)+C.
R T A parcte 5 —gr g4+
V2 +1 tg>
1558. In |-SV22E L qeng v bctgr — BT Lo
14++v2x+1
4 — g2 1 t
1560. —Y— " _ arcsin= + C. 1561. 1) ——1In Vitetgrl o
x 2 V3 | V3—ctgz
1 1 6 1 34+t
= n S?n(l‘—i—ﬂ-/ ) +C;2) In V3 tige + C. 1562. 1) Ocgo-
23  |sin(z — 7/6) 23 [V3—tge

00IUTHbCA OT UPPAINOHANBHOCTH B 3HAMeHaTee; 3a [(m + a)3/2 — x3/2] +C;
a

1 2 1
2) 5[1‘\/1‘2—1—1—1—111(1‘—1—\/1*2—1—1) + 2% + C. 1563. %—l—x—i—— +
xr

—1)2 1 2\ 3/? 1
+ IHM. 1564. —— (x—l— ) + C (HOJIO}EI/ITI: r = —).
x 3 x t

2
1565. 3 arctg /3 — 1+ C (nonomurs 3 — 1 = 12).
1566. 0, 5[z +In | sinz + cos z[] + C. 1567. 2[\/x arcsin /z ++/1 — 2| + C.
1568. tg? x + C wm + Ch.
e

os? x

2 2
1569. /wmg = —/cthxd(ctg ) —I—/d(ctg z) = ctgz—

sin™ x

r—1
6—‘+c.
et +1

tg3 1
_8 x—I—C’. 1570. — ctg 2z In | cos z|—a+C. 1571.e_x—|—§ln
1
v In|z+ 1]+ C.
x

1
1572. 1 tg? z + C (nomomurs tgx = t). 1573.In|z| —



Or1BeThl 295

d
1574. /\/l—sinxdx::t/w::I:Q\/l—l—sinx—l—C’ (+ npwm

v1+sinz
1
cosz >0 u — npu cosx < 0). 1575.ﬁarctg(\/§tg1‘)+0.
2 2 —(z2 —
1576.1/L:1/QE Rl Gl B
2) @2+ 1D)(x2-2) 6J) (2241)(22-2)
1 |$2 2| _\/;
:61 pea + C. 1577, —2e V7 (\Jr + 1)+ C. 1578. 2\/x arctg \/x —

— In|1+2|+C. 1579. Jigz + C (monmomurs tgx = t). 1580. In|z| —
2?2 +1

1
In(z?+1) + C. 1581, l—arctg( a’) + C. 1582, 2(\/x +

2x2 na
(r+ 7 Ve +1-+2
+ cos/x) + C. 1583. Vo + 1422l + C (mo-
Ve+1+v2
21
aomuth x + 1 = t2). 1584. 2 — /1 —zZarcsinz + C. 1585. A
1 3243 1
(HOJIO}RI/ITL r = ;) 1586. —% + C (momomute  + 1 =
=1). 1587. 2ax + 2? — 2aln|z 4+ a +V2ax + 2?| + C (c. 153, m. 4°).
2z — 1)? 1 in?
1588. 1n CL = V" | ¢ 15ge, _ LECOSTHSIE o
|22 + | sin x
C(x2+2 2y 1 2
1590. 6 In (;_E—xiz) + 3 arctg ——— 5 ‘ (SHaMEHaTEJH: pasqaaraercda Ha

MuoBUTETN Tak: £} +4 = x* + 42?2 —|—4—4x =(224+2)2 - 422 u . n.).

d 21
1592. s5 = 0,646, S5 = 0,746, /—96:0,693. 1593. 20. 1594. —
X
1

14
1595. —. 1596. g 1597. _172T . 1598. 3(c — 1). 1599. In (1 +v/2).
a

1600. 3 1601. llomomuB & = t? U H3MEHNB COOTBETCTBEHHO TIPelelhl, TOIy-

3

2 dt 2
yim | —— (2t—|—21n (t— 1))| 2(1+1n2). 1602.

t—1
V3

™ 2¢ a(m — 2)
— In2. 1604. - — —. 1605. In ——. 1606. ———— (momomuUTH ¥ =
3 2 e+1 4

1 2 In (1
= asin’1). 1607. . 1608.%. 1609. 2102 1. 1610. Y2 n2( V2,
V3 =2 3 1 1-3 « 1-3:5
1611 ", 1612 In5. 1613.1) - 552) 55 3) g

. 1603.2 —

-3
2

2

I
I
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3 _
1614. — %. 1615. é 1616. 1. 1617. \/g 1. 1618. 2In1,5 — %
T 17 T — 2 T

1619. t - - & 433. 1620. —. 1621. 1622. — — 1.
arctge — - 0,433 5 1 2
1—In2 1 1- 1-3. 2

1623. 1702 g4 1) LT gy L3 Mgy 130 T gay 32

2 2 2.4 2 2-4.6 2 3
2

1626. wab. 1627. 3 MpoN3BeNeHNA OCHOBAaHHUA (2v/2ph) Ha BeICOTY h.
2 1

1628. % 1629. 8In2. 1630. 1. 1631. 36 1632. 19,2. 1633. 25, 6.
12 12

1634. —158. 1635. 2 1636. —65. 1637. ma? (cm. puc. 56 na c. 309).

4 — 2
1638. 0,8 (cm. puc. 53 Ha c. 307). 1639. %; MOMOUTE # = 2asin?t

(puc. 84, c. 335). 1640. 2a%sh1 = a?(e — e7!) & 2,35a%.  1641. 3ma?.
3ma? 3ma?

1642. 1643. o?. 1644. 1645. ryax = 4 npu 2 = 90° +
4+ 360°n, 1. e. mpu ¢ = 45° + 180°n = 45°, 225°; ryiy = 2 mpu 2¢ =
= —90° 4+ 360°n, 1. e. mpu ¢ = —45° + 180°n = 135°, 315°. Cmem-

HBIE BRCTPeMalbHbIe paguyc-BekrTopbl mpu 45° u 135°. Hcromasa miormams
3n/4

= /(3+ in20)?dp = T 1646, °T. 1647 T 4. T

paBHa 5 sin 2¢)" dip = —=. e e et
/4

4
T

3m
, p = —— u —. llmomann

™
; Tmin = 0 py ¢ — — = &£ 1 1

1649. r = a(sin ¢ + cos ) = ay/2cos (gp — g), Tmax = a\/2 Tpu @ — L=
T T
4’ 4 2
3n/4 2
1
S = 5 / (a\/§)2 cos? (Sp — g) dp = %. OTBer mosyvyaeTcA MpoIIie, ecyin

—m/4
nepefiT K IeKapTOBBIM KOOpPOUHATAaM: 2+ y2 = a(x + y) — OKpPY/HOCTD.
7a? (107 + 27+/3)a? 3a?

1650. -~ 1651. 1652. 22 1653. 36. 1654. 12.
e 64 9

2 4 14 1
1655. % 1656. 3 (em. puc. 52 na c. 307). 1657. 5 1658. 2. 1659. 36

0

1660. 17,5 — 61n6. 1661. 2/—1‘\/1‘ + 1lde = 18—5 (em. puc. 49 wa c. 307).
5

1662. ry,5x = 4, rorma 2 = 180°4+360°n, ¢ = 90°+180°n = 90° uau 270°;
Pmin = 2, Korga 2¢ = 0° 4+ 360°n, ¢ = 180°n = 0° uau 180°. Ilmomans
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/2
1 197 37 Ta? Ta?
= 20)2dpo = —. 1663. —. 1664. —. 1665. —.
S 5 /(3+COS ) dy g 1 5 1

2 2 b 11
1666. — (e — ¢=27) = L shor.  1667. 4abarctg . 1668. —ma?.
4 y 2 a 8
8ma2b
1669. 7ph%. 1670. "’  1671. 127. 1672. 58,57, 1673. 27%a%.
h2 12 12
1674. 7 [ 22 1 1) 1675. 2227 1676, Lra® 1677, 372 1678, 22T
2 15 6 7
T {5r /3 a3 n? 64 (m+2)m
1679. = [ 22 4+ Y2} 1680. 7. 1681. . 1682. —~. 1683. T
4 (3 T 6 6 3 4
4 2 3 3
1684. Sma’h. 1685 5 ﬂ; 1686. 19,27, 1687. S~ 1688. V —
1287 670

112
= . 1689. 57243, 1690. 727. 1691. TR 1693. 6a. 1694. 57

1695. 8a. 1696. Toukn mepecedenusa ¢ ocAMu mpi t1 = 0 u ty = V8,

NES
1
s:/\/t4—|—1~t3dt:§3. 1697. /6 + In (v2+/3). 1698. 2ash 1 ~
0

12/5 13/5 )
V1 2 tedt
R 2,35a. 1699.s = / Vit dx; nomaraem 1422 =t2; s = / 21
x _
3/4 5/4

1, t—1]*°
= [t 4+ —1In —] =1,354+1n2~ 2,043. 1700. Touru nepeceyeHus c
2 t41], 9

™
ocAME Tipu £1 = 0 1 22 = 5;

w/3 w/3 w/3
d d d(si
5:/ i :/CO”2 l’:/ (S”,”g) =In(2+V3) ~ 1,31
Cos T cos“ & 1—sin“zx
0 0 0
1701. 1) 4/3; 2) 0,5In(2ch2) ~ 1,009. 1702. 1) 8a; 2) ma\/1+ 472 +
28
+ gln (27 + 1+ 4r2). 1703.%. 1705. 2. 1706.1n3. 1707.21n3—1.

14
1708. p[v/2 + In (1 +v/2)] ~ 2,29p. 1709. 4./3. 1711. Tﬂ 1712. ma®x

4 4
x(sh 242). 1713.27 <1+ %) 1714.27[/2+1n (1 + v/2)]. 1715. %x

34,/17 — 2 62
wra,  1716. 3.  1717. 4n2qb.  1718. -7 2. 1710, Tﬂ

1720. 2,4wa?. 1721. 29,67, 1722. 1,44 - 10°H; 5a HUmHIOID TOTOBHHY
2

h 2
cuna gapieHna 1,08 - 106H. 1723. %. 1724. §R3. 1725. 2,4 - 10° H.
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ab3 a3b ab3 a3b
1726. J, = —, J, = —. 1727. J, = —, J, = —. 1728. 6,4.

377 3 12770 7 12
a3 a Yy 9
1729. M, = M, = F; Te = Yo = 3 1730. M, = §ydx:0,1ab ,

0
1 b
M, = /J:yda: = ZbaQ; S = /ydx = %; T = Za, ye = 0,3b. 1731. 2. =
0 b
2 [(y/2)y dx A
0 4
= e = ————— = —a X —a. 1732. 1) 1,12 - 1 ;
0. v 0, 5ra? 37t ¥ g ) 0%
i R? Rh 1000w R2H?
1034 mg _mg T ~
2) 2,5-10°7R* Tw. 1733. / > de = Rih 1734. 5 R~
R
H
2101 1735. 124101 1736. 0,247 [T 1737. ¢ / Sde
R~ . . . . 7 s = —=
’ 0,6s\/2gz

0
H+h

R2
100c. 1738.1 = — ‘v
¢ 0,6r2H2\/2g /
h

x\/x dr, rie h & 2 — BbicoTa 1oM0J-

2 1
HUTETLHOT0 KoHyca. Burumcams, nomxyunm ¢ ~ 42c. 1739. %. 1740. 173.

a

h
1741. —. 1742. 2,4 - 10*H ma wamaymo crenxy. 1743. I, = /y2x dy =

V2
0
2 2y
/2
4. 2 2 ma’ {y ! 8
= a™sin“t cos tdtzﬁ. 1744. z. = 0, yo = — = —.
0 2 [yde
0
R2.1000 | Vo | (Vo
T - 2 PoVvo 0

14xR2  [R 4007
~ 1 Co1TaT = [ ~ 419c. 1748. 1) 1;
5980 [l 15-5-0,8\ 2¢ 3 Jc ) b

oQ
dx 1
— = mpu n > 1; pacxo-
x* n-—1

1
marea mpu n < 1. 1749, 1) 1; 2) 1/2; 3) «/4; 4) 1; 5) In2; 6) 16.

In2 -
1750. 1) g; 2) g—l— HT; 3) T 1751. 1) 6+/2; 2) pacxomures; 3) 6.

uHTerpanel 2) u 3) pacxomArcd; 4)
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7 dx 1 1 dx
1752. 1 i )
) /\/1-1-—1‘3 cxomuTesA, nbo N < YER a / TE CXOIUTCA
0 1

1
pacxoguTeda, M00 ——— > —, a
x

eM.  samauy 1748); / ,
( Y ) a3 —1 3 — 1

(o] (o]

dx dx e~ " e

— PacXOmnTeA; 3) o CXOmMTCA, 160 <ePmpuz =1, a
2 0

sinz dx

abCcoII0THO CXOOUTCA,

/ % dx cxonurea (cm. samauy 1749); /
1 1

(o]
| sin a:| / zdx
ubo — cxomured (cMm. 3amawy 1748);
x? ( ) Va 1
(o]
pacxomuTedA, ubo i > i opu z > 1, a _x PacxXomuTCA;
Vet +1 Vet + /2

oQ

(o]
2 2 2
/ - da:_/ - dx—i—/e_x dz cxomurea, mubo e~% < e”7 mpm
0 1

oo 1
d 1
r>1 a /e_x dz cxonnrea. 1753.1) / & 1 npu n < 1, pacxogurca
z —-n
1 0
b d b 1-n
mpun > 1; 2) / 0 _g;)n = ( Iil)n npu n < 1, pacxogurea mpu n > 1.
1754. ©. 1755. 2. 1756. 3ma®. 1757. 2x2a®. 1758. 7[v2 + In (1 + v/2)].
4 1 1
1759. ?ﬂ- 1761. 1) 3 2) 3 3) 1; 4) pacxommrea. 1762. 1) In (1 + v/2);
1 2 In2
2)2;3) 1 — . 1763. =. 1764. 167, 1765. 2x. 1766. 1) =; 2) "2,
4 2 T T
1 a’? + ab + b2 ™ 4
;4 ;D) —. 1768. 1) e(h) = — .
1770. %ﬂ ~ 28,8, 1772, In2 = 0,6932; |=(h)| < 12 < 0,001,
1 1
1773. 8,16xw. 1777. llpubaumenno 1,227. 1778. R = 5 1779. R = 3

1
1780. B Bepmmue (2; 0) Ry = 55 B BepluHe (0;1) Re = 4. 1781. R =

1
=4a. 1782. ymax = —mpu & = 1; R = e. 1783. (4;4). 1784. (3; —2).
e
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1785. (0; 1). 1786. 27X2 + 8Y3 = 0. 1787. (2X)%/3 4 Y2/3 = 32/3,
1788. X2/3 Y23 = (2a)%/3. 1789. X = acost,Y = asint mm X24Y? =

2 In2
= a? 1790. k = 6x(1 + 62x)_3/2; kmax = —= B TOUKE & = _Il_ ~
3v3 2
9 a2 7“3
- 0,347, 1792, 1) R = 3v2ars 2) 53 3) 5. 1793, 5. 1794. 2.
r a

1
2
11 16
1795. 1. 1796. 1. 1797. (-2; 3). 1798. 0;—— . 1799.

1800. X = ~—0,7;Y = =2~ —1,4. 1801. 8X3 — 27Y2 = (.

12 12
—), Y =4 (1 + 5), IJA TOCTPOEHUA KPHUBOI M

N | Qo

T
4

1802. X = —t2 (1 + 7

HBOJIIOTHL COCTABUTL Tabauiy 3Havenuit z, y, X, Y naa ¢t = 0; +1; £3/2.
1803. (X 4+Y)2/3— (X =V )2/3 = 4. 1804. (X 4V )2/34(X —V)2/3 = 242/3;
npu moBOpoTe ocelt Ha 45° 5T0 ypaBHEHUE TPUMET BUI xl/?’ 2/3 (2a)2/3
T. €. JBOJIOTA acCTPOUILI ECTh TOME AaCTPOUIA C YBEIMYEHHBIMU BIBOE pas-

MepaMu U moBepHyTad Ha 45°. 1806. 21. 1807. 5¢. 1808. 7,5. 1809. 27.

In 2 d
1810. 2sh1 ~ 2,35, 1811 22 1812, 30 1 4y = 0; d—’; — 4i - 3j.
4 l‘2 2

o — ) 1814w = T = Ly
3T 9w ! J- "W -
At — 2| 6

2

1813. y =
Y di?

Wr = e — ——, W = ———  qgput =0 w, = 1,6;

VAZ 16+ 25 VA2 — 16t + 25
2
w, = 1,2. 1815. x—2 4+ = = 1, v = —asinti + bcostj, w = —r.
a
_ _ 42 _ 43 _ .2 _
1816.xt:yt22t.1817.X l‘:Yl‘:Z \/5
1 2t 312 1 22 1/(2/=)
x—1 y—3 z—4 . . . .
1818. = = . 1819.r = — k B = k, N = —-2;5:
12 4 3 r=-1+k 1+ k, J;

—-i+k —I-k . L . .
; = v = —j. 1820. B = r xr = 61— 6) + 2k,
2 B = 5 J J

= (f x¥) x * = —22i — 16) + 18k, ypaBHeHWA rTaBHON HOpMAIHM:

—1_y—1_z—1.6 z—1 y—-1 =z2-1

T = 85 = —g° WHOPMAJIN: =3 T 7

formeticA mrockocti: 3x —3y+ 2= 1. 1821. N =3(i+j), B= —i+j+2k.
-1 -1

YpaBHeHUA TaaBHON HOpMadu: x = y, z = (; OUHOPMAJTI: x_l = yT =

= 3 1822. Uckmouns t, moayunM z2 4+ y? = z2 — ypaBHeHHe KoHMUe-

2272 2

U cOIIprURaca-

crofl moBepxHOCTH. T = (cost — tsint)i+ (sint +tcost)j +k = i+ k;
¥ = (—2sint —tcost)i+ (2cost —tsint)j = 2j; B = ¢ x ¥ = 2i + 2k,

N = 4j. HRacarembnaa: ¢ = z u y = 0; rmaBHad HopMaib: och Oy; Ou-
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T  z—br/2

HopMaib:  +2z = 0wy = 0. 1823. llpu ¢t = S Ta T ; :
—a
b v4ab
Yy =a. 1824.cosoz::|:¢,cosﬁ::l:7\/_ ,cos*y::tia ;
NERY Va+ Vb Va+ Vb

BBIOOpD 3HAKA 3aBUCHUT OT BBRIOOpA HAINpaBIeHWUA Ha RamIol BeTBU KPHBOLL.

1825. YpaBHeHHA BHHTOBON JMHHM: & = sin2t, y = 1 — cos2t, z = 2t

rme ¢ — yroa moopora (puc. 44). EnwHuuHEBI 0MHOPMAaTBHBIN BeKTOD /3
m+j+k T

B Touke C (mpm t = 7w/2): B = ————. 1826. llpu ¢t = — v =
( /2) s :

5 V5 2)

—
y
o . —9 _9 —38 —1
= a(i+]j), w = ai. 1827.961 = yl = 28 . 1828.96T -
y—2 xr—2 Ji z—1
- — 3 1820 12 _ Y _ . 1830. 120°, 60°, 45°.
-1 ' 2 1 2 O

. . . . r—1 y—1 z-1
1831. N = —261 — 313+ 22k, B = 16i — 12j + 2k; = =

61 =3l + 22k, 01— 1242k =g 31 —22°
r—1 y—1 z-1

=1 1832. N = —4j — 4k, B = 2j — 2k. Ypasuenus

8§ -6
DIaBHOM HOpMadu: & = w, z = y + 2; OubopManu: ¢ = 7w, y + z = 6.
. . . . .1 2
1834. v = 1 = 1+ (1 = 2t)j, w = ¥ = —2j, == v :3w| = =
4t — 2 v? 2
V=V M, = —————— = /2, w, = — = = = /2.
2 — 4t + 412 R v
. . . —4i + 3j . 4i+ 3j
1835. v. = r = —4sint1 + Jcost) = LSJ, w=r = — 1+3‘];
V2 V2
1 12 7 sin 2t 5
E:v—S,v:\/1681n2t+9cos2t,1}:%; HpI/ItZg v:ﬁ,
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wT:i):%:0,7\/5,10”:%:2—2:125—\/5:2,4\/5. 1836. v =
=71 =i+ 2+ 2%k, w = 2j + 4tk; v = 202 + 1, % = |V;<73W| =
2 2 2

= 7(21523- g = ;’ wr=v=4=4 w, = % = 72((22;2 :—11))2 = 2 (B mr060if
TO‘{HE). 1837. CHavama cocTaBUM MaTPUIY KOOPIUHAT BEKTOPOB

r t 2 43

r 1 2t 32

'y 0 2 6t

T 0 0 6

rxr |62 —6t

3arem Haifmem: 1) |v| = 14+ 412494 2) | x ¥| = 291+ 92+ 1;
...... I 2V9t 4912 + . 1 12

Hrrr = 12;4 e
) ) IRV/ T 9t4 p 4(9t1 4 9t2 4 1)
1 1 2 1 2 1 1
1838. — = f _ V2L V2o L £ 2 — 2. 1840. Ha
R (ty? 4 p 4 R~ 35 3
) ) | b ! b
«IpaBoif» BHHTOBOH JUHHUM: — = ———, Ha @IeBOh: — = ————.
p P 21 b2’ P a2 + b2
1841. a2 1. 2 2 18z = Liyi +
e P SR —_— = ——. r= 21
R-@2+1)2 9 p (@2+1)2 9 g '
4 1 4 2
_k__wzﬁ’l:_i 1843.i_£’l:_1.
R (Z+1+403 20 p 7 R™3 53
1844. 3) Bea miockocts, kpome touku (0; 0); 4) 22 + y? < a?; 5) 2y > 0

(nepBbiit u Tperuii KBagpanth); 6) 22 4+ y? < 1; 7) BeA MIOCKOCTb, Kpome
npAMo ¥y = x. YpaBHeHHA 1) W 2) oNpenedAT TapaboJOHIBl BpallleHHA;
3) — MOBEPXHOCTH BpallleHHA BOKpYT ocH Oz KpuBoW z = S nY = 0
(puc. 45); 4) momycdepy; 5) RoHyc, IIA M30OpaMEHHA KOTOPOTO BOBHMEM

ceuenns: ¥ = a, 22 = ay u y = b, 22 = ba — napaboan (puc. 46); 6) no-

V1—z2

1 HalpaBJIANIMHUMN — PaBHOCTOPOH-

BEPXHOCTb BpallleHUA KPUBOi z = , ¥ = 0 Borpyr Oz; 7) KoHyc

kx
¢ obpasyrrumu y = kx, z = 1
numu runepbonamu y = h, (z — h)(z + h) = —h?%, uMeromUMH BepITUHbI
Ha oci Oy W OOHY M3 acHMIITOT Ha IockocTd y = # (¥ = h, y = h); ra-

KMe e THIepdolbl MOMyvaloTcA B cedeHNAX & = h wmm z = h (puc. 47).
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1845. s = \/p(p—z)(p—y)(x + y — p). Obaactsb cymecrBoBaHUA (yHK-
mn: 0 <z <p,0<y<puwx+y>p, T.e MHORECTBO TOUEK BHYTPU

TpeyroJibHHUKa, OrpaHn4YeHHOT0 JUHUAMHW T = p, Yy = p U T + y = p.

y 2T 2y2
Puc. 45 Puc. 46

1848. Apz = (2e —y + Ax)Az = 0,21, Ayz = 2y — 2 + Ay)Ay = —0, 19,
Az = Az + Ayz — AzAy = 0,03, 1849. HempeprIBHEIE 11 0THO3BHAYHEIE

Puc. 47

B obmactu |y| < |¢| dymrunu z = +/2?2—y? u 2 = —\/2? — y? uzo-

bpamatorTcA BepXHell 1 HU#HE!N MOBEPXHOCTAMN KPYroBOro KOHyca (c 0chio

Ox). TlpumepoM paspheiBHON (QYHRINE, OMpeNenAeMoli ypaBHEHHEM z =
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= ++/x? — y2, MOmeT CIyEUTh PYHRIWA

+y2?2—y? upu 0Kz <1,
2= —/x2—y? mpn 1<z <2,
+yve?2—y? upu 2L <3
u 1. 0. llpamole £z = 1, x = 2 u T. 1. — auHUN paspeiBa. HM30bpame-

HueM OyIyT 4YepemymoIIHMecA TMoJockl BepXHell M HumHell moBepxHOCTell Ko-
uyca. Q0umactb ompenenenus vroit dynmuun |y| < |@|, v. e. MHomecTBO

TOYEK BHYTPH OCTPOTO YIVIa Me#IY NPAMBIMHU ¥ = & M Ha 3TUX NPAMBIX.

1854. 2) Beda mimockocTh, KpoMe TPAMON § = —&; 3) TOUYKH BHYTDPH BJLIHI-
22y

ca — + 7z = 1 w Ha smmmnce; 4) BeA MIOCKOCTB; 5) TOYKM BHYTPH yriia
a

|yl < |#| n Ha ero croponax; 6) mBampaHT miockoctw « > 0 uy > 0.
ToBepxHOCTL 2) IMUIMHAPHYECKAdA ¢ obpasyomumMu z = h, ¢ +y = 4/h u

Hampasaatomieif z = 4/x, y = 0 (puc. 48). Tosepxuoctn 5) —6) KOHIYECKHE;

Puc. 48
1
noBepxHocTh 4) — napaGosoun. 1858. 3z (z+2y), 3(x2—y?). 1860. —%, —.
2’
2 2 3
— i
1861. 2, . 1862.— —/— " 2.1863.L,
e?+y? 2t +y (x—y)? (z-y) 3z (Y — Vi)
N Jc  a—bcosa dc b—acosa OJc absin a
VT pgeq. o5 2 LT UCO8G 00 O _

3t(\3/1?— ) Oa c ob c Oo c

0 0 0 5t 0
1866. 20 = =7V (1 — zy), 2o = —x2e="Y. 1867. - = 2=

o Iy dr — (z+20)2 ot



Or1BeThl 305

___ % e dx__ t Oa_ [ x L., 0%
o (z+2t)%° Y0 ow—x2t2 ot 1 —at?’ dx

= —asin (ax — by), g—; = bsin (ax — by). 1875. g—; = _1‘2\/%’
O lel gepe 02 3 0= Sv
dy o /r2— 2 T0r (By—2)2 dy  (3y—22)%
1877. g—z = ctg(x — 2t), g—? = —2ctg(x —2t). 1878. g—z = 2sinyx
x cos (2x + y) 94— 9sinzcos (x4 2y). 1885. 1) 0,075; 2) —0,1e? ~

) 6y
—0,739. 1887. —0,1. 1888. 1 27 nv®. 1889.0,13cum. 1890. 1) dz

1 1 dt
— (i + —) dr + (——1— %) dy; 2) ds = Intdx + x— 1891. Az
Y Ty

2

X

d
= 10,0431, dz = 0,04. 1892. 0,15. 1893. —30mcm3. 1895. — = —

d d
+ e‘t) = —2cht. 1897. i = eY + xey_y, 1899, -~ — _x
Z

0z x z 0z 0z 0u 0z 31}

oo a4 T) 19000 1) &&= 200 =

v Yy ( + y) ) Ox Ou Oz + wox  ou p@v’

0z 0z Oz 0z _ 0z y Oz 0z _ 0 10z Ou _

%_n3u+q3v’2) 9r  You z2ov 3y_x3u+x3v' 1901. ar
Ju Ju Ju Ju

= 52 cos Y + — By sin ¢, 3 (—6—xsmg0—|— %cosgo) . 1903. 1) Eri

= [(Ax—l—By) cost— (Br+Cly) sint] =(A-C)sin2t+2Bcos2t; 2) — =
2e2t Dz dz 0z Oz dz Oz Dz
sy WD st T e Y
0z Jy 0z 0z 0z \Jz 0z Jdy 2—=x Y
VY 02 % VYL 07 Y~ 2T 1908.1) — ¢/ 2
du 2\/5—1_31)’ dy  Ou 2\/§+3v O  y+3 ) z’
Qye?® — 2 3
2) 1910 5. 1911 —1. 1912, 1) (=13 3) u (~1; —1);

Qxe2y — e2¢° 5 ; 5 5
z —x Oz y z y
2) (1;1 —3:1). 1913. — = —— — = —Z  1914. — = =
) (15 1) (=31) Ox z 7 Oy z Ox 2z’
0z z 1915 0z a
dy 2z To0r T ¢ Oy
2 1

1920. M. 1921.

by 2 2xy y? — 2
1926. 6; 2; 0; 6. 1929. ——; —; 0; 0. .
4 S 4z (22 + )%’ (2% + y2)2’

_21‘3/ y(dl‘ _ l‘dy)2
gy 198D 7 (3y2 do?—day de dy+a*dy?); 2) ===
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1942.

=950z T %5000 T2 | 1

Pr <33+3>2Z Py Pz | P

P (0 ON(D 0. P s |
Az dy ~ \  Ou v ou = Ov T T ou? Qudv = 2’
2

1%
(0, 0V, o, pe o |
~ \ du T du? Qudv  Ov?’

oy? ov
2 2 2 2
Tz, 9% 39 R
0x? Jx Oy oy? Ou v
9%z
1943. 3anuceiBad Tak me, Kak U B 3amadve 1942, momyunm 4ﬁ'
v
1945.
oz~ Y our 22 Oudv  xt 2 28 O’
5%z 5 0%z 5z 1 6%z 2
o =" 0w T ouon T 2 o Y
3z 3z 3z 2y Oz
2072 2077 2 2y o=
o2 7Y oy? y Ou v x Ov’
0? 0? 92 2 92 4 92
1946. 2= + 22 qear. T2 = R v %c
or? = Oy? Ox? 1—2y’ Jxdy (1 —=2y)%2" Jy?
82 4 28z Ji
= ———— 1948. 0; 0; - . 1953, d?u = — % dx? +
(1—-2y)3 92yt 213 22
2 2y 3 9%z 9%z
=dr dy, d®u = = do®—— dr? dy. 1954. 4a? . 1955, —v? ——
+ g AT g AT T 0 Y 9w ow Y 9w v +
v? Oz z z 1
4+ —— 1959, u = — 4+ zlny—cosy+C. 1962. u= —+ — +Iny —
u v 2 z oz

3y? .
arctgz + C. 1963.u:xy2—x—|—%—|—0. 1964. v = zsin2y +

-9

+ ylncosz +y2 + C. 1965.u:xy—|—w—|—y—|—0. 1966. u = \/rx
x

x(1+Vt24+1)+C. 1967. v = zlny — xcos2z +yz + C. 1968. u =

-3
i i + C. 1969. y = d+x+/1 + x; obmacts pacnonomennda: 14+ x > 0;
z
z > —1. Tourn nepecevennsa c Ox: y = 0, 2 = 0 unu v = —1. Ocobasa Toura
2 2
0O(0; 0) — ysemd. IKCTpeMyM y MPH & = ——, Y = F——= ~ F— (puc. 49).
(0;0) —y PEMYM Y TIp 7 U 557~ T3 (p )

1970. y = +(x + 2)v/& +2; * > —2 — obmacte pacnonomernd. Ocobasn
touka: (—2; 0) — Toura BosBparta. TouKH TepecedeHnA ¢ ocAMM: mpH & = 0

y==42v2;mpu y = 0 = = —2 (puc. 50). 1971. y = +z/z — 1. Obnacts
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pacnonomernda ¢ > 1, = 0, y = 0 — ocobaa n3oamposanHaA Touka. llpn

4 4
r=1y=0,mpu r =2 y = £2. Toura mepernda: z = -, y = +t——
) p ) p 3y 33

(puc. 51). 1972. y = +av/1 — #2%; obmacte pacnomomenna |¢| < 1, win

y
y
2= (x+2)3
2= x3— x2
=
-2 0 x 0 1 2x
Puc. 49 Puc. 50 Puc. 51

—1 < 2 <1 Touru mepecevernda c ocamu: mpuy =0 xy3 =0, z2 =1, z3 =

= — 1. Ocobas roura O(0; 0) — y3eq. IKCTPEMYMBI TIPH & = :|:7§ A2 0,7
1

Ys = :|:§ (prc. 52). 1978.y = = +

+ r [re NEmanmr mosmramamearrrroer e S

y
>0
y =
TOYI
BOT(
y
I I
: ymax: (y—x)2 =x3
-1\ -0,7 0 0,7 f1x v
y2= x2— x4 0 4/9 1 X
Puc. 52 Puc. 53
4 4
TpeMyM uMeeT QYHRIUA Y = & — x\/f; npu x = § Ymax = ﬁ (pI/Ic. 53).
0 x =0 um

1974. y = +(z — 2)\/x; obaactb pacmonomenua ¢ > 0; npu y =
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x = 2; ocobasa Toura (2; 0) — yaen. Kpupad uMmeer Taroil #e BHI, Rak W

/ 2
Ha puc. 52, Ho ciBUHYTa BipaBo. 1975. y = +(z + 2a) —H—a; RpUBad
z

pacmonomena B Toit obmacT, rfe £ U £ + 2a UMeIOoT padHble 3HAKH, T. €. MPHU
—2a < # < 0. Ocobaa Toura (—2a; 0) — Toura Bo3BpaTa; = 0 — acuMm-

Tora. Kpusasa — mnmcconna, Takas e, Kak Ha puc. 85, HO cMellleHHaA Ha 2a
3_.3

BreBo. 1976.y = + 3

cevernd ¢ ocamu: mpu x = 0 y = 0 wan y = —3. Ocobad roura (0; 0) —

; obmacTh pacmodomernd ¥y < x. Touru mepe-

TOouRa Bo3BpaTa. Haiimem acummrory Buma y = kx + b. Pasmequm umensr
3 21
ypaBHeHUA Ha £5: 1 = (g) -3 (g) — = 0. Orcwoma £ = lim L 1,
z LT z—oo g
. . -3
b= lim (y— )= lim 273/
r—00 r—o0 _|- ry _|_ y2

Ducrpemym dyrmmmm ¥ = @(y) = &/y3 +3y%: mpny = -2 z, = Vi~ 1,6;
mpu x = 0 y = —3 — mneperud (puc. 54). 1977. 2> + y® — 3azy = 0 —

= —1. Urar, acumnrora y = x — 1.

meraproB auct (eM. samady 366). Ocobaa toura O(0; 0) — ysen c raca-

reapHbiMu y = 0 w ¢ = 0. Haitnem acumnrory y = kx + b. Ilpusenem

3 1
ypaBHeHWe R Bumy 1+ (y) —3a (g) — =0; orryma k = lim (g) = -1,
x x

X r—00 \ I
I y I
| |
N l l 7
N | | 7
N | | Z
\\ | | //
y v N | | /
2 2_ x4 N \/
2 4 3_ 43 7% RN A
3yP=xi-x 2 [N /0
v | N7 |
o L.7" N X
|7 N
% 1 X |/ N
y P N
) Xmax 7| | N
—2|-== % N
/ / | | AN
7 / | | N
/s -3 Y, | | NN
/, 4 N
4 | | .
/ | |
| |
Puc. 54 Puc. 55
. . dazy
b= lim (y+2)= lim ————— = —a. Urag, y = —& — a — acumn-
T— 00 Tr—»0o0 x2 —xy _|_ y2

2

tora (puc. 79). 1978. y = +——.

CumMerpuuna oTHocuTeasHO O
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u Oy. O6nacte pacmonomennd |z| > a u |y| > |#|. O(0; 0) — ocobaa
u3onupoBaHHasa Touka. llpu x = 4a+/2 skerpemyMm y = +2a. AcHMITOTEHI
© = fa u y = +z (puc. 55). 1979. y = +u/2 — x; 0baacTh pacnoome-

nua ¢ < 2. Touru mepeceverns ¢ ocbio Ox: npuy = 0 1 = 0, 22 = 2.

1/2

Ocobasa Toura (0; 0) — ysed. IKCTPEMYMBI y: TPH & = — Yy = T—— =
(09 3 3v3

= =+ 1,08. (Kpupasa umeer taryio me dopmy, Kar Ha prc. 49.) 1980. y =

z
= + —y/a? — (z — a)?; obaacts pacmonomeHuA |x — a| < a, mam —a <
a

Kr—a<famwmu0Lr< 2 Mpuy =0 2z, =0, x2 = 2a. Toura (0; 0)

~ ~

z(a —x)
ocobasa (Touka Bozspara). Illpm vy = 0, 1. e. 2ax — 22 + —— =
( pata). Tlpu y V2ar — a2
3a 3V3

5
=0,z = o Y = =+ I :I:Za (puc. 56). 1981. y = +(v + 2)\/=.

O6aacth pacnonomenud x > 0 u eme nsonuposanHad Toura (—2; 0). Toura
neperuba npu @ = 2/3. Rpusas tanasn me, kar Ha puc. b1, HO cMellieHa BIEBO.

y
|
|
|
|
|
y :ymax
! |
|
| |
Y l l
| X
maX| -5 -4 0 X
|
I
0 a 3a/l2 2a x
ay?=x3Qa—x)

4y%= x5+ 5x*
Puc. 56 Puc. 57

1982. [Ise obmactu pacmonomenna: 1) x > 0; 2) @ < —a. AcuMITOTHE:
3a 3a
y=xz+ —,y=—x — > u z = 0. Toura Bo3Bpata (—a; 0). IRCTPEMYMEI

2
3V3 2
3 7 ¢ A +2,6a. 1983. y = :I:%\/x—|—5; obaacth

pacrosomenna ¢ > —5. Ocobad Touka (0; 0) — ToURa caMOIPHROCHOBEHUHA.

y mpu x = Yy =

IrcrpeMymbl y: TpH & = —4 |Y|max = 8, 1p & = 0 |¢|min = O (puc. 57).
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1984. y = +2/22 — 1. Obaactu pacnomomenna |z| > 1 ¢ mzoampopanHoif
touroii O(0; 0). T'padmk Taroii me, Kak U Ha pric. 51, ¢ MObaBIEHNEM eIIle 710
cuMMeTpun KpuBoit cieBa. 1985. lpm y =0 21 =0m 2e = —4;mpm 2 = 0
y1 = 0, y2 = —1. Ocobaa toura (0; 0) — y3ell ¢ HARIOHOM KacaTelbHBIX
k=22 Tlpu 2 = —8/3 Ymax = 1,8 u ipu & = 0 ymin = —1. Acummnrora

y = z+1. RpuBas nmepeceraer acumMnTotTy npu £ = —0,4 1 3aTeM ONUCHIBaeT

neriio, mpoiinA wepes (0; 0) n (0; —1). 1986.1) y = +(z—a) QL; EpH-
\ 2a — %

Baf paclolomeHa TaM, Toe £ U 2a — & UMelT OTMHAaKOBLIe 3HAKM, T. €. IpA
0 < # < 2a. Touka (a; 0) ocobaa — yael c HAKITOHOM KacaTeJNbHBIX k = +1.

Acummrora # = 2a (puc. 84). 2) y = + =; 001acTh PaCcIoI0KeH

r? —
|#] > a u |y| > a ¢ usomupoparHoit Touroii (0; 0). AcumnroTel = +a u
y = ta. Memny rammoit mapoit STUX acUMIITOT TOYER KPUBOLT, KpoMe 0coDoit,
Her, u6o |¢| > a u |y| > a. KpuBas cocToOMT U3 YeTbIpEX CUMMETPHYHBIX

BeTBel, MPUOIMAAIOIINXCA K acHMIToTaM © = +a U y = +a. 1987.1) y =

ja —x
=tz T; obmacTh pacrolomeHNd —a < T < . TouKH IepecedeHUA c
x+a

ockio Oz: y =0, 1 =0, 22 = a. Ocobaa roura (0; 0) — ysen. Acummrora
z = —a. RpuBasa — crpodouna u nomyuaercd nepernbanuem puc. 84 mo ocu

Oy u cmemennem 3ateM oc Oy Bieo Ha a. 2) ObmacTy pacnomomeHnd:

> a;x<—aunz=0. Toura (0; 0) m3omnpoBanHHad. ACHMITOTE & = —a,
541
y=a—cuy=x—a lpnaz = —M ~ —1,6a ¥y, ~ £3,3a.
1988. 1) y = —22/4; 2) y = +22. 1989. 1) y = +R; 2) y=0uy = —x.
1990. 1) y = 1; 2) y = 1 — reoMeTpHYecKoe MecTO TOYEK BO3BpaTa, HO He

ormbatorad; 3) y = 1 — 1 reoMeTpHYecKOe MecTO TOUER BO3BpaTa 1 OTHbar-

madA; 4) y = © —4/3 — ormbarornan, y = & — TeOMETPHUECKOE MECTO TOUER
3

BosBpara. 1991, x2/342/3 = ¢2/3 1992,y = — z 5 1993. (224y%)% =
T+ gx2
= 4a?zy. 1994. CemeiicTBo Tpaewropuit y = rtga — —————. Hx
202 cos? a
2 g2

ormbaroras (mapadoia «6e30mMacHOCTHY) y = % " 92 1995. 1) 22 + y* =
g
=p% 2) y? =4x;3) y=1. 1996. y*> = 4(x +1). 1997. 22/3 1 42/3 =

= [2/3 1998.y = —4x%/3. 1999. 2z + 4y — z = 3. 2000. xyo + yro =
= 2z75. 2001. zyozo + yxozo + 22oyo = 3a°. 2002. %o + Yo _ ZF0 _ 1.

a2 b2 c?
r—3 y—4 z-5

2003. _ .= 49, 2004.
rry-2 3 4 i

; B Toure (0; 0; 0).
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1
2005. cosa = —cosf = cosy = ﬁ 2006. y = 0, 2+ 241 = 0
MOBEPXHOCTL M300paskeHa Ha puc. 45, c. 303. 2009. KacartenpHaa mimoc-
Ta Ta
ROCTb & — ¥ + 22 = —. LEe paccTroAHmMe oT Havaia paBHO . Tenn-
) 5 p p 2\/6
ROUMI — MOBEPXHOCTh «IWHeWvaTasy. I[IpAMble TWHUN MOJIYyYaOTCA B CEde-
wuax z = h. llpu z = 0 yZO,HpI/IZZT;—a y:x,npﬂz:%
3
l‘:O,l’[sz:% y=—z, npn z = 7a y = 0 (puc. 58). 2010. z =
=0, 2+ S Y P A Bk U Y _ 2
=0 rt+y—2= 5. i s cosa = o
cosff = —g; cosy = —3 2014. Mmockocts 2 +y — 2 = a, p = %.
2016. 1) z = 4; 2) 2z +2y+2 = 6. 2017. grad z = —22i—2yj = —2(1+2j).
2018. 1) grad z = _12+J; 2) grad z =
z

= 1 9019, gradh = —Zi - ;.

2z 2

2 2
2020. tgp = |gradz| = Mlz Ty
dxy

val d 2
= V10 L 079 2021 & vz

4d dl 2
2022. d—;‘ — 242 gradu = 2i+2j +
+ 2k, |grad u| = 2v/3. 2023. grad u =
= =+ 4i. 2024. %

. Va‘"i'b +c y Tenuxoun y=xtg§
2025. grad z = 0,32i—0, 64, |grad z| =
du yz+xz+zy Puc. 58

=0,32v5.2026. —=—F+—= = wc.

,32v/5 yT 7

5 L
= —. 2027. gradu = 2(zi + yj — zk), |gradu| = 221/2. 2028. gradu =

V3

: . Kk 3
= w, lgradu| = 1 B mroboii Touke. 2029, —————.
u /a2—|—b2—|—c2

2030. zppin = —1 mpu ¢ = —4, y = 1. 2031. zpax = 12 pu & =

=y =4 2032. zpyin = 0mpmw =z = 1, y = —5 2033. Her bsrctpe-
2 3

myMma. 2034. 2y, = —— npu & = =2, y = 0. 2035. zppax = T\/g npu
e

r =y = g 2036. zyin = 2 mpu & = y = 1. 2037. zpay = —4 mpum

t=y=—2UzZpnm=4mpuar=y=2. 2038.x =y = V2V, 2 =0,5v2V.
2039. (8/5; 3/5), (—8/5; —3/5). 2040. HymHo HaliTH MUHIMYM (QyHKINH
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z=d? = 2? + (y — 2)? upu ycaosuu 2% — y? —4 = 0. Hcromaa Toura
(£vV5;1). 2041. R = 1, H = 2. 2042. 1) Bepmmnnr (£3; —1) u (0; 2);
2) myu mosmeH TMPOMTH Tak, YTOOE! sin o : sin 3 = v : vg, KaR 570 W MPOHC-
xomuT B mpupome. 2043. zpin = 9 mpu x =0 u y = 3. 2044. 2y, = 0 mpm
r=y=2. 2045. znin, = 0mpu 2 = 0u y = 0. 2046. 2, = 0 pu © = 2,
y=4. 2047. zpox = 1 ipu 2 = y = £1, 2pin = —1 Wpu 2 = —y = £1.
2048. VV = 8. 2049. 1) Hymuo HaiiTn MUHUMYM d = 74 WU MUHU-

MyM z = ¢ — y + 4 npu ycaosun 4z — y? = 0; uckomas toura (1; 2); 2) 2ab.
x

[ S
2050. R = ,/——=. 2051. YpaBHeHNA WHTeTPAIbHBIX KPUBBIX: 1) y = —;
™3 3
3

2)y =23 3) y = —%. 2053. xy' = 2y. 2054. 1) y* — 2% = 2zyy/;
2) 224+ y = 2y. 2057.y = Cx,y = —22. 2058. zy = C, ry = —8.
2059. 22 + 4% = C?, 22 + y? = 20. 2060.y = Ce”, y = 4e+2. 2061. y =
= Cel/?. 2062.x+y = InC(x+1)(y+1). 2063.r = Ce'/fa. 2064.s> =
214+ Ct Csin?z—1
- % 2065. y = CeV®, y = V=2 2066. y = %;
1 1 1
y = 2sin’z — 5 2067. — + — = C'; y = —z. 2068. O61He WHTETpATHI:
z )

1) y = C(2?—4); 2) y = C cos x. Bce unTerpaibHble KPUBbIE IEPBOTO YPAB-
T
HeHWA mepecekator ock Ox mpu x = +2, a Broporo — npu ¢ = (2n — 1) —

2

xr xr

3
(ocobvie Tourn). 2069. y = % 2070. /ydx = a/ 1+ 2 dr, otryna
0 0

y = ay/1+y2 ¢y = & Z—2—1; nonoEUM Yy = achwu, torma ashu x
x o = +shu. Orcioma: 1) shu = 0, chu =1,y = a; 2) adu = +du,
au::l:(a:—i—C’),y:achu:achx—i—c;npﬂxzo y=anC =0. Urag,
mi y = ach r YenHaa JUHAA, WIH y = ¢ — nupAMada. 2071. y? = ax.
2072. 4?2 = 4(2 +2). 2073. 3a 40mun. Pemenne. Iyctb uepes ¢ ceryHn
TeMTiepaTypa Tena oymer 17 % = —k(T —20°C), rne k — noka Hem3BecT-
HBI KOs unmeHT mponopiuoransHocTy; In (T — 20 °C8)0 o:C—kt + C'; npu

t=0 T =100°C, mosromy C = In80°C, kt = In

; IIoJicTaBHB

T—-20°C’
cioga Th = 25°C u Ty = 60°C u pasgeauB MOYWIEHHO, UCKIIOUUM HEU3BECT-
kt In16
Hoe k: —— = 1 t = 40muH. 2074. Y X; = —H + T'cosae = 0,

kE-10  In2’
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d
>V, = —pz + Tsina = 0, orkyna tga = ﬁ = %, Yy = %JQ—I—C
(mapaboma). 2075. YpasHeHne kacatenbHoil ¥V —y = /(X — #). Tomo-
mus Y = 0, maiimem abcimccy ToukM A NepeceveHWA RacaTemdbHON ¢ 0CBHIO
Oz: Xy =2z — 5 Tlo ycmoBmio X4 = 2z, x = —5; pemns 310 nudde-
peHIuaIbHoe ypaBHeHHe, HalileM UCKOMY0 KpuByio zy = —a? (rumepGoda).
2076. 2 + 292 = C?. 2077. 9% — 22 = C. 2078. 22%? + 3y? = 3d’.
C 2
2079. y = Cz?. 2080. y = Ce= /%" 2081. 2y = —~ _ 1. 2082.y =
(1+2)?
C—
=C(z+ Va2 +a?). 2083.y = 1—|—C’$ . 2084. 7 = Ccosp, r = —2cos p.
T

CvV1+ 2
2085. =zlhhe—z4+C, =zlne—z4+1. 2086. y = ——————,
VY VY Y

V1 2 2

NV 087.ay = —1. 2088,y = ac/T. 2089, y = ——

r+ 1+ x? 1—=

2090. %y = C. 2091. Paguyc-sexTop OM = /22 4 y2, oTpe3or Hop-
Y

maau MN =
cos a
2?4 y? = C? (orpymuocts), nimm x2 —y? = C' (runepboaa). 2092.y = Cz?.
C
2093. y —x = Ce®/y=7) 2004, 22 — 4> = Cx. 2095. s> = 2t2ln?

2

C—e? C = cos?
—— 2008y = — =
xr

= y\/l +tgla = y\/l + y'2. Vcromada KpuBad WiIH

2096. y = Cx3 — z2. 2097. y =

x2

2cosx

2099. y = 2100. 42 = —- 2101.sin L +lnz = C. 2102.y =
) rInCz’ ) 2¢ 4+ C° ) x ' )

z C 3 C

= ———. 2103.y =1 —. 2104. ® = — + —.
C—Inz Y nx—l—x Y 2x+x3
v?—1 2 1 2 1 c —x/2
= 2106.5=Ct>+ =, s =212+ =. 2107. y = 2eC", y = ze~ /2,

2 ! ! kt kL

2108. (z—y)? = Cy. 2109. 22 +y? = 2Cy. 2110.7 = EJFE(e_Rt/L_l)'
2111. Tonomus X = 0 B ypaBHeHHM RacarenbHoil ¥ —y = ¢ (X — z),
maiizem Yy = —ON = y—zy, ON = zy —y = OM = J/z? + 2.

2 2
- C
————. 3epKajo OOJMAKHO OBITH ITapaboIOMIOM BpAIeHNA.

20
_ InC(x+ Va2 + 2?)

2112. y? = Cze /", 2113. y = . 2114. Tipu = > 0

y r—1 C

c y
Y — =, <0 /L =mCe. 2115,y = .
e ﬁ nee Y 3 T ool
+lnC’tg(x/2)

Cos ¥

2105. y =

Otciona y =

2116. y = 1 2117. s = t3(Int — 1) + Ct?. 2118, y* =
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1 : —sing 2z
:W 2119.y:2(smx—1)—|—06 . 2120.y:m,y:
20 o191 = p Ot 2e1=7 . 2122 !
= . . =X € = X—LE . . =
1— 322 Y Y N |

InC
2123. (z — a)? + y? = a?. 2124y = ——©. 2125. 42 = «(Cy — 1).
y? TS

2126. zy = — + C. 2127. — + — = C. 2128. y = cosx + —.
4 Y 2 sin &
t Ct—1
2129. s = —— . 2130. 2%y% 4+ 2lnz = C. 2131. s = )

T T Ctt—tnt Ty ng s 12

it

2132. y — 22 + Cz. 2133. siny — 2 oM.y = —
Y e+ Cx s y T+ - Y C ¥ 2e-a/2

2135. 422 + 2 = Cx. 2136. 23¢Y —y = C. 2137. y + ze™Y = C.

2138. 22 cos?y+y? = C. 2139. u = —; x—i—y =(C. 2140.1In pu = Incosy;
x x

x?siny +0,5cos2y = C. 2141, p = e72%; y? = (C' — 22)e?®. 2142. p =

1
= — .x +23 = C. 2143. 23422y —3y = C. 2144. 23y—22%y% 4 3y! =
siny’ siny
2 2 1 1
=C. 2145. 22 40— 0 2146, = — ey —Iny = 0. 2047, = —;
Yy x

v =Cx3422 2148. p=eY;e Ycose =C+z. 2149.Inpu= —Inz, pu =
= l; zsiny+ylne = C. 2150.y = (C'+x)2. Yepes roury M (1; 4) npoxo-
JIFITprI/IBIJIe y=(1+2)?uy = (3—2)% 2151.y = sin (C £ z). Yepes Toury
M (g, g) MPOXOOAT KPHUBBIE y = sSin (x — g) ny = sin (i%ﬂ- — x)

1
2152. y = Cz? + 6; ocobble MHTerpanmbl y = +2x. 2183. 1) y = 2 + C

2
I/Ix2+y2:C2;2)l’< 1+£:|:1) = C wm (y — C)? = 4Cz. Oco-
\ T

obte uHTerpanbl £ = 0 u y = —z. QbmacTh pacmonomeHnsa mapabos: mpu

>0y > —x,opu z < 0 y < —z. Ilapabosasl racatorca ocu Oy u
(x—C)°
4

1 2
2) r = 2p - —, y=p*—=+C. 2155. 1) y = (C' + Vz +1)%; oco-
P P

mpAMolt y = —x. 2154. 1) y = 1 + ; 0cobbIll MHTerpam y = 1;

1

obiit unterpan y = 0; 2) @ = Ct? — 263, y = 20t — 312 rne t = —;

P

3) Cy = (x — C)?%; ocobbie unrerpansl y = 0 u y = —4x. 2156. 1) y =
2

= Cz — C?; ocobrrif mHTErpalI y = %; 2) y = Cx — a1 + C%; ocobsrit

1
unterpan r? + y? = a?; 3) y = C'r + ——; ocobbiii unrerpan y = 1, 5a2/3,

207
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C)? 3 2
2157.y =1— %; yepes M (1; Z) TpOoMIyT mBe KpuBbIe: Yy = 1 — %
2

3
Hy:l‘—%. 2158. 1)x:2p+§p2+0,y:p2—|—p3;2) 2?2+ (y+C)? = %
z? 9 z? 1
2159.y = —Z—i—C’x—I—C’ ;Y= -5 2160. 1) y = C’x—l—a; 0COOBItTT MHTe-

(z+1)?

rpan y? =4z;2) y=Clz+1)+C% y= — . 2161. OTpesrn Kaca-

tenbHoOit Y —y = ¢/ (X — ) Ha ocAx KoopnmHaT: X4 = & — 2/, Y =y—zy.
Y

Xa-YB
2

ypasuenne Kiepo. Jiobaa npaman cemeiictsa y = —Cx £ 2a\/C, a Takme

Ilo ycnoBmio =2a% (y— 2y )? = —4a?y, y = vy £ /42y —

KPHIBas, oIpeneiaeMad 0cobEIM HHTEIPAIOM Ty = a?, IaeT PellleHIe 3aTaqm.
2162. Mapaboaa (y — x — a)? = 4azx. 2163. 1) y = 3lnz + 222 — 6x + 6;
2) y =1 —cos2x; 3) y = Chx + xrarctgr — In\/14+ 22 + Cy. 2164. y =
= é +Cilnx + Cy. 2165. 42 = —Chz 4+ Cy. 2166. y = Cysine — 2 —

1
— §sin 20+ Cy. 2167. 42+ Chy+Cy = 3z. 2168.y = Cyz(lnz — 1)+ Cs.
2169. ctgy = C2 — Chz. 2170. 1) y = (2 — 1) + Ch22 + Cs; 2) y =

1 x 1 x —/—C1
= ——arctg — + Cy (pu C; > 0), In + Cy (mpu
Vo e e R e A

Cy <0),Cy—— (mpu C; =0). 2171, ¢ = E([—x). lppur =0 y=0mu
x
P 3

y=0,y= Yol <1x2 — %) — ypaBHeHHe KpuBoi uaruba. 2172. Chy =
2 —b

_ (GG sy = ach B0 Z 8 (emba b/,

4 5 a 2
2174. y = % 2175. y = Chz + Cs — Incos x; wacTHBIl UHTErpamr y =
3
= —lncosx. 2176. y = % — 2 4+ Charctge + Cy.  2177. Ciy? =

t2
=1+ (Ciz + Cy)%. 2178.y = (Cix + Cy)%. 2179. s = -7+ Cilnt +

+ Cy. 2180. 4(Chy — 1) = (Chz + Cy)?. 218l.y = Cy — Cicosa —
. 2182. Cm. 2177. 2183. y = —Incosz. 2184. y = Che” + Cye’”.
2185. y = (Cy + C2x)e®”. 2186. y = e?*"(Acos3z + Bsin3dz). 2187.y =
= C1e? 4+ Cye™2® = Ach2x + Bsh2x. 2188.y = Acos2x + Bsin2z =
= asin(2z +¢). 2189. y = Cy + Cae™4. 2190. 2 = Che’ + Cae™ .
2191. p = Acosg + Bsing. 2192. s = e '(Acost + Bsint); s =
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= e~ H(cost+2sint). 2193.y = C1e”+(Ca+Csz)e?®. 2194.y = Cych 2z +
+ Cysh 22 + Cscos 2 + Cysin2x. 2195. y = C1e% + e~ " (Cy cos /3 +
+ Cssin x\/g) 2196.y = (C1+Caox+Cs2?)e%. 2197.y = Asinzsha +
4+ Bsinzchae 4+ Ccoseshae + Dcosazchz. 2198. y = Achxz + Bshz +

+ C’cosg + Dsin g 2199. OrtrioHenune & = asin ﬂ(t — tp), mepmom

l
T = 271'%. 2200. * = acos ﬁt, nepuon 1 = 271'\/?. 2201. z =
g a g

%— %2. 2202. y = Cre~2 + Che®.
2203. y = (Che+C2)e™. 2204. y = e 7(C4 cos 20+ Cysin 2z). 2205. x =
= (13 4+ Cye™t. 2206. z = Cjcoswt + Cysinwt. 2207. s = Cy +
+ Coe™. 2208. v = e~ !(Acost\/2 + Bsint\/2). 2209.y = Cre™" +

+ (Caz+C5)e?™. 2210,y = C1e* +Ce 2"+ C3cosx+Cysinz. 2211,y =
T _ o

= (Ch + Caz)cos2z 4+ (C3 + Cax)sin2x. 2212, y = eT = shez.
2214. y = C1e?® + Cye 2" — 223 — 3. 2215. y = Chre % + Cye™ 2 4
+0,25v/2 cos (g—Ql‘). 2216.y = Cycose+Casinz+xz+e®. 2217.y =

= ae M sin (wt + @), THe w =

3 )
= C1 + Ce™ 3 4+ §l‘2 —x. 2218.y = e~ 27 (Cycosx + Coysinz) + 22 —
— 82+7. 2219.y = C1e¥ +(Cy—x)e®. 2220.x = Asink(t — to)—1t cos kt.

3

2221, y = C1e™V2 4 Coe=V2 — (¢ — 2)e=7. 2222,y = O + Che — %
1

2223. y = §e_x +ze™ ¥ £ Che ¥ 4 Che 3. 2224, 2 = e_kt(C'l cos kt +

+ Cosinkt)+sin kt—2cos kt. 2225.y = C1+Cor+(Cs+a)e™? +23—322.
2226.y = Ce3 + (02 — 2) e™3 4 C3cos 3z + Cysin 3z, 2227.2 =C +

+ Cycost+ Casint 4+ 13— 6t. 2228,y = (C’l + 1%) ™% 4 (Cycosz/3 +
12 t

+ C’3sinx\/§)6x. 2229. 1) » = (C’l + Cot + 5) e™:2) 2 = Acos — +
a

t 1
4+ Bsin —+ —. 2230. 3geck y1 = cos 2z, ys = sin2z, w=2; A = —g—I—C’l;
a a

1 1
B = Zlnsin?x +Comy = (C’l — g) cos 2x + (C’2—|— Zlnsin?x) sin 2x.
2231.y = [(C’l +1Incosx)cosz+ (Ca+x)sin x]e%. 2232.y = (C1—Inz +

+ Cox)e”. 2233.y = Cycosx+Cysinx—cos z Intg (g + g) 2234. 1) y =

1
=Cr+Coe™ = (14+e™")In(l+e") +a;2) y=e> <C1 + Chz + ﬂ)
2235. ¢ = a(e™t +¢ —1). 2236.y = Che” + Cae™ 2" — 3(22 + 2 + 1,5).
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1
2237.y = 0162x—|—0263x—|—6(5 cos3x—sin 3z). 2238.y = (Ciz + Ca)e ™" +
1
+ Zex. 2239. y = e~ /2 (C'l cos 3; + Cysin 3;) — 6cos2x + 8sin2x.

2240. y = Che”/? 4+ Cae /% — 3. 2241, y = Che® + (02 - g) e ".
2242. s = e~ 1 (Cy cost+ Casint) + (t —1)3. 2243.1) y = e™*(Cy + Cax) +

M; 2) y = C1e2®/" 4 Che=22/" — 2 2244. y = Acosx + Bsinz +
2m? n

1 3
+ Ccos 2z + Dsin 2z — §l‘cosx. 2245.y = <C1 + Cyz + Cax? + %) ev.

21 3 2
r e i+cl+02x) e"2. 2247.1) y = Cysinz +

2246. y —
Y ( 2 4

1 1

+ Cycosx+ ;2) y = (Ch1—In|sinz|) cos 2z + (C’2 -z — —ctgx) X
2coszx 2

x sin 2@¢. 2248. y = (C’l + 4 — x? —|—xarcsing—|— C'Qx) e”. 2249. y =

C - 2)e~*
= %. 2250. y = 14+ Ccosx. 2251,y = z(1 + CV1 —a?),
T
x et 4+ C
auneiinoe. 2252. y = C' [ 1+ 7) 2253. s = ————. 2254. =
/ ( V1+ 22 ¢ v
=Cz%-1. 2255.2Cy? = z(C?22—1). 2256.y = xInz—2zx+CInz+Cs.

2257, y(Co — Chz) = 1. 2258.y = Ce™ + (02 - Qi) e~ 9959, y =
m

C
=1 — . 2260.y — xeC/71 2261, 42 = —— .
n -+ Inz y e y x4+ Ce*

3
= (C'1+C'2x)ex+03+%+2x2+6x. 2263. Chy = 1+ C5e€17. 2264. 5 =

2262. y =

int i
= Cle2t+6_t(02+c3t)_%. 2265.1) s = (t2+C) tg 5; 2) y? = Cz?-1.
2266. 1) y = M; 9y =e" (01 + g) + Cae®/? cos 902@ +
+ Cge®/2gin x\2/§ 2267. 1) y = (C1 —In/1 + e2%)e® 4 (Cqy + arctg e”)e??;
— _ 2 d2
9) y = C1eVT 4 Coe V& my = Chz + Ca. 2268. %W‘f 11000z = 0,
104/1 104/1 dT
x = Acos Mt + Bsin y Ogt, mepuon 1 = T4 9969, L& =
. a . a 5/10g . dr
= ———;T=—+4C, ku Cuaxonumua ycaosuii: 20°C = +C
A7r? . 81r 160°C 8 - 2a
w100°C = —— 4+, T = 2% 60°C = 40°C. 2270. 1) y =
8T - a r

= Cha + Cor™! + Cs523;,2) y = & + Cox? 3) y = Cha™ + Coz~(n+1),
x
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2271. 1) y = 27 2(C1+C21Inz); 2) y = Cycoslnz+Cosinlnz. 2272.1) y =
2
1
= e~ + Ciz=t 4+ O 2) y = Cha® + % —2lnax + 3 2273. 1) y =

3
1 In®
= Che + C2r? — 4dzlnz; 2) y = Git Celnztln T 2274 1)y =

3
= (% + Chx + C’y) x2; Ny = g—i—C’l coslnz4+Cysinlnz. 2275.2 = Cief +

d
+ Coe™ 3 ¢y = —d—f =C1et —=3C5e73.2276.2 = ' +C1+Coe™ 2 y =t +
+ C1—Coe™ 2. 22772 = 2e714+Che'+Coe ™, y = 37 4+3C et +2Ce 2.
2278. 2 = ' + 13 + Ce™3 4 Cszcos (t + ). 2279. x = e~ 2(1 — 2t).
2280. x = Che’ +Cae " +tcht. 2281.1) u= () +¢(y); 2) u = yp(z) +
+ ¥(2); 3) u=zp(y)+¥(z); 4) u = ax? Iny+bry+p(z)+¥(y). 2282.2 =
2(z+y—1). 2283.Urob AL g Ot (O
= y*(z+y—1). . Yrobrr ypaBnenne A — ——+(C—— = Fupn-
Y Y P Ox? Ox Oy Oy P

BECTH K RAaHOHUYECKOMY BUIY, HYRHO PENUTh XapaKTEPUCTHUYECKOE ypaBHe-
nue Ady? — 2Bdxdy + Cdz? = 0; B nByx ero unrerpanax ¢(z, y) = &
u Y(x, y) = 1 MPOM3BOIBHBIE TOCTOAHHBIE & W 7) IPUHATH 3a HOBBIE TlEpe-
MeHHBIE U TPeoOpa3oBaTh K STHUM HOBBIM TTEDEMEHHBIM TAaHHOE ypaBHEHUE
(em. zamaum 1941 m 1942). B Hammem npruMepe HYMRHO PEITHTH ypaBHEHHe

dz? 4+ Addx dy + 3dy? = 0, orryma dy +dx = 0, dy + 3dx = 0, y + = = &,
32
= .
9 I
Orcrona v = (&) + ¢¥(n) = ¢(y + =) + ¥(y + 3z). 2284. Xaparrepucride-
ckoe ypasuenme z? dy® — 2zrydr dy + y* dz? = 0, wmm (z dy — ydz)? = 0,

Y+ 3z = 1. B HOBBEIX TepeMeHHBIX ypaBHeHWEe TPUMET BUI

nnu d (g) = 0 v _ ¢. Pemrenuda pasHble; 3a 7) mpuHuMaeMm y. Hrax,
z z
XapaKTePUCTURMA: L. &y = 1. YpaBHeHHe TpHMeT BUI (cM. 3amadyu
z
0%u
1944 m 1945) g = Uiu= ne(&) + (&), nm u = yp(y/z) + ¥(y/x).

2285. u = yp(y + 22) + Y(y + 2x). 2286. u = xy +sinycosx. 2287. (Cm.
zagauay 1944.) v = ylnao + 2y + 1. 2288. u = Jatly (?) + ¢ (xt); wacr-
2?(1+13)

Hoe pemlenne u = —————. 2289. v = e Fp(x — 1) + Y(x); gacr-
Hoe pereHue u = (# — t)e_t — x. 2290. YactHoe pemenve v = zat +
r+tat
1 —at t 1
+ gath 2201 u= UG a);rf(“a ) + 5 / F(z)dz. 2292.6 —
a

r—at

2 12 2 11
—4In2 &~ 3,28. 2293. 1) %; 2) 4. 2294. 75 2295. 9% 2296. 5 — .
€
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(=]

a \a?-y? a Vaz—z?
2)/d / dx—/dx / dy = a? (=2 3)”—“2
Y = y= 2 ) 2
0 a—y 0 a—x

0 0 0 0
1
9) /dy / dx:/dx / dy:?. 2299. (£+2) a®. 2300. Tio-
2 4

-2 y?-4 - S
4 9 9 3a?
magk MEHBIero cerMeHTa 3 - V31)a? ~ 2,4574%  2301. —ln2
868 3 2 9
2302. Ea? 2303.g7ra2. 2304.4,5. 2305.%. 2306. /2 —1. 2307. 5a2.

2308. 87+ 9/3. 2309. (2— %) a?. 2310.TIn2. 2311. 1) /dx/dy:

b b a 2a%—y? a z%/a
:/dy/dx: 2)/dy / da:—/ /dy—l—

a Yy 0 ay 0 0

w3 I 5T 4 8-y 4 y*/4

2(3m — 2)
+ dx 12 ; 3) dx dy= [ dy de+
0 2yF 0 0
8—y

_|_

B — S

r 40 T 2a «a
d de=—. 2312. (—; —). 2313. (3;4,8). 2314. | —; — |.
y/ r=% (53 (3 4.8) (5,2)
0

da 256a 17a* a? a?
2315. 0;3— . 2316. [ O; . 2318. . 2319, —. 2320. —.
T
T

3157 96 4 6
at mat 88a*? da 3a 4b
2321. —. 2322. —. 2323. . 2324, | —; — |. 2325. ;— .
8 2 105 ( 57 8 ) (0’ 371')
4 2 32 4
2326. & 2327, 3 2328 YY) asag 475 2330, 22
30 12 16
2
2331. 42—-. 2332. %a?’. 2333. Ceuenme maockocThio z = h, & +y =

= =+ +/a(a — h) — napammenbHble MPAMBIE, T. €. TOBEPXHOCTD IHITHHIPH-



320 Or1BeThl

a a—x 3
1
weckan (puc. 59). VcroMerit obkem V = Q/dx / zdy = %. 2334. §6a3
0 0
8 4 a3 nad
(puc. 60). 2335. (Cm. pme. 46, c. 303.) i 2336. 5 2337. ETR

Puc. 59 Puc. 60

/2 a 3
4
2338. 37mas. 2339. V:4/mcosg0dg0/r2dr: % (pme. 61).
0 0

3 4 3
2340. % 2341.47\/3a5. 2342. %(371’ — 4) (puc. 62). 2343.7243 (puc. 58).

161/2 b
2344. 61—\5/_a3. 2345, T4%¢

1 Arad
. 2346. rabe (1— —). 2347. gg 2348, 543,

e 15
| ‘l ,
1Y,

Puc. 61 Puc. 62

X2+ y24 22= g2
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1 1
88
2349. V=2 | d dy = — . .
Vv / J:/z Y= 108 (pmc. 63)
[e] r2

3a 2\/%
2350. V = 4/dm Vaz — y? dy = 3a3(47 — 3V/3) (puc. 64).
0 Jaz
z
z=x2+y?
.'
|
|
|
1
0 AR
x ' y=x
Puc. 63 Puc. 64
[ b CINE=
2351.V:8/—\/a2—x2dx / dy = ;l :
a
0 0
a h 2h
2352.V = 4/ dl‘/ % Va2 —z?dy = ﬂ-a2 paBeH ILJI0MIagU 0CHOBAHUA KO-
0 0
z
o
Z X
B '

a

Y Komoug (a2—x2)y2=h2z2

Puc. 65

HOWMIA, YMHOMEHHOI Ha T0J0BIHY BBICOTHI (prc. 65).2353. ma?’. 2354. 187.

3
2355. 27a. 2356. 87 1n2 (. puc. 45, ¢. 303). 2357.%71’&3. 2358. 57{2 .
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2359.

Amab 8v/2 2
ﬂg © 2360.13. 2361. T\/_a2. 2362. 270>, 2363. 27 —(2vZ-1).

14
. mp . . a”. . a“\m — . . —TTa".
2364. 27p3\/2 2365. 8a? 2366. 4a2 2 2367 3 2

2 2
2368. 0'—// z —I—y R dy = SOR sina; mpu 3 = 60° mw o = 30°

(%)
3

2369, __ 9\ o370, 27
. —_— agnuyc ceyeHud r = —— |.
- ( pamny 7
a—x—y

TR?
ot 2ty _ a),
Cl4 a Cl a a
2372/ / / sdz= 2. 2373, (4 = 4) 2374. (0, 0; §)~
0
Cl 5
i \/5'
3

3

3 3
2377. 1) T 2) T 2378, (8\/5— 7).

2375. 2376.
3 60
32 Ta mh? at 3a
2379. —m. 2380. ——. 2381. —. 2382. —. 2383. ;0 — .
3" 6 4 12 (0’ 0% )
32¢/2a® a3
2384. “ . 2385. 2. 2386. 6kma?, rme k — K03 PUIUHEHT IpOIOp-
135 360°
HOHATBHOCTH.

4 mo mpamoit OA,
10

2387. /(x +y)de = 3 1o myre OA,
2 1o somanoit OBA.

2388. 1) 8;2) 4. 2389. /(x dy+ ydr) = 8 B oboux caydaax. ITo mMoTOMY,
0oQ 0P

uto 3mech — = —. 2390. 1) 1,5a%; 2) a?. 2391. 8a?. 2392. ma?.
Ox Oy
Tmab 5T 1 1 2a3
2393. ———. 2394. 0. 2396. 1) —; 2) ——; 3) 2 — —. 2397. —.
2kmM
2398. wab. 2399. ﬁ 2400. §a2. 2401. X =0, Y = m . 2402. Y =
15 2 wa? )
kmM kmM 52 3
= 2 24037 = T 2404.1) —16; 2)———; 3) —12. 2405.1) =,
a2\/2 a? 3 2
a? 11a? 3 4 a3 mat

2) —; 3) ——. 2408. —ma?. 2409. —. 2410. —. 2411. —. 2412. Kam-
2 6 8 3 2 48

mas u3 uacTeif dopMmyan papHa 4mad. 2413. Kammas mz wacreif dhopMysIEl

at /4 T 12
paBHa 3\5 + 6/ 2419. Rammasa u3 yacTelt GopMynsl paBHa gﬂ'a .

2421. 0,15a°  2422. Her. 2423. Jla. 2424. Ja. 2425. Pacxonmured.
(o)

zdzx
2426. Pacxomurca. 2427. Cxonurcs, 1/160/ 1P =3 2428. CxomurcA,
(x
1
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(o] (o]
/ o _ T a429.p 6 / Y4 2430. C
0 = —. . Pacxopurea, ubo | ——— do = co. . Cxo-
T+a22 4 A, 1+ a2
1 1
o0 (o]
1 x 1
ouTcedA, mbo =|-ln—— = -1In2. 2431. Cxomurca.
21‘ +1)2 4 x+1], 4
1
1
2432. Cxomurca. 2433. Cxonurca. 2434. Cxomurcea, wbo lim Yntr _
n—00  Up 2

< 1. 2435. Pacxogurca. 2436. Pacxonurca. 2437. Cxomurca. 2438. Pacxo-
1
nurca. 2439. Cxomurca. 2440. Pacxomurca. 2442. 1. 2443. 3 2444. Cxo-

ourea He abcosmtordo.  2445. Cxomutca abcoarormo. 2446. Cxomurea He

abcomrorao.  2447. Cxomurca abcomrorno. 2448, Ilocae mepsoit mepecra-

1 1 11 1
1—2) — = Z_Z) -z
HOBKH WJIEHOB HAMUITEM DAN B BHUIE ( 2) 1 + (3 6) g +

1 1 1

4+ |- — —) —-—=+... BoimoaHus neficTBUA B CKOOKAX, MOTYIUM DA, TITEHBI
5 10 12

ROTOPOTO BIBOe MeHBITle WIeHOB naHHoro pAma. Ilocime BTopoit mepecta-

1
HOBEKHM YJICHOB II 606 a3dyeM N-10 m otkYy YIeHOB: _ — =
beobpasy poury m_3 dn_1 on
1 1 1 1 1 1
_ _ _ L _ . —1.2.3, ...
m—3 -2 Il Tt =LY
HepBBIE UeTBIPE UWieHa 00pas3yloT MaHHBIN pAD ¢ cymmoit S, a mociaemHue

IBa — PAL ¢ CyMMOil 7 2449. CxommureA. 2450. Pacxommrca, mnbo

(o] (o]

/ da 2451. C 6 / mAr T 452, P
— = 0. . Cxomurea, wubo =—. . Pacxo-
100z — 99 A T+at 8

1 1

(o]
2z
outcd, nbo de = oco. 2453. Cxomurca. 2454. Cxommreda, ubo
1
1 20 21
lim U4l _ - < 1. 2455.Cxomutea, ubo lim Unt1 _ lim nt 2 =
n—oo Uy, 2 n—oo Uy, n—o0 3(2077,—1—1)

= — < 1. 2456. Cxomnurca. 2457.Cxogurca He abcoatorao. 2458. Cxonuresn

abcomotro.  2459. Ilpu @ > 1 cxomurca abcomrorHo, pu ¢ = 1 cxomuTcA

1
He abcostoTHo, Tpu a < 1 pacxomutca. 2460. 5% 2461. 1 2462. Cymma
pana S(z) = mpu ¢ < 1, ocrator R, = S — S, = . Ha or-
1—=x 1—x
1 lg 1000
pesre [0; 1/2] |Ry,| <gam < 0,001, rar TompkO N — 1 > & s> 11,

lg2 ~’
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2463. Psan umeer

cymmy S =

x )1 mpr 0<a <,
I-(1—z)

0 mpu =20
(I—2)" mpn 0<az <1,

u ocrator R, =
0 mpu  x = 0.

Ipu mrobom n ocraTor I, oymeT 6omabIte, HampuMep, 0,9, kak Tombko £ < 1 —
— /0,9, 1. e. ma orpesre [0; 1] pan cxogurcea nepasromepro. Ho Ha oTpeske

[1/2; 1] o cxonurea paBHOMepHO, ubo rorga mpu awbom z|R,| < — < ¢,

271
-1
] g26; B yactHocTH, |R,| < 0,01 mpu n > 7. 2464. Ocra-
g

TOR 3HaROoUepenyIoIneroca pAga MeHBIIe 110 MOIYJIIO IIePBOTO OT6pOH_IeHHOI‘O
n+1

Kak TOJbBKO N >

x 1
. I 0; 1] |Rn < 0,1,
winera. Ilosromy ma orpeske [0; 1] |R,(2)] < 1 < w1 S Kak

Tompko n 4+ 1 > 10 mau n > 9. 2465. Pan umeer

1423 mwpu x>0,
cymmy S =
0 mpu =0
! >0
— npu ,
u ocrator R, = (1+ 2?1
0 mpu  x = 0.

Ilpu atobom n octaTor Ry, 6yj16T onpime, HampmMep, 0,1, Kak Tompko 3 <

< "W/10 -1, 1. e. mpm x > 0 pan cxomurca wepaswomepro. Ho mpm

x > 1 oH cxomuTca yime pasHomepro, ubo Torna mpu awbom & > 1 |R,| <

< — o= T+ < €, Kak ToabKo n—1 > e g2 ; BuactaocTd, |R,| < 0,001 npun >

> 11. 2466 MTpu a06oM HeoTpULATETHHOM 2 YJIEHBI TAHHOTO PANa MeHBIIe
1 1 1

(I/IJII/I paBHI:I) WIEHOB YUCIOBOTO cXondAiierocAa pAma 1 + — + — + + ...

3 327 33
CiaiemoBaTesIbHO, DA CXOMUTCA paBHOMEPHO miA BeeX & > 0, R, (%) MeHbIIe
a3 1
1-1/3  2.3n-1

ocTaTKa UMCIOBOTO pAma, T. e. Rpy(r) < < 0,01, rar

1
Toabko 3"71 > 50, wau n > 5, npu mobom x > 0. 2467. |R,(z)] < — <
1
< 0,0001, waw Tompko m > 100, mpu mobom x. 2468. v, = —— —
r4+n-—1

1 1 1
. llogTomy S, = — — ;5= lim S, = — HpI/I arobom ¢ % 0.
r+n r z+n’ n—00
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1
B wactaoctH, mpu & > 0 R, (z) = prr < — £ 0,1, wax Tomsro n > 10.
r+n n
2469. Tpu mr060M HEOTPHIATENBLHOM & WIEHBI TaHHOTO pAfa MeHbIe (HiIn

paBHI:I) YIEHOB YMCIOBOTO cXonATerocA pana 14+ —+—+—+. .. llosromy pan

2 4 8
(1/2)" 1

= 1
1-1/2  2n-ld <90,01,
Kak Tobko 2771 > 100, mam n > 8. 2470. —3 < # < 3. 247T1. —/5 <

V3 V3

<z <6 2472 - <o < . 2473. AbcomroTHO cXOmUTCA Ha Beelf

2 2
yucaoBoif ocu. 2474. —1 <z < 1. 2475. —% <zr< % 2476.1) R = 0;

1
— X
1+«

2480. arctgz npn |z| < 1. 2481. ——— npnm |z| < 1. 2482. (1 + z)™.

(1—2)
5 5
2483. —g <r< % 2484. —/3 < 2 < /3. 2485. —0,1 < = < 0, 1.
1— 22
2486. —1 <o < 1. 2487.—1 < v < 3. 2488. —1 < x < 0. 2489. (SR

~
1 -2z
npu |z < 1.2490.—In (1 —z) mpun—1 < = < 1.2491. 5 mpu || < 1.

(14+2)

2492. 1 = s A
.1) cos(z —a) =sina ﬁ_§+ﬁ_'“ +

2zt
+cosa<1——+—+...);

eXomuTCeA paBHOMepHO muA Beex ¢ = 0, Ry(z) <

§ 222 231
|Rn(z)] = $' cos (Hx—oz—l—ng); 2) sinz = r_ st
n!

25 . 26 - 22 23 2t
— — .. 3)ze :x—i—F—i—E—l—g—i—...;

2.2 4_4
4) sin(mx—i—z):@(l—mwx +m4'x —...)—I—

1 (mx m323 mPab )

2

T~ 3 T

In (1 ko) _ 19 ke  k2z? kgt
2493.11( +e )—Il +7+W_E+

1+ =2 3 28 ]

2497. 1) In =2|e+ =+ +...

1—=x 3 5
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oQ n

92) In (2 — N—ln(l-2)2-2)=n2-S (14277
in(z= e = Il -2 0) =In2 = 331+ 27) T
1—1—1‘3_
14+

3) ln(l—x+x2):ln

2?2 223 2t 25 2z mn z"
[x 2 3 a2tz T T ] ;cos
- 1-3 (2n — 1) 2?27+
2y _
2498. In (z + 1—1—1‘)_1‘—1—2(— 5] 1

n=1

ola r—a (rx—a)? (r—a)
2499, =/ _e[l—l— ot ot |

x—a)”
Rn(l‘) — ( n'an) eltt(z/a-1)

2500. 23 — 3r = -2+ 3(x — 1)2 + (z — 1)3.
2501. ' =1 —4(z+ 1)+ 6(x + )2 —4(z+ 1) + (z + D™

1 1
2502. - = —m =
1 r+2 (z+2)? (2+2)3

= —— —4 .
2[1_1_ 5 + 1 + g + :|1'[pI/I <z <0

x
2503. 1) cos 5=

V2 (x—m/2) (x—m/2)"
7[1_ 12 2122 +]

COS

a:—ﬂ'/?” ! (2n—1)m
_Z IQn 1 4

npuauMad 0! ycmoBHo paBHbIM 1 (cM. cHocky Ha c. 174 r 3amaue 1760);

2) sin3x:§(—l)"%.
2504. Yz = — /1 (24 1) = —1+ zif + 2(§;21!)2+
%+...:_1+1“§1+
+n§::1 = 53§+1(n ._1_(317)11_ 2, (x+ 1" mpn —2 <z <0.
2505. 1) 27 = 1+¥+$+..., |R,| = xn:}”zx;
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= Z M cos (2n — 1)% (momaras 0! = 1).

2506. 2 — 42? = (x +2)* — 8(x + 2)® + 20(x + 2)? — 16(x + 2).

2507. cos’z =

L Efemals Pl ey ],

T4 3 1 3! 5!

21 41 6!

+% [2(1‘ —7/3)? 3 23(x — m/3)4 n 25(x — m/3)8 o

0 n —1)n
2508. sin 7;_1‘ = Z %sin (g + ng) (momaras 0! = 1).

x—4 (J:—4)2 1~3(J:—4)3
2311 26.91 29 . 3

2509. \/z = 2 [1+

1-3-5(x —4)*
S 21z
1 2% 1-3 2% 1-3.5 27

2511.arcsinx:x+§'§+ﬂ'3+ 23,31 7

X

1

8
1 1 76 x
= 712 =51+ —w~ 1+ —=) = —. 2515. t = —
V12545 = b5y/ —1-25 5( -1-75) R arctg x 1

9

1
9 <1+ —) = 9,5. 2513. $/0,991 = /T—0,000 ~ 0,997; /130

)

DA 1 1 1 1
T =231 — —

313 g f( 5317532 7.3 9.3
= 1,814/3 ~ 3,142. 2519 1)/Sinxdaz—0—|—x—£+£—
- T . x 313 7 515

xr

o

+...2512. /0,992 =
1
VI=0,008 ~ 1 — 0,004 = 0,996; V90 = /81 +9 = 9y/1+ - ~

.y

T 2 3
2) /e—dx:C'—i—lnx—i—i—l—x——l—x——l—... 2520. @(x):/e_xzdx:
x

1212 313
0

3 5 7 1 1 1
=z L —|—x——x——|—...;q><—)Ng——NO,419CHOFp6LﬂHOCTBIO

T3 T 215 3817 3 34



328 Or1BeThl

: Y, 2de=x4+- —— — . —
2430 3 3 3221 5
2- v 1 1 1
+33 é! % -5 @ (3) R 5 + 3.3.59 ~ 00,2008 c TMOTPENTHOCTEIO

32 56 < 0,0001. 2522. lponuddepeHIIIpOBaB ypaBHEHNe N Pa3 U MOM-
ctaBuB = (), MOIyuInM y(()n+ ) = n(n — l)y(()n_2). Orcrona yy = yg' =

V =21, y(\)/ =32, yVI =0 wu 1. n. llogcraBuB 3TN B3HAUYEHUA B HOPMYITY

4

Maraopena y = yo + 1'1‘ + yQ—?xz + ..., HaXOOUM Y = 1—|— Y + ;—4 +

l‘s l‘g l‘2 l‘3 l‘4

- — 4+ .. 2523 y=14+ — — — 4+ — — ... 2524. P -
trstyaTs =it o3ty o
HUeM ABIAercA «(yHRINA Beccend Hymeporo mopankas: [o(z) = 1 — ;—2 +

4 6

L ___° T ... 2525. JT005 ~ 1,0025: ¢/T,0012 ~ 1,0004;

2242 22.42.42
1
/0,993 ~ 0,9965; ¥0,997 ~ 0,999; +/110 = /100 + 10 ~ 10 (1—1—20) =

1 1
= 10,5; V70~ 4 (1 + 3—2) =4,125; ¢/10 ~ 2 (1 + 20) 2,1.

111 13
2527. 71 =6 =+~ - )~
: <2+2 5.3 T s s )

~ 3(1+0,0417+0,0047) & 3, 14.

1 1 1
2528. 7 = 2 |1 — -
: [ 3.2 T5a T ]+

3 3.32 1 5.31 736

10 1) 2
=42 — .
3 T Z2 1<4n+9n~3)

n=1

/2 m/2

2532.5:4/\/a2sin2t—|—b2cos2tdt:4a/\/1—e2cos2tdt:
0

0
2 1-3\% ¢4 1-3-5\2% b
—9ra |1— — — [ =2} .= _ =,
22 2.4 3 2.4.6 5

T7ie € — SRCIEHTPUCHUTET AILTNICA, a ¢ — €To 6osIbInas moayoch (M. Ne 1624
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0,5
/ 4 7 0,5
1
H €r0 OTBET). 2533./\/1+x3d1‘: [1‘—1—%—#4—,,, i :5-1-
0
11 1 65 1
+ 31 2—4—...N 198 /2 0,508 ¢ morpermHocThI0 < — 510" 2534. O(z) =
1 2° 1 2° 1 1 1
= z2-=——+—=">—-..5P| ) =c——=+4+...50,4
YT s W9 ’ (2) 3 520 " 0, 499805
3 27 9. 11
C TIOTPEITHOCTBIO < o7 90 2535. y = g—l— 32.7—1— YR IRT] + ...
2536. llpomnd pepeHnmpoBas ypaBHeHNWe N pa3 W MOACTaBUB £ = (), TOTYIUM
it = —nyl" Y, onciona yo = 1, yh = 0, yf = 0, v = -1, gV =
3 6 9
v Vi _ _ x 1-4-2 1-4-7-2
/ s? st
2537.x:/cos%d5:5[1—m+...]a
0
; 2 311 4
y:/sin;—cdg;:;—c[g—W—i—...],rneHOCTOHHHaHC:R~L,

0
R — pamnyc rpyroBoit KpuBoit u L — mawHa mepexomHoit kKpusoit. Kpusas

HazbiBaeTcs kaomoudot (puc. 88, c. 336). 2538. F(x + h, y +1) = 22 +
+ 2y +y? +h(22 +y) + 12y + x) + B2 + Al + 12, 2539. 23 + 22y? =
=9+11(z—1)+8(y—2)+3(z—1)2+8(z — 1) (y—2) +2(y—2)2+ (2 — 1) +

2 2
+1
+2(z—1)(y—2)%. 2540. In(z — y) = x—(y—i—l)—%—I—x(y—l—l)—% +
(x—y—1)3 .
. 2541. = —
30z +1—0(y + )P oin {ma 4 n) = o+ ny

3 4
- (mz ;—'ny) + (mz ;;ny) sinf(ma + ny). 2543.de = 0,1, dy = =0, 2,

Az = (22 —y)de + (2y — x) dy + de? — de dy + dy? = —0,63. 2544. Az =

+ Rs, roe Ry =

1
= — (adx — bdy)sin (ax — by) — g(a dx — bdy)? cos (ax — by) + Rs, rue
1 .
Rs = i(a dx — bdy)3sin [a(x—i—ﬁdx) — by + de)]. 2545, 22y = —1 —
— 2z —1)+(y+1)—(z—1)+(z—1)(y+1). 2546.arctg % = y—(z—1)y+. ..
T (y_ 1)2
247 y" = 142 -+ (-2 -1+~
12
~ 1+2.0,1+0,1.0,1+0’T — 1,215, 2548. dx = —0,01, dy = 0, 02;

+ .. 113 &

1
Az = 2yrde + (22 — 2y) dy + y dz? + 2 de dy — dy* + gdxz dy ~ —0,1407.
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4 N sin (2n— 1)z ™ . cos (2n— 1)z w2
2549, — —_— . 2550. — — 4 — . 2551. —

_ _1\2
— 2n—1 2 — (2n—1) 3
o COS NT 3T sinz sin2x sindz 2
4 2552, — — — — ... —
* Z 1 [ 1 > T3 ] X
cosx cos3x  cosbx . T 1 . 3nx
X 1z 32 52 2553. — |sin 7 + gsm T—I—
+1 bra n 9554 1 n 4 |cosmx  cosdmx
—sin — .=
5 2 2 12 32
o { T n 1 T n n { x 1 . 27z n
"7 5 |cos / 52 cos ; .. sin / 5 sin ;
3 T 2 2nxw 1 3rx
2556.1) - + — — —
)4+w2[6082 32"y Tt
n 1 bra 2 6re n )
52 cos 5 52 cos 5 R
%) 2 + 1 . 2nx n 1 3 + n
™ 2 gsin -+ gsin g
n 4 | . 7wz 1 . 3nx n 1 . brx
5 |sin 5 R sin 5 52 sin 5 R
4] 1
2557, u == > ~ <in 712_7T - sin nlﬂe_(n2ﬂ—2a2t)/l2.
= o+ 1 C 2n+1
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